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PREFACE 


We stand at the threshold of a greater technological era. It is safe to say that a 
knowledge of trigonometry is and will be more useful to the technical man than 
any other branch of mathematics. Mechanical, electrical, and terrestrial forces 
act in various related positions. Airplanes, ships, projectiles, and planets move in 
directions that form certain angles with other objects or planes of reference. 
Practically every technical field abounds in problems where a knowledge of 
trigonometry is essential. 

The aim of this book is to present the subject of plane and spherical 
trigonometry in such a manner that all who desire rapid comprehension in this 
useful field will find their work materially facilitated. 

This text follows the method effectively employed in the author’s “ Calculus 
Refresher for Technical Men.” The modem question-and-answer form used in 
both books has been found to give at once a precise and concise way of 
presenting the subject. It offers the twofold advantage of easy understanding and 
ready application, essentials for progress in any field. 

In this book the term refresher is used in the title only because of the manner 
of treatment and not because of the omission of proofs or other pertinent 
material. 

Section I treats of angles, their measurement, and their relationships. The 
fundamental trigonometric functions of an angle are here presented and defined 
in a new easily remembered way, based on a “ shadow-and-perpendicular ” 
concept (the customary definitions are included in the Appendix). The methods 
of periodic functions, identities, inverse functions, and trigonometric equations 
are explained in minute detail and illustrated by numerous examples solved in 
the text. The important subject of logarithms is developed from the beginning in 
progressive steps. The student need not be puzzled when asked to find the value 
of €-'8 or to solve (0.004739)°'", The chapter entitled “Significant Figures— 
Accuracy in Computations” should contribute much toward the saving of time in 
numerical calculations. The theory, construction, and use of the straight slide 
rule receive more prominence here than in probably any other book of this type. 
The application of the slide rule in the solving and checking of triangles is duly 
emphasized. The solution of right and oblique triangles by the use of logarithms 
completes this section. 

Section II consists exclusively of applications of plane trigonometry. Among 


the important problems here presented are those dealing with small angles, 
periodic functions, vectors and vector quantities, surveying, aerial and sea 
navigation, belts, helixes, light, and hydraulics. A complete chapter is devoted to 
polar coordinates, complex numbers, De Moivre’s theorem, and trigonometric 
series. 

Section III consists of a comparatively extensive introductory chapter that is 
in the nature of a review of spherical geometry. This is followed by a chapter on 
spherical triangles. The final chapter stresses the application of spherical 
trigonometry in the solution of the terrestrial and the astronomical triangles. 

Throughout the book many illustrations serve to elucidate the text. Numerous 
problems to test the student’s progress follow each chapter. Answers to odd- 
numbered problems are given beginning on page 571. 

The subject of trigonometry has been comprehensively covered in this book, 
which should prove useful to those who wish to study the subject for the first 
time with rapidity, to those who wish to apply trigonometry to various 
technological fields, and to those who desire to refresh their previous 
acquaintance with its intricacies. 

The author takes this opportunity to express his gratitude to William I. Powell, 
mechanical engineer, Board of Water Supply, City of New York, for having 
checked the entire manuscript and for several helpful suggestions. He is 
particularly grateful to his wife, Mollie G. Klaf, and his son Franklin, for their 


appreciable aid in the mechanics of the manuscript and in the checking of proofs. 
A. ALBERT KLAE. 


NEw YorK, N. Y., 
March, 1946. 
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SECTION I 


PLANE TRIGONOMETRY 
INTRODUCTION 


1. What does the word trigonometry mean? 


The word trigonometry is derived from two Greek words, trigonon, “triangle,” 
and metria, “measure.” 


2. With what does trigonometry deal? 


Trigonometry deals with triangles and other investigations involving angles. 


3. How does trigonometry differ from geometry? 
Geometry indicates relationships, and trigonometry supplies exact formulas 
for the solutions of lengths of lines. 
Geometry indicates relationships, and trigonometry provides exact formulas 
for calculating unknown parts of a triangle. 


4. For whom is trigonometry especially important? 
Trigonometry is especially important for the navigator, astronomer, physicist, 
engineer, and technical man. 
5. What is analytical trigonometry? 


Trigonometry that deals with proof and use of algebraic relations among the 
trigonometric functions (relationships) of the same or related angles is called 
analytical trigonometry. 


CHAPTER | 


ANGLES AND THEIR MEASUREMENT 


6. What is an angle? 


Whenever two lines intersect at a point, the opening between the lines is 
called an angle. The intersection of two streets and the gable of a roof are 
practical examples of angles. 


7. What is the usual symbol for an angle? 


The symbol Z in front of a designation means “angle.” 


8. How are angles usually designated? 


Angles are usually designated 
a. by three letters with the middle letter always at the point of intersection, as 


ZABC or ZCBA. 
, an 


QUES. 8. 


A 


b. by a letter between the two lines of the angle. 
c. by a letter between the two lines and an arrow between the lines to indicate 
the direction in which the angle is measured. 


9. What are the parts of an angle? 


An angle may be considered to have an initial line, a terminal line, and a 
vertex. B = vertex, BC = initial line, and BA = terminal line. 


B Jnitialline C 


10. What are the units in which angles are measured? 


The units in which angles are generally measured are a. degrees, minutes, and 
seconds. ° = degrees, ' = minutes, ” = seconds. 

b. radians. 

c. mils. 


11. What is meant by an angle of 1 degree? 


If the circumference of a circle is divided into 360 equal parts and lines are 
drawn from the center of the circle to the points of division, 360 separate small 
angles will be formed each of which is called an angle of 1 deg. Ninety of these 
small angles side by side form one right angle (90 deg.). Each of the 360 equal 
parts of the circumference is called an arc of 1 deg. 


QUES. 11. 


12. What is meant by an angle of 1 minute? 
If an angle of 1 deg. is itself divided into 60 equal smaller angles, then each 
resulting smaller angle is called an angle of 1 minute. 1’ = 5°. 
Each arc division is called an arc of 1 minute. The word minute in this sense 


comes from the term minute degree. 


13. What is meant by an angle of 1 second? 


If an angle of 1 minute is itself divided into 60 equal still smaller angles, then 
each resulting still smaller angle is called an angle of 1 second. It is obvious that 
an angle of 1 second is comparatively a very’ small angle. 


1” = dy’ = (o's) = aw’ Each arc division is called an arc of 1 


second. The word second in this sense comes from the term second-minute 
degree. 


14. What is meant by an angle of 1 radian? 


If the length of an arc drawn from the vertex of the angle and between the two 


sides is equal to the radius of 


O r=radius 
QUES. 14. 


that arc, the angle is called an angle of 1 radian. 


If arc AB = radius OA 
Then ZAOB = | radian 
ZCOD = 2 radians for are CD = 20C 


15. What is meant by an angle of 1 mil? 

If the circumference of a circle be divided into 6,400 equal divisions and lines 
drawn from the center of the circle to the points of division, 6,400 separate very 
small angles are formed, each of which is called an angle of 1 mil. One thousand 
six hundred of these very small angles side by side total one right angle (90 
deg.). 

16. Who originated the degree unit of angle? 

The unit was originated by the Babylonian astronomers for convenience in 
their work. There is a possible connection betweeen 360 deg. in a circle and 360, 
the approximate number of days in a year. 


17. Where is the degree unit of angle measurement used most? 
The degree unit of angle is generally used in elementary mathematics and in 
most practical work. 
18. Why is the degree unit sometimes not used in calculus and dynamics? 
The degree unit is sometimes not used in calculus and dynamics because here 
it sometimes makes certain formulas more complicated than necessary. 
19. Why is the radian sometimes referred to as the natural unit of angle? 
The radian is referred to as the natural unit of angle because there is no 
arbitrary number in its definition, as 360. 
20. What is the radian measure of an angle known as? 


The radian measure of an angle is known as circular measure. 


21. Where is the mil unit of angle used? 
The mil unit of angle is generally used in the artillery service where it is the 
standard unit of angle. 
It is also adapted to the metric system, since it is the angle subtended by 1 
meter (m.) at a range of 1 kilometer (km.). 


CHAPTER II 


RELATIONSHIPS OF ANGULAR MEASUREMENTS 


22. What is meant by measuring a quantity? 


In measuring a quantity we find its ratio to another quantity of the same kind 
chosen as a unit. 


Examples 
a. In measuring the number of degrees of an angle, we simply find the ratio of 
the given angle to that of an angle of 1 deg. 
b. In measuring the number of radians of an angle, we find the ratio of the 
length of arc of the given angle to the radius of the arc. 
c. In measuring the number of mils in an angle, we find the ratio of the given 
angle to that of an angle of 1 mil. 


23. What is the chief characteristic of a radian? 
A radian is a constant angle, the same in all circles, because the ratio of the 
circumference of a circle to its radius is constant. 


Qrr; 2rrs 2rrs ; 
— = — = — = 2n radians = constant 
Ty T9 3 


Here r, r5, and r3 are radii for different circles. 


24. How is an angle measured or expressed in radians? 


An angle is measured or expressed in radians by finding the ratio of the length 
of arc subtending the angle to the radius of the arc. 


QUES. 24. 


Example 


are BC 8 
Angle A = —,——,; = - (radians 
B radius OB r ( ) 
25. What angle is formed by an arc 50 inches in length with a 10-inch radius? 
s 50 in. 
ZA =- = —.— = 5 radians 
r 10 in. 
26. What is the radius of a circle in which an arc of 10 inches subtends an angle of 2 radians? 
arc 
ZA =-= 
r radius 
8 10 in ' 
.h=— = 5 — = Bin. 


27. What length of arc subtends an angle of 3 radian if the radius of the circle is 32 feet? 


ZA = 8 = te 
r radius 
.s=r'A = 32-2 = 24 ft. = length of arc 


28. How many degrees are there in 1 radian? 


s length of are 2zr 
LA=-= inlets 27 radians in a circle 
r radius r 


ZA = 360° in a circle 
‘. 2r radians = 360° 


360° 360° 

Qe ~ 2+3.1416 

29. What part of a radian is 1 degree? 
2r radians = 360° 
m7 radians = 180° 


6 1 == = = = 0.017453 radian 


or = 57.296° (approximately) in 1 radian 


30. What is the procedure for changing from (a) degrees to radians and (b) radians to degrees? 


To change 
T 
a. from degrees to radians, multiply by is0’ 0.017453. 


b. from radians to degrees, multiply by 180 » OF 57.296. 
T 


The approximations 0.0175 and 57.3 are sufficiently accurate for most 
purposes. When a specific angular unit is not indicated, it is customary to 
assume that the angle is measured in radians. 


31. How many degrees are there in an angle of 9 radians? 


1 radian = 57.296° 
”. 9 radians = 9° 57.296 = 515.664° 


32. How many degrees are there in an angle of 3m radians? 


1 radian = 180 


Sr 


is 4 radians = yl = hie 135 


33. How many radians are there in an angle of 64°42'30"? 


64°42'30” = 64}1° = Lae 


ot 
1 180 radians 
1,5538° 1,553 1,553 


“94 = 94 * 780 = 4390 Tadians 


An angle in radians is frequently expressed as a multiple of 1. 


34. How many radians are there in an angle of 31°46'48"? 


31°46’48” = 31°46.8’ = 31.78° 


1° = a radian 
7 —m — 31.78 + 3.1416 | 
* 01/8 = 31.78 a; ila, 0.5546 radian 


or 31°46'48” = 0.17657 radian 


39. May an angle contain more than 360 degrees? 


In trigonometry we may deal with angles of any magnitude whatever by 
merely introducing the idea of revolution. 


QUES. 35. 


Example 
Starting from an initial position OA, revolve about O to OA; OA), OA; OAy,, 
etc., generating angles of any number of degrees. One revolution will give 360 
deg., 34 revolutions, 3.5 - 360 = 1,260 deg., etc. 
36. How is an angle read? 
In an angle it is advisable that the initial line be read first, as ZAOA, in the 
above figure. 


37. How are opposites indicated algebraically? 
Opposites are indicated algebraically by the signs plus ( + ) and minus ( — ). If 
distances to the right are assumed positive (+), then distances to the left are 
negative (— ). 


38. What is meant by a negative angle? 


If we assume that revolution counterclockwise is the positive direction (+), 
then clockwise revolution will be the negative direction ( — ), giving a negative 
angle of any magnitude. 4A and B are positive. 4C and D are negative. 
4(B — A)and(-—D+C)are the results of algebraic addition. 


QUES. 38. 
39. What is the relation of a mil to a radian? 
Sacth i circumference 2mr oar sr 
~ 6,400 «6,400 3,200 ~ 1,018.6 


For practical purposes, 1,018.6 is rounded off to 1,000, and we may then say that 
a mil is +g45q of the radius. Therefore, 1,000 mils = 1 radian (approximately). 


40. What error is introduced when 1,018.6 is rounded off to 1,000? 
When 1,018.6 is rounded off to 1,000, there is an error of 
18.6 20 


= —— = 1 or 2 per cent, approximately. 


1,000 1,000 50 


41. What is the degree equivalent of a mil? 


6,400 mils = 360° = 27 radians 
1,600 mils = 90° = a quadrant 
rr = 35 min. = the equivalent of a mil 
1,600 _ er 
“90° = 17.778 mils = 1 


42. What is the relation between the arc subtended, the radius, and the angle in mils? 


; : § . 
The standard relation is ZA = : radians. 


But 1 radian = 1,000 mils (approximately). Therefore, ZA = - + 1,000 mils, 


“I 1& 


the relation between arc, radius, and angle in mils. 


Example 


If a 4-yd. target is 2,000 yd. away from a gun, it subtends an angle 
A = x/s7 * 1,000 = 2 mils at the gun. (For small angles the chord is taken 
equal to the arc subtended without too great an error.) 


43. How can radian measure be useful in finding the area of a circular sector? 


C 


L\ B 


QUES. 43. 


In a circle, areas of sectors are proportional to the central angles of the sectors. 


Area of sector BOC K _ ZA (radians) 


Area of circle = mr? 2m (radians) 


2 2 
T°! OF ; 
. K =—— =9'A (square units 
2r 2 (sq ) 
Or the area of a circular sector is one-half the radius squared times the central 
angle in radians. 
C 


& 


QUES. 44. 


44. What is the length of the arc subtended by a central angle of 60 degrees in a circle of 18 inches 
radius, and what is the area of the circular sector formed by the angle? 


arc § Tv T 


ie ee A = 60 = 60° Taq = 3 Tadians 
s= 1A = 18-5 = 6r = 18.85 in. 
= length of are 
ae ee a : 
K=95 A= 9 3 = 54r = 169.65 sq. in. 


area of sector 
45. How is radian measure useful in considering the motion of a particle on a circle? 
If a point moves from B to C in the above figure, the distance traveled s = r - 
A (where A is in radians). This simple relationship leads to the simple 
relationship between “angular” velocity of a rotating body and the “linear” 
velocity of any point on it. 


If a wheel turns about its axle so that a spoke describes an angle of 6 
radians/sec, then the wheel has an angular velocity of 6 radians/sec, and a point 3 
ft. from the center of the wheel moves through an arc of s = r- A =3-6 = 18 ft. 
each second, or it has a linear velocity of 18 ft./sec. 

In general, if a wheel has an angular velocity of A radians/sec., a point on the 
wheel at r distance from the center has uv = r - A ft./sec. = linear velocity. 


46. What is the procedure in adding or subtracting angles algebraically? 
A. Addition 


a. Place the degrees, minutes, and seconds of each angle in the appropriate 
column. 


b. Add each column separately. 
c. Redistribute excesses. 


Example 
83°36'54”" 
Add 54°56'42”” 
137°92’96” 


92’ | hess ey 
06” = 1’36” 
1°33/36” 
Ans. 188°33/36” 


B. Subtraction 


Write the minuend, if necessary, in a form that will permit ready subtraction in 
the minute and second columns. 


Example 
83°18/21”’ 
Subtract 39°41/28”” 
Write the minuend in the equivalent form 82°77 81° and then subtract. 
82°77'81"’ 
39°41'28” 
Ans. 43°36'53” 


47. What is the procedure in multiplying an angle by a constant? 


Multiply each unit by the constant and then reduce the result. 
Example 
Multiply 38° 46/24” by 4. 
38° 4624” 
4 
152°184’96” 


184’ = 3°4’ 
96” = 1/36” 
3°5’36” 
Ans. 155°5'36”’ 
48. What is the procedure in dividing an angle by a constant? 


a. Divide the degrees by the constant. 
b. Reduce any remainder of the degrees to minutes and add it to the minutes 


given. 
c. Divide the minutes by the constant. 
d. Reduce any remainder of the minutes to seconds and add it to the seconds 


given. 
e. Divide the number of seconds by the constant. 


Example 
Divide 47°28'15" by 5. 
47° ‘ ‘ 
qd. = 9° and 2° remainder 
b. (2° = 120’) 120’ + 28’ = 148’ 
/ 
= = 29’ and 3’ remainder 
d. (3’ = 180’’) 180” + 15” = 195” 
é. = == 39°’ 


Ans. 9°29'39” 
PROBLEMS 


1. 


In the figure 


a. Locate the vertex of angle A. 
b. Locate the initial line of A, (A + B), B, C, (B + C), D, -E, -F, (-F + G). 
c. Locate the terminal line of each of these angles. 


ies) 


Fy, 


P, P; 


PROB. 1. 


. Draw an angle of (a) 1,776°, (b) —116°, (c) -608°. 
. Express in degrees the angles here given in radians: 
ure 4n 30 39 x 
wai ea b- Pp -s 
.  _ nde be 1 3p, 2%, OF, 
“8 8~86© 8 6 ns he 


. Express in radians, in terms of 1 the following angles: 


a. 30°, 90°, 45°, 180°, 120°, —270°, 315°, 210° 
b. —90°, 60°, 225°, 150°, 330°, —240°, 135°, —580° 
What is the radius of the circle in which an arc of 28 in. subtends an angle of 3.6 radians? 


In a circle with a 30-in. diameter, what angle is formed by an arc 48 in. long? 
What length of arc subtends an angle of § radian if the radius of the circle is 44 ft.? 


- 


. How many degrees are there in (a) 4 radians, (b) 8 radians, (c) 11 radians, (d) ; radians? 


. How many degrees are there in (a) 100 mils, (b) 131 mils, (c) 64 mils? 

. How many radians are there in an angle of (a) 86°31'48", (b) 829°16'7", (c) —31°28'59"? 
. Through how many radians does the hour hand of a clock turn in 20 min.? 

. Through how many radians does the minute hand of a clock turn in 40 min.? 


. How many mils are there in (a) 4°18'16 , (b) 0.34 radian? 
. What is the length of arc subtended by an angle of 32 deg. in a 40-in.-diameter circle? What is the 


area of the circular sector formed by this angle? 

15. Through how many radians will a 3-ft.-diameter hind wheel of a cart turn while its 2-ft.-diameter 
front wheel turns 660 deg.? 

16. Express the angular velocity of a wheel in radians per second if it turns 120 revolutions per minute 
(r.p.m.). 

17. If a 4-ft. wheel turns about its axle so that a spoke describes an angle of 20m radians/sec, what is the 
linear velocity of a point on the rim of the wheel? 

18. What is the angular velocity of a fan in radians per second if it makes 1,200 r.p.m.? 

19. What distance will the outer end of the minute hand of a clock move in 35 min. if the hand is 6 in. 
long? 

20. What is the distance between successive graduations on a graduated quadrant if the radius of the 
quadrant is 3 ft. and the graduations are 5 min. apart? 

21. What must be the radius of a graduated quadrant if the distance between graduations that are 5 min. 
apart isto be jy in.? 

22. What is the area of the circular sector formed by an angle of 1 radian in a circle with a 20-in. 
diameter? 

23. What is the length of 1 minute of arc on the equator if the radius of the earth is taken as 3,963 miles? 

24. What is the linear velocity of a point on the rim of a 4-ft.-diameter flywheel if it is revolving at the 
rate of 4,200 r.p.m.? What is its angular velocity? 

25. What are the angular and linear velocities of a point on the rim of a 32-in.-diameter automobile tire 
when the car is traveling 50 miles per hour (m.p.h.)? 

26. If the propeller of a Douglas combat transport is 13 ft. 2 in. in diameter, what are its tip speed and 
angular velocity when the engine speed is 3,000 r.p.m.? 

27. How many mils are there in 30 deg., 45 deg., and 60 deg.? 

28. If a central angle in a circle 12 ft. in diameter intercepts an arc 5 in. long, how many mils are there in 
the angle? 

29. If one mil is tee of the radius, approximately, what is the length of arc (or chord for small angles) 


subtended by 1 mil if the radius (distance) is (a) 1,000 ft., (b) 1,000 yd., (c) 2,000 ft., (d) 2,000 yd.? 

30. How wide is a building that at 3,000 yd. subtends an angle of 20 mils? 

31. The angle by which a shell misses a target that is 4,000 yd. away is 10 mils. How many yards from 
the target is the shell? 

32. Change 46 mils to degrees, minutes, and seconds. 

33. Change 0.52 radian to mils. 

34. Change 32 mils to radians. 

35. If a building that is known to be 70 ft. high is found to subtend an angle of 14 mils, how far from the 
building is the observer? 

36. What is the height of a tree that is found to subtend an angle of 60 mils at 400 yd.? 


Add the following angles graphically: 
37. 630° and 30° 
38. 900° and -30° 
39. -180° and 60° 
40. -45° and 120° 
41. -90° and —45° 
42. 135° and —450° 


Evaluate each of the following algebraically: 
43. (47°21'56") + (18°52'28") + (39°47'58") 
AA. (74°38'29") - (23°46'53") 
45. (32°56'24") . 6 
46. (84°48'59") . 4 
47. (73°54'8") = 3 


CHAPTER III 


CARTESIAN COORDINATES — QUADRANTS 


49, What is meant by Cartesian coordinates? 

By Cartesian coordinates is meant a system of coordinates, in a plane, that 
defines the position of a point with reference to two mutually perpendicular lines 
called the axes of coordinates. 

Point O is called the origin. 

Lines YY and XX’ are called the axes of coordinates. 


50. What is meant by the axis of abscissas? 


Usually the horizontal line XX" is called the axis of abscissas, or x axis. 


QUES. 49-51. 


51. What is meant by the axis of ordinates? 


The line perpendicular to the x axis is called the axis of ordinates, or the y 
axis. YY’ is the axis of ordinates. 


Quadrant Quadrant 
II I 


QUES. 52. 
52. In what order are the four quadrants formed by the axes of coordinates, designated? 


The four quadrants that are formed by the axes of coordinates are numbered 
from right to left, or counterclockwise, as shown in the figure. 


53. What determines the quadrant in which an angle lies? 


The terminal line of an angle determines the quadrant in which it lies. 

An angle between 0 and 90 deg. is said to he in the first quadrant, since its 
terminal line lies in quadrant I. 

An angle between 90 and 180 deg. is in quadrant II. 

An angle between 180 and 270 deg. is in quadrant ITI. 

An angle between 270 and 360 deg. is in quadrant IV. 


54. What directions are considered positive and what directions negative? 

Distances measured to the right of the y axis are positive ( + ) Distances 
measured to the left of the y axis are negative (— ) Distances measured above the 
X axis are positive (+). 

Distances measured below the x axis are negative (-— ). 


59. How are points located in Cartesian coordinates? 


Each point is located by both its abscissa and ordinate. The abscissa is given 
first. 


QUES. 55. 


The coordinates of point P, are abscissa x and ordinate y, written (x, y). 
Point P, coordinates are (—x, y). 

Point P coordinates are (—x, — y). 

Point P, coordinates are (x, —y). 

These show a point in each quadrant. 


Note that in each case the abscissa and the ordinate are taken from the axis to 
the point P. 


56. What is meant by the distance? 


OP is called the distance of point P and is read from O to P. 


QUES. 56. 


57. How would you locate points (3, 5), (—3, 5), (3, -5), and (— 3, —5) in Cartesian coordinates? 


Follow the assumptions for directions and lay off first the abscissa and then 
the ordinate for each point. Any suitable scale may be selected for abscissas and 
the same or another scale chosen for ordinates. 


58. What is a quadrantal angle? 


An angle whose terminal line coincides with a quadrant line, as 0 deg., 90 
deg., 180 deg., 270 deg., 360 deg., 450 deg., etc., is called a quadrantal angle. 


PROBLEMS 


In what quadrant does each of the following points lie? 
1. (-4, 1) 2. (2, 5) 
3. (6, —2) 4. (-4, -2) 
5. (-5, 1) 6. (2, -3) 
7. What is the distance of each of the above points? 
8. On graph paper locate the above points. 
What is the distance of each of the following points? 
9. (0, 3) 10. (4, 0) 
11. (2, 0) 12. (0, 0) 
13. (—7, 0) 14. (5, -3) 
15. Find the abscissa of a point whose distance is 6 and whose ordinate is 5. 
16. What is the abscissa of a point whose ordinate is (— 3) and whose distance is 4? 
17. Prove that the ratio of the ordinate to the abscissa is constant for all points on a straight line through 
the origin. 
18. Which of the following are quadrantal angles: 540°, 360°, 280°, —450°, 480°, 90°, (180° + A), —270°, 
1,080°? 


CHAPTER IV 


FUNDAMENTAL TRIGONOMETRIC FUNCTIONS 


59. What is a function? 
A function is a relationship between variables. 
x? + y* =r? is a function showing a relationship between x and y. 


2 
$= a is a function showing the relationship between s and t where s is the 


distance a body will fall in t sec. and g is the constant of acceleration due to 
gravity. 
A = nr? is a function showing the relationship between A and r where A is the 
area of a circle and r is the radius. 
60. What are the functional elements of an angle? 


We have seen in Ques. 9 that an angle has three parts, i.e., an initial line, a 
terminal line, and a vertex. 


“Shadow — ‘ 
Initial line 


-—Distance™*-- 


L 


‘erminal line 


QUES. 60. 


Now, an angle may be considered to have three functional elements. 

a. A “distance,” which is an assumed length on the terminal line. 

b. A “shadow” cast by the assumed distance upon the initial line. (This, in 
other words, is the orthographic projection of the distance on the initial line or 
the initial line produced.) 


c. A “perpendicular” from the distance to the shadow. 


61. What is a trigonometric function? 


A trigonometric function is an expression showing the relationship between 
the functional elements of an angle. From the three elements we can obtain six 
fundamental relationships. 


62. What are the three direct trigonometric functions? 


“Perpendicular’’ 


“Perpendicular” 


**‘Shadow’’ 
QUES. 62. 


The three direct trigonometric functions of an angle are the sine, cosine, and 
tangent. 

These are written sin A, cos A, and tan A, where A is any angle. They express 
the relationships indicated by 


perpendicular 


sin A = distance 
a shadow 
Cos 4. = distance 
_ perpendicular 
tan A = shadow 


63. How can these relationships or functions be readily remembered? 
If it is remembered that the cosine is the shadow over the distance, then it will 
be recalled that the sine is the perpendicular to the shadow over the distance and 
the tangent is the ratio of the perpendicular to the shadow. 


64. What are the three reciprocal trigonometric functions? 


The cosecant, secant, and cotangent are the reciprocal relationships of the 
sine, cosine, and tangent, respectively. 
These are written 


SE as 1 ____ distance 
cosee = sin A ~ perpendicular 
i 1 __ distance 

sec 44 = cos A shadow 
wae) ia 1 shadow 


tan A perpendicular 
From this we see that 
sin A+ cosec A = l, cos A:sec A = I, 
tan A:cot A = 1 
so that we may also write 


1 1 1 
cosec A’ cos A ae A’ tan A = —— 


65. Why may the tangent of an angle also be thought of as the ratio of the sine to the cosine? 


sin A = 


perpendicular 


sin A distance ___ perpendicular _, distance 
cos A ~——s shadow distance shadow 
distance 
_ perpendicular a 
shadow 


by definition previously given 
66. Why may the cotangent of an angle also be thought of as the ratio of the cosine to the sine? 


Since the cotangent is the reciprocal function of the tangent and tan 


= sin A (above), then 
cos A 
1 1 cos A 
cot A = tanA sinA sinA 
cos A 


Initial line of angle A in standard position 
QUES. 67. 


67. What is known as the standard position of the initial line of an angle? 
When the initial line of an angle is placed on the positive portion of the x 
coordinate axis, it is said to be in the standard position. 


68. When the angle is in the standard position, what determines the signs of the shadow, 
perpendicular, and distance and the signs of the functions? 


The location of the terminal line of the angle determines the signs of the 
shadow and perpendicular and hence the signs of the functions. 


ai 
©. 


*‘Perpe 


QUES. 68. 


The shadow = x is positive when the terminal line is in quadrants I and IV, 
and negative when the terminal line is in quadrants IJ and III. 

The perpendicular = y is positive when the terminal line is in quadrants I and 
IT and negative when it is in III and IV. 

The distance is considered always positive. 


Quadrant Ei EY ob iY 
Sine and cosecant eB | Pee -_ a 
Cosine and secant Pe Ysa] See 
Tangent and cotangent Be —_ we: Pe 


69. How do you determine the quadrants in which the trigonometric functions are positive? 
The sine and cosecant are positive when the perpendicular = y is positive, 
quadrants I and II. 
The cosine and secant are positive when the shadow = x is positive, quadrants 
I and IV. 
The tangent and cotangent are positive when the perpendicular and the 
shadow have the same sign, both positive or both negative, quadrants I and III. 


The figure shows at a glance which of the direct functions is positive in a 
given quadrant. The reciprocal functions have the same sign as the direct 
functions. 


QUES. 69. 


70. How can you readily remember in which quadrants the sine, cosine, and tangent are positive? 


All the functions are positive in quadrant I. 

In any one of the other quadrants only one direct function and its reciprocal 
are positive. 

The dotted angle is an aid to the memory. 


QUES. 70. 


71. Why are the trigonometric functions independent of the actual lengths of the shadow, 
perpendicular, and distance? 


The trigonometric functions are independent of the actual lengths of the 
shadow, perpendicular, and distance because the functions are ratios. 


QUES. 71. 


In the figure, the triangles are similar and the homologous sides are 
proportional, so that 


-~¥_¥ _ ¥ 
sin A = 7 a 


72. What other functions are sometimes used? 
Versed sine A = vers A = 1 —cosA 
Coversed sine A = covers A =1—sinA 
and, less frequently, 


Haversine A = hav A = $ vers A = $(1 — cos A) 


73. How are the range of values and the signs of the fundamental trigonometric functions shown 
geometrically? 


QUES. 73. 


A circle of unit radius is drawn or visualized. A = any angle. 


d = distance = 1 = radius 
sin A = - = perpendicular = y 
cos A = ; = shadow = 2 
tan A = an so . = ¢ = tangent to circle at B 
OF OF 
cosec A = an oe OF 
OE OE 
sec A = 7) i OE 
c c 


cot A = 71 id ioe tangent to circle at D 


sin A = perpendicular = y starts from zero when A — 0° and approaches unity 
as the angle A approaches 90 deg. 

cos A = shadow = x starts from unity when A = 0° and approaches zero as the 
angle A approaches 90 deg. 

tan A = t starts from zero at 0 deg. and increases without limit at 90 deg. 

cosec A = OF becomes infinite at 0 deg. and approaches unity at 90 deg. 

sec A = OE is unity at 0 deg. and increases without limit at 90 deg. 

cot A = c becomes infinite at 0 deg. and approaches zero at 90 deg. 


As the angle increases beyond 90 deg., directions of x and y indicate the signs 
of the sine and cosine, while the directions of t and c enter into the signs of the 
tangent and cotangent. 

74. What is the algebraic sign of cos 221°? 


The terminal side lies in the third quadrant. 


> shadow 
—2Z x ‘ 
aa eS negative 


QUES. 74. 


75. What is the algebraic sign of sin 1,110°? 
360° = 4 quadrants 
360° - 3 = 1,080° = 12 quadrants 
1,110° — 1,080° = 30° over 
The terminal side is then in the first quadrant. 


a o _. perpendicular 
- sin 1,110" = distance 


= positive 


QUES. 75. 


76. What is the algebraic sign of cosec (—220°)? 


In negative angles the revolution is clockwise. terminal side for —220 deg. is 
then in the second quadrant, and the cosecant is the reciprocal of the sine. 


. cosec (—220°) 
distance 


—_— 
* Pepemiicuak Sy oeltive 


QUES. 76. 


77. What is the algebraic sign of tan (-410°)? 
Revolve clockwise past 360 deg. or four quadrants and the terminal side lies 
in the fourth quadrant. 


s erpendicular 
. tan (—410 ) — aio 


ar ae negative 


QUES. 77. 


78. How do you find the values of the other functions if it is given that sin 4 = — 4? 
perpendicular 
Bis 
distance 
_ = 
4 
Since the distance is always positive, the minus sign is taken with the 
perpendicular. 


Construct an angle whose perpendicular is —3 and whose distance is 4, or any 
multiple of —3 and 4. 


QUES. 78. 


/(4)? — (—3)? = V16 —9 = + V7 = the third of the right 
triangle = the shadow of the distance. 
Then, from the definitions of the functions, 


sin A = — 2 sin A’ = — # 


sas ta ge E oe 
cos A = Z cos A mi 
—3 3 3 
t A = OO >= t A’ ele — 
— —V/F ‘/7 aoe V7 
cosec A = — $ cosec A’ = — $ 
sec A = - see A! = 
—~V7 v7 V7 
cot A = ——3- = > cot A’ = — 3 
79. What are the remaining functions if given cot 4 = — 4? 
cot A = —Shadow _ 
perpendicular 
—4 4 
=p Sy 


QUES. 79. 


Here either the shadow or the perpendicular may be negative to give a 
negative cotangent. 

Construct an angle A having a shadow of —4 and a perpendicular of 3, and an 
angle A, having a shadow of 4 and a perpendicular of — 3 or any multiple 


thereof. 


Distance = V16 + 9 = 5 in each case (positive) 


sin A = # sin A, = — # 
cos A = — # cos A, = + 
tan A = — ? tan A, = — 3 
cosec A = $ cosec A; = — $ 
sec A = — # sec A; = ? 
cot A = — 4 cot A; = — 4 


80. How do you obtain the relations of the squares of the fundamental trigonometric functions? 


From the fundamental triangle 
(Distance)? = (shadow)? + (perpendicular)? 
or =z? + y* 
a. Dividing by d?, 


a? x? y? zx 2 y 2 
a a@* @~\a) +\a 
*. 1 = cos? A + sin? A (A is any angle in any quadrant) cos? A means 
(cos A), and sin* A means (sin A). 
b. Dividing by x’, 
qd? x? y? 
zt og? * gt 
or 


Pe 
818; 
~ 

II 

— 

+ 
am, * 
Rg I< 
»., ee 


wn 
© 
% 
a 
I 
_ 
+ 
> 


c. Dividing by y’, 


OR) 
y? yi a or y = y +1 


cosec’? A = cot? A+ 1 


QUES. 80. 
These three relations are sometimes called the Pythagorean relations. 
81. How would you express all the fundamental functions in terms of the cosine? 
cos A _ shadow 
1 — distance 


cos A = 


QUES. 81. 


The cosine is positive in the first and fourth quadrants. 

We see from Eq. (1) that the shadow = cos A and the distance = 1, as in the 
figure. Then, the perpendicular = + +/] — eos? A. Now, having obtained 
the three sides of the fundamental triangle, we can express all the functions. 


1 


sin A = + V1 — cos? A cosec A = + ———— 
V1 — cos? A 
1 
= sec A = 
cos A = cos A | ro 
V1 — cos? A cos A 
Mi A. = cot A = + ———— 
cos A V1 — cos? A 
82. How would you express all the fundamental functions in terms of the tangent? 
tan A tanA —tanA _ perpendicular 
cucteedcelh: Tia shadow 


QUES. 82. 


The tangent is positive in the first and third quadrants where the perpendicular 


and the shadow have the same sign. 
We see from Eq. (1) that the perpendicular = + tan A and the shadow = + 1, as 


shown in the figure. 


Distance = V1 + tan? A 


Then 

tan A V1 + tan? A 
sin A = + Vitus cosec A = + tan A 
cos A = : sec A = + V1 + tan? A 


fees 

~ V1 + tan? A 
1 

tan A = tan A, cot A = aw | 


In this way the value of any of the trigonometric functions can be expressed in 
terms of any one of the others. 


yi- sin?A cot A 1 


QUES. 82. 


These additional figures are convenient in expressing any, function in terms of 
any other one. 


cosec A:cos A+ 3tan A 
sec A —2sin A 


83. What is the value of if cot A = 4 and cos A is 


negative? 


ZA must be in the third quadrant, since cot A is positive and cos A is negative. 


QUES. 83. 


1 shadow —1 


cot A = 5 = perpendicular = —3 in the third quadrant 


Distance = V(—1)? + (—3)? = V/10 


cosec A:cosA +3tanA _ 
sec A —2sinA - 


V10 —3 6 
=1 ~ *" Vi0 MO ag 
7 V10 
~~ 
PROBLEMS 


1. Construct each of the following angles using a protractor: (a) 280 deg., (b) —320 deg., (c) at (d) 


65 deg. 

2. Measure the abscissa, ordinate, and distance of a point on the terminal side of each of the above 
angles, and find approximate values of the three direct and the three reciprocal fundamental trigonometric 
functions. 

3. With the angle in standard position, find the trigonometric functions of the angle whose terminal side 
passes through the points (a) (6, 5), (b) (3, -3), (c) (-7,-11), (d) (—104, 4). 

4. Find the sine, cosine, and tangent of an angle A that is in standard position if a point on the terminal 
line has an ordinate a and a distance d. 

5. What is the largest positive value of (a) the sine function, (b) the cosine function, (c) the tangent 
function? 

6. What is the largest negative value of (a) the sine, (b) the cosine, (c) the tangent? 

7. What is the range of values of (a) the secant, (b) the cosecant? 

8. What is the reciprocal of (a) sec A, (b) tan A, (c) sin A, (d) cot A, (e) cosec A, (f) cos A? 

9. In what quadrants may an angle lie if the following functions are positive: (a) tangent, (b) secant, (c) 
sine? 

10. In what quadrants may an angle lie if the following functions are negative: (a) cosecant, (b) 
cotangent, (c) cosine? 

11. In what quadrants may an angle lie if (a) both its secant and cosecant are negative, (b) both its sine 
and cosine are negative, (c) both its sine and cosecant are negative? 

12. In what quadrants may an angle lie (a) if both its sine and tangent are positive, (b) if both its cosine 
and tangent are positive? 


13. What are the algebraic signs of (a) cot (—238°), (b) sin 430°, (c) tan 460°, (d) egg ar, (e) cosec (— 


396°), (f) sec 780°, (g) sin (8.2 radians) ? 
14. In what quadrants may an angle lie if (a) its cosine is positive and secant negative, (b) its cosine is 
positive and cosecant negative, (c) its sine is positive and tangent negative? 


15. If sin A = 4, with A in quadrant II, what are the values of the other functions? 


16. Ifsec A = 4,, can the values of the remaining functions be found? Why? 

17. If sin A = 3, can the values of the other functions be found? Why? 

18. If tan A = — 3, can the values of the other functions be found? Why? 

19. What are the algebraic signs of (a) cos 228°, (b) sin 1,132°, (c) cosec (—231°), (d) tan 417°? 
20. What are the values of the other functions if sin A = — 48? 

21. What are the remaining functions ifeot A = — 4 ? 

22. Express all the fundamental functions in terms of the sine. 

23. Express all the fundamental functions in terms of the secant. 


24, What is the value of Cama tees 6 iftan A = — 4? 


25. What is the value of __tan A ifsin A = }andtan A is negative? 
re 4 A+tanA-cotA 6 A A 
"co cosec * sec 
26. What is the value of eB: St a if 
sin A 11 cos A 


cot A = — %andsec A = 4)? 

tan A — 2sin A-sec A 
cosec A + 3 cot A 
28. By means of the Pythagorean relations express the following in terms of another function: (a) sec? A, 

(b) cos” A, (c) cosec” A, (d) tan2 A, (e) cot A, (f) sin2 A, (g) sin A, (h) sec A. 


27. What is the value of ifcos A = — 4andsin A is negative? 


29. Simplify (a) sin A - cosec A, (b) cos Av (c) tan A - cot A, (d) sin A - sec A, (e) sin A (f) cos A 
t A cosec A 
- sec A, (g) sin A - cot A, (h) cos A- tan A, (i) tan A 
sec 
cos A cosec A «sin A 1 u 
30. Simplify (a) sin A ~ cos A” (b) — tan A » (c)l- sect Ad) =z sec? A tT ——s7 cosec? A’ 


(e) cot? A— cosec 2A, (f) sec 24 d- sin? A), (g) sec 2 Al — cos 2 A), (h) 1- secZA. 


31. Simplify (a) cosec A (b) tan A - cosec A, (c) sec A (d) sinA - cotA - sec A, (e) tan A - cos 
nA cosec A 
A: cot A, (f) sin A (cosec A + cot A), (g) cosec A: cos A — sec a 
cos 
32. Simplify (a) sec? A (cosec? A-1), (b) sec? A — 1 (c) tan? A(cot” A+ 1), (d) sec 2A—sin? A 
cosec? A — l 


- sec? A. Show that the following relations are true: 


33. sec? A- cosec” A= tan? A- cot? A 
cot A 


/1 + cot? A 
cos A 
Vi = 008" A 
~/sec? A — 1 
sin A 


V1 — sin? A 


34,cos A = 


35.cot A = 


36.cot A = 


37.tan A 


cosec A 


38. Ss —— 
si ~/ cosec? A — 1 


= 2 
39. tan A ges 
1 
40. i Sa ——_— —____ —_ — ——+ 
ae VI + cot? A 


41. . ee 
cos A+ sec A og eT | 

42. _ V1+ tan?’ A 
cosec A ee oS ee 

43. tan A - cosec A=secA 


A 
44.sin A a 


cot A 
a ee | 
4.1. +sinA _ cosA 
cossA 1l—sinA 
47. eosec? A + sec? A = sec’ A 
sin? A 


CHAPTER V 


RELATED ANGLES 


84. How do you express the functions of a negative angle in terms of an equal positive angle? 


Any trigonometric function of a negative angle is equal numerically to the 
same function of an equal positive angle. The sign is changed for all functions 
except the cosine and the secant. 


Example 
Make distance OP for angle A = OP' for angle (—A) = d. 


A in 1st quadrant “A in 2nd quadrant 


P'(x',y') 
d 


ZA in 8rd quadrant . LA in 4th quadrant 


QUES. 84. 


In each figure, triangle PON = triangle PON, shadow x = shadow x, and 
perpendicular y’ = perpendicular — y (if y is here considered positive). 


Then, sin (—A) = a A, and 
cos (—A) = = = : = cos A, and 


tan(—A) = = 7 = — tan A, and 
cot (—A) = —cotA 


It is seen that the sign is changed in all functions in which the perpendicular is 
involved. 


85. What are the equivalents of (a) cos (—50°), ( b) tan (—65°), (c) sin (—55°), ( d) sec (-65°), ( e) cot 
(-110°)? 


The equivalents of these angles are (a) cos 50°, (b) — tan 65°, (c) — sin 55°, (d) 
sec 65°, (e) — cot 110°. 


86. What is an acute angle? 

An acute angle is an angle less than 90 deg. 
87. What is an obtuse angle? 

An obtuse angle is an angle greater than 90 deg. and less than 180° deg. 
88. What are complementary angles? 


Two angles are complementary when they add up to a right angle. Each angle 
is called the complement of the other. 


QUES. 88. 


Example 


ZA = 90° — ZB. ZA is the complement of ZB. Sixty and 30 deg., 70 and 20 
deg., and 41 and 49 deg. are pairs of complementary angles. 


89. What is meant by the cofunction of an angle? 


The sine, tangent, and secant are called the direct functions of an angle, and 
the cosine, cotangent, and cosecant are the respective cofunctions of that angle. 

Cosine is the present contraction of the Latin complementi sinus, “sine of the 
complement.” Cotangent is the contraction of comphmenti tangens, “tangent of 
the complement” Cosecant is the contraction of complementi secans, “ secant of 
the complement.” The Latin terms were used before the beginning of the 
seventeenth century. 

From this it is seen that any function of an angle is equal to the cofunction of 
the complement of that angle. 


¥ B 


QUES. 89. 


Example 
sin A = 7] = 698 B 
The sine of angle A = cofunction of the complement of A (= ZB). 
sin B = - = cos A 


or the sine of angle B = cofunction of ZA(= complement of B). 


90. How are the functions of (90° — A) related when A is any angle? 


Each function of (90° — A) is equal numerically to the cofunction of the angle 
A. 


Example 
Lay off equal distance lengths on the terminal side. Then in each case the right 
triangles formed are congruent and x’ = y, y = x, and d = d. Then 


sin (90° — A) = Ln 2 = cos A, and 
; cosec (90° — A) = sec A 

cos (90° — A) = = Ym gin A, and 
; sec (90° — A) = cosec A 

tan (90° — A) == = ot A, and 
cot (90° — A) = tan A 


This shows that the function of (90° — A) is equal to the cofunction of A. 
Pay’) Play) 


* 
ZA in 1st quadrant ZA in 2nd quadrant 


ZA in 8rd,quadrant ZA in 4th quadrant 


QUES. 90. 


The important case is when A is acute, and then A and (90° — A) are 
complementary. 


cos 65°22’ = sin (90° — 65°22’) = sin 24°38’ 
91. How would you express the following using (90° — A) relationship? 


a. sin 70° in terms of a function of 20 deg. 

b. cos 125° in terms of a function of —35 deg. 

c. tan 210° in terms of a function of —120 deg. 

d. cosec 300° in terms of a function of —210 deg. 

These relationships are expressed as 

a. sin 70° = cos (90° — 70°) = cos 20°. A is in the first quadrant. 

b. cos 125° = sin (90° — 125°) = sin (—35°). A is in the second quadrant. 

c. tan 210° = cot (90° — 210°) = cot (—120°). A is in the third quadrant. 

d. cosec 300° = sec (90° — 300°) = sec (—210°). A is in the fourth quadrant. 


92. What is the rule that applies to functions of (90° + A) when A is any angle? 
The same rule holds for functions of (90° + A) as for (90° — A) except that the 
algebraic sign is changed in all cases but the sine and cosecant. 
RULE.—Each function of (90° + A) is equal numerically to the cofunction of 
the angle A. 


Example 


In the above functions of (90° — A) change A into —A so that (90° — A) 
becomes [90° — (— A)], which equals (90° + A). 


Then sin (90° + A) = sin [90° — (—A)] = cos (—A) 
= cos A 

cos (90° + A) = cos [90° — (—A)] = sin (—A) 
= —sinA 

tan (90° + A) = tan [90° — (—A)] = cot (-—A) 
= — cotA 

cosec (90° + A) = sec A 
sec (90° + A) = — cosec A 


cot (90° + A) = —tanA 


The rule for a negative-angle relationship is here applied. Also, the cosecant, 
secant, and cotangent are obtained directly by applying the reciprocal-function 


relationship. 

It is seen that the algebraic sign is changed in all except sin (90° + A) and 
cosec (90° + A). 

Note that the initial line of any angle A added to 90 deg. falls on the y axis, so 
that this axis controls the positive and negative directions of the shadow and 
perpendicular for angle A. 


93. How would you express the following, using (90° + A) relationship? 


a. sin 125° in terms of 35 deg. 

b. cos 200° in terms of 110 deg. 

c. tan 300° in terms of 210 deg. 

d. cosec 400° in terms of 310 deg. 

The resulting expressions are 

a. sin 125° = sin (90° + 35°) = cos 35°. 35° = A is in first quadrant. 

b. cos 200° = cos (90° + 110°) =— sin 110°. 110° = A is in second quadrant. 
c. tan 300° = tan (90° + 210°) = — cot 210°. 210° = A is in third quadrant. 
d. cosec 400° = cosec (90° + 310°) = sec 310°. 


310° = A is in fourth quadrant. 


94. What are supplementary angles? 


Two angles are supplementary when they add up to 180 deg., or a straight 
angle. Each angle is called the supplement of the other. 


QUES. 94. 


Example 
ZA = 180° — ZB and ZA is the supplement of ZB. 
Sixty and 120 deg., 70 and 130 deg., and 41 and 139 deg. are pairs of 
supplementary angles. 


95. How are the functions of the supplement of an angle A expressed in terms of the functions of A? 
Distance d is made equal in each case. 
In either figure the triangles are equal because the hypotenuse and an angle of 
one are equal to the hypotenuse 


LA is acute 
QUES. 95. 

and an angle in the other. 
Then g’ = —2, y’ = y, d=d 
sin (180° — A) = e = ; =sinA, and 

cosec (180° — A) = cosec A 
cos (180° — A) =7=>5- — cos A, and 

sec (180° — A) = —secA 
tan (180° — A) = ro _. = — tan A, and 

cot (180° — A) = — cot A 


96. What is the rule for supplemental angles? 


Any trigonometric function of the supplement of an angle equals the same 
function of the angle. The algebraic sign is changed in all cases except the sine 


and cosecant. 


97. How are the functions of (180° + A) expressed in terms of the functions of A? 


Change A to —A in the above relations so that (180° — A) becomes [180° — 


(-A)] or (180° + A). 


Then 


sin (180° + A) = sin [180° — (—A)] = sin (—A) 


= —sin A 

cos (180° + A) = cos [180° — (—A)] = — cos (—A) 
= —cosA 

tan (180° + A) = tan [180° — (—A)] = — tan (—A) 
= tan A 


The relation for a negative angle is here applied. 
Now apply the reciprocal relation of the above functions to get 


cosec (180° + A) = — cosec A 
sec (180° + A) = —secA 
cot (180° + A) = cot A 
98. What is the rule for functions of (180° + A)? 


The functions of (180° + A) are equal numerically to the functions of A. The 
algebraic sign is changed in all cases except the tangent and cotangent. 


99. After examining the above relations, what would be a general rule governing the relations of the 
functions of an even multiple of 90 degrees plus or minus A and those of angle A? 


Any function of an even multiple of 90 deg. plus or minus A is the same 
function as that of angle A. 

Zero is taken as an even number so that the rule includes the case of negative 
angles. 

The algebraic sign depends upon the quadrant in which the terminal side is 
located when A is acute. 
100. What is the general rule governing relations of the functions of an odd multiple of 90 degrees 

plus or minus A and those of angle A? 

Any function of an odd multiple of 90 deg. plus or minus A is the cofunction of 
A with the appropriate sign depending upon the quadrant of the terminal side 
when A is acute. 


101. What is sin (540° — A) in terms of A? 
540° = 6- 90° = an even multiple of 90° 


The terminal side of (540° — A), when A is acute, is in the second quadrant. 


*. sin (540° — A) = sin A =f 


ZA is not in the standard position; its initial line is on the negative part of the 


X axis. 


0'—-A 
poe ) 
7 


QUES. 101. 


102. What is sec (630° + A) in terms of A? 
630° = 7+ 90° = an odd multiple of 90° 


The terminal side is in the fourth quadrant when A is acute. 


. sec (630° + A) 


= cosec A = 


d 
r 


QUES. 102. 


Note that 630 deg. ends on the y axis, and the initial line of ZA is on that axis, 
making x the perpendicular for the angle A. 4A is not in standard position. 


103. How would you express tan 286° in terms of an acute angle? 
tan 286° = tan (270° + 16°) = tan (3 X 90° + 16°) 
The terminal side is in the fourth quadrant. 


”. tan 286° = — cot 16° = <4 
(The initial line of the 16-deg. angle is on the y axis) 


or tan 286° = tan (4° 90° — 74°) = — tan 74° = 


The initial side of the 74-deg. angle is on the x axis, in standard position. 


zy 


QUES. 103. 


104. How would you express tan (—90° — A) in terms of A when A is acute? 


—90° is an odd multiple of 90°, and the terminal side when A is acute lies in 
the third quadrant. 


. tan (—90° — A) 


ai fe oe 
—x 


Note that the initial line of 4A is the y axis while the initial line of (—90° — A) 
is on the x axis. 


QUES. 104. 


105. How would you express cosec (—180° + A) in terms of A when A is acute? 


— 180° is an even multiple of 90°, and the terminal side of (—180° + A) lies in 
the third quadrant when A is acute. 


”. cosec (—180° + A) 


= + 60068 A, om wH 


—y ) 


QUES. 105. 


106. What is the practical significance of the fact that all the functions of angles greater than 90 
degrees and negative angles can be expressed in terms of the functions of angles between 0 and 


90 degrees? 


To use the trigonometric functions for computation or otherwise, all we need 
is to find the values of the functions for all positive acute angles only. 

In addition, because of the relationship between the functions of 
complementary angles, tables of values of trigonometric functions need be 
computed only for angles from 0 to 45 deg. rather than from 0 to 90 deg. 


PROBLEMS 


What is the equivalent function of the positive angle of each of the following? 
1. sin (—30°) 2. cos (70°) 
3. tan (40°) 4. sec (—80°) 
5. cot (-130°) 6. cosec (—200°) 
Draw figures and show that 
7. sin 65° = cos 25° = sin 115° 
8. sin 125° = cos 35° = — sin (-60°) 
9. sin 114° = cos (24°) — cos 24° 
10. sin 230° = sin (—50°) = — sin 50° 
11. cos 330° = cos (—30°) = sin 60° 
12. sin (-20°) = sin 200° = — sin 20° 
13. sin 50° = — cos 140° = cos 40° 
14. cos 190° = — cos (—10°) = — cos 10° 
15. cot 170° = — cot 10° = — tan 80° 
16. tan 130° = — tan 50° = tan (50°) 


If 4A + B+ C = 180°,, show that 17.sin 4 = cos 2 as = 
is B .A+C 
"cos 3 = sin —y— 


19. sin B=-—sin (2B + A + C) 20. cos B=—cos (2B +A+C) 
21. sin B= sin (A+ C) 22. tan B = — tan (A + C) 


23. cos A = — cos (B + C) 24. egg (45°) savin (2 fe) = & sd ) 


25. Express sec 72°8' as a function of the complementary angle. 
26. What is the value of A, if sin 2A = cos (3A + 45°)? 

Give the function of the complementary angle that corresponds to 
27. sec 25° 

28. sin 60° 

29. cos 70° 

30. tan 42° 


T 
31. cot = 
3 

32. sin 12°18’ 

33. cosec ~ 

' 6 


34. cosec 38.6° 


35 an 
- 8€C 3 


36. sin A 
37. cos (A— 90°) 38. tan 2A 
If all angles are acute, determine A for 


49. 


. tan 65° = cot A 40. sin A=cosA 

. sin 25° = cos A 42. cosec 30° = sec 3A 

. tan A = cot (45° + A) 44. cosec 3A = sec 2A 

. What is sec (810° + A) in terms of A? 

. What is sin (720° — A) in terms of A? 

. Express 298 deg. in terms of an acute angle. 

. Express tan (— 270° — A) in terms of A, where A is acute. 

Express cosec (— 540° + A) in terms of A, where A is acute. Express as a function of an acute angle: 


50. cosec (—150°) 


51 
52 


53 


. sin 160° 
. cos 680° 


- se or 
oo 


What positive acute angle will express the functions of the given angle in the following? 


54. 


66. 


235° 
.—112° 

. 155° 

. 308° 

. 320° 

. 112° 

. 187°20' 


486° 
814° 
—38° 
. 99° 
oar 
6 
Sx 


Give each of the following as a function of an acute angle: 


67. 


84 


cot 207°8.5' 

sin 141°16' 

. cos 98°48'52” 

. COS 232°30' 

. sin 279°41'6" 

. tan 121°14.3' 

.sec 165°42'21” 

. COS 322°46.3' 

. sin 326° 

. cos (—380°) 

. tan 462° 

. cosec 805°16' 

. sec (-531°) 80. cot 1,150° 

. tan 485° 

. cos (—460°) 

. What is cos (450° — A) in terms of A? 
. What is cosec (—360° + A) in terms of A? 


Express each of the following as a function of A when A is an acute angle: 85. cos (270° + A) 86. cos (— 


270° 
87 
89 
91 


+ A) 

. sin (180° — A) 88. sin (-180° — A) 

. cosec (—90° + A) 90. sec (270° — A) 
. tan (540° + A) 92. cot (270° — A) 


Simplify the following: 
3r 
93. sec (A) - cot (180° + A) 94. cosec (r + A) * cos (= oe A) 


95. 008 (= = A) - cot @r — A) 
5 in (270° + A) 
“eos (270° + A) 
cosec (270° + A) 
sin (180° — A) 
gg, tan (90° — A) 
tan (360° — A) 
cos (180° — A) - cot (270° + A) 
" cos (90° + A) - cot (180° + A) 
cos (180° + A) -sin (A — 180°) 
tan (270° — A) + cot (—A) + cos (A + 90°) 


a7, 


99 


100. 


CHAPTER VI 
FUNCTIONS OF CERTAIN ANGLES 
107. What are the functions of 30 and 60 degrees? 


It is seen that if the distance = 1, then y = $ and y = % and 
sin 30° = cos (90° — 30°) = cos 60° = 4 


cos 30° = sin (90° — 30°) = sin 60° = “s 
1 

tan 30° = cot (90° — 30°) = cot 60° = 2 aes 
V3 3 


QUES. 107. 


cosec 30° = sec (90° — 30°) = sec 60° = 2 
aaa: of sin 30°) 


sec 30° = cosec (90° — 30°) = cosec 60° = —= 


Fi 3 
(reciprocal of cos 30°) 
. 
cot 30° = tan (90° — 30°) = tan 60° = —- = V3 
; 


+ 
(reciprocal of tan 30°) 


108. What are the functions of 45 degrees? 
In this case, x = y= 1 andd = v2. 


sin 45° = sz 

cosec 45° = ~/2 
1 

45° = —= 

cos V5 

sec 45° = 1/2 
tan 45° = 1 


cot 45° = 1 


QUES. 108. 


109. How can you find the functions of any integral multiple of 90 degrees plus or minus 30, 60, or 45 
degrees? 


By construction, as above, or by rule we can find that 

a. any function of an even multiple of 90° + 30, 60, or 45° is the same function 
of 30, 60, or 45°. 

b. any function of an odd multiple of 90° + 30, 60, or 45° is the cofunction of 
30, 60, or 45°. 

The sign in any case is determined by the quadrant in which the terminal side 
lies. 


110. What is cos 150°? 
a. By rule 


cos 150° = cos (90° + 60°) = — sin 60° = — 


AS 


QUES. 110. 


b. By construction 


v3 


cos 150° = + 


with the initial line of the angle on the z axis 


v3 


sin 60° = +. siilh ‘Vihe ivkiial ine on the y waite 
. eos 150° = — sin 60° 


111. what is sin 120°? 


a. By rule 


sin 120° = sin (90° + 30°) 


= cos 30° = 


Also by rule 


sin 120° = sin (2- 90° — 60°) 
V3 


= gin 60° = 2 


b. By construction 


sin 120° = —— with the initial line on the z axis 


cos 30° = —— with the initial line on the y axis 


”. sin 120° = cos 30° 


QUES. 111. 


112. What is meant by a variable approaching a constant as a limit? 


When a variable approaches a constant c as a limit, the difference between the 
variable and the limit becomes smaller than any number that may be assigned, 
however small. 


Example 
If the point P moves so that each time it bisects the remaining distance, the 


point P approaches 1 as a limit because the difference between it and 1 becomes 
and remains smaller than any assigned quantity, however small. 


}e-------—~- — g= 8) -------- >| 
—— 
ar cae | | 
) co 


QUES. 112. 
113. What is meant by a zero angle? 

A zero angle is an angle that approaches zero as a limit. 

It is an angle that becomes smaller than any value that may be assigned. It is 
not that we have no angle, but that it approaches zero as a limit. 

The variable shadow x approaches the distance d as a limit. 


QUES. 113. 


114. What are the functions of a zero-degree angle? 


From the figure it is seen that when A approaches 0 deg., then x approaches d 
or approaches unity (if d = 1) and y approaches zero. Then, 


y approaches 0 


aa? aS a ee 
cos 0° = : = approaches ¢ = (approaches) 1 
Pack ace wi 
ay 2 me eR 
> ad d 
cosec 0° =-=7-> ow 
y O 
04 _ a _ 
ident taal tal. 
cot 0? =F = 5 @ 


oo means increasing without limit, becoming greater than any number that may 
be assigned, however great. 

The above functions are limits that the variable ratio approaches and are taken 
as the values of the functions of 0 deg. 


115. What are the functions of a 90-degree angle? 


When angle A approaches 90 deg. as a limit, x approaches zero as a limit and y 
approaches d as a limit. Then, 


< 
Qu 


cosec 90° = -=>5=1 
y ad 

Oe ee 

Gos AU" ai See me 

peste BOE eS ae Be 
x 0 

ion Ho Ue Bw 
x 0 
x 0 


QUES. 115. 


The values of the above functions are limits that the variable ratios are 
approaching as A approaches 90 deg. and are taken as the values of the 
functions. 


116. What are the functions of a 180-degree angle? 


When angle A approaches 180 deg. as a limit, —x approaches d as a limit and 
y approaches ZeTO as a limit. Then, 


cosec 180° = 
cos 180° = — = — = -1 
sec 180° = — = — = -1 


far TO) a =H x ee oe 0 


—2 —d 
orate ROM es nag ll ay ct 


QUES. 116. 


117. What are the functions of an angle of 270 degrees? 
When angle A approaches 270 deg. as a limit, —y approaches d as a limit and 


—x approaches zero as a limit. 


sin 270 aa ta We —1 
i d d 
cosec 270 ? on ean ea | 
0 Zt _ OL 
cos 270° = 7d ol” lade 
seo S70? = 00 
—2x 0 
ee a 
—2x 0 
cot 270° = —= = —, =0 


QUES. 117. 


118. Between what limits do the numerical values of the trigonometric functions lie? 


Then, 


From Ques. 106 we know that all possible numerical values of the 
trigonometric functions are given by angles lying between 0 and 90 deg. because 
functions of angles greater than 90 deg. and of negative angles can be expressed 
in terms of the functions of angles lying between 0 and 90 deg. Then also, 
considering the preceding questions, we see that the sine and cosine of any angle 
lie between — 1 and +1, the secant and cosecant values lie between 1 and © or 
between — 1 and — %, and tangent and cotangent values lie between — © and + », 
119. What is the relation between the magnitudes of the direct functions and cofunctions for angles in 

the first quadrant? 

As the angle increases, the direct functions increase while the cofunctions 
decrease. 


PROBLEMS 


1. What is the value of cos 60° - cos 0° + sin 60° - sin 90°? 
2. What is the value of sin 270° - sin 30° — cos 0° : cos 30°? 
3. Evaluate tan 60° - cos 180° — sin 30° - cos 60°. 


1 + sec 45° 
tan 45° + tan 30° 


5. Evaluate tan 45° - tan 30° + sin 180° - cos 0°. 


4. Evaluate 


3 + sec . 
3 1 + cos 2x 4 sin 60° 
6. Evaluate | ———————5n5 — ——————_  ] FOO 
— cosec 30 v . : 
tan = 2 sin = + sing 
2 2 
T T 
tan ; + tan ;z 
7. Evaluate 4 6 7 
T T 
1 — tan : tan 6 


8. Evaluate sin w * cos — + sec x + cot = 
2 6 6 
Show that the following equations are true by substituting the values of the functions: 9. 2 sec? 60° = 5 + 
tan? 60° 
10. 3 sin 90° = 6 sin 45° - cos 45° 
11. 2 sin? 30° + 4 cos? 30° = } 
12. 2 sin? 30° — 2 cos 30° = cos n 


13. 1 + tan? 60° = 3 cosec2 60° 
14. cosec 330° : sec 315° - sin 225° = — sec 120° 


: . 8 
15. 4 sin 45° - cos 45° = 2 sin 5 
16. sin 210° - tan 300° = sin 120° 


tan 60° 
17.2 cot 60° = ————5 
1 + cos 60 
18. sec 315° - sec 300° = sec 240° - sec 225° 


19. tan 210° - cos 150° = tan 150° - cos 330° 

20. Show that sin (A + B) = sin A : 
(A + B) =. 

21. Show that cos (A+B) = cos A: cos B — sin A _: sin B_ if 

(A+B) =n. 

tan 240° - cot 120° + sec 330° 


cos B + cos A: sin B_ if 


? 


22. What is the value of " _ bar 
sin 24 + sin 3° cos > 
What are the values of the following functions? 
23. cos 150° 

24. sin 150° 

25. sec 150° 

26. tan 120° 

27. sin 240° 

28. tan 240° 

29. cos 240° 

30. tan 315° 

31. cos 330° 

32. cot 120° 

33. cosec 225° 

34. sin 210° 

35. tan 150° 

36. cosec 270° 

37. sec 135° 

38. sec 600° 

39. sin 270° 

40. sin 510° 

41. tan 420° 

42. cot 390° 

43. cos Tt 

44, sin (-60°) 

45. cos (—60°) 46. sec (—210°) 


47. cot * 


48. cosec 


49. tan or 


»|F 


"a 
Simplify the following: 
3 sin 750° — cot 330°-tan 150° =—_— cos (A — m) 
51. cos (—60°) + cosec 480° - sin (—210°) or 
tan ( er A) 


tan (x + A) — sin (3 — A) - sec (Ge + A) 
52. 


cot (A — mr) + cosec G + A) ‘sin (27 — A) 


tan (90° + A) - sin (—A) - sin 225° 
"cos 600° - sin (180° + A) - cosec (270° — A) 
ee sin (180° + A) - tan (—A) tan (90° + A) «sin (360° + A) 
cosec (360° — A) - sin (—A) cos (270° + A) - cosec (— A) 


53 


CHAPTER VII 


GRAPHICAL REPRESENTATION OF FUNCTIONS— 
PERIODICITY 


120. How would you construct the sine curve y = sin A? 


Either of two methods may be used in plotting the sine curve. 


~30° 30° 45° 60° 


90° 120° 150° 1 


QUES. 120a. 


a. Find the corresponding values of y for convenient values of A. 


Choose any convenient length to represent 360 deg. or 2m. Here we will 
choose + in. = 15 deg. 

Mark the points corresponding to the assumed angle intervals 0°, 30°, 45°, 
etc., on a horizontal line. 

At these points erect ordinates representing the corresponding values of y to a 
convenient scale. Here 1 in. — 1 unit. 

Draw a smooth curve through these ordinates. This curve is the sine curve. 


QUES. 120b. 


b. Draw a unit circle with a convenient value for a radius. Call this radius 
unity. Then take off the sines from this unit circle. 


121. What is meant by the period of the sine function or curve? 


It is seen that the sine curve has a simple wave form from 0 to 360 deg., which 
repeats itself from 360 to 720 deg., etc., indefinitely. By taking negative angles 
to the left from O deg., these waves can be continued to the left. 

A function that goes through a complete cycle of all its values from x = a to x 
=a-+p (from A = 0 to A = 0 + 2n, in this case) and repeats itself when x goes 
from x =a + ptox=a + 2p, etc. (from A=0+ 2ntoA=0+2- 2n, etc., in this 
case) is called a periodic function with period = p (27: in this case). 

In symbols, sin A = sin (A + 360°) = sin (A +n - 360°) where n is any positive 
integer. 

Therefore, sin A is a periodic function with period = 360 deg. 


122. How would you construct the cosine curve y = cos A? 


Either of two methods may be used in constructing a cosine curve. 
a. Find the corresponding values of y for convenient values of A. 


QUES. 122. 


A | —45°| 0° | 30° | 45° | 60° 90°) 120°| 135° | 150° | 180°} 210° | 270°| 315°| 360°) 405° 


Here, also, we choose + in. = 15 deg. and lay off the angles —45°, 0°, 30°, 45°, 
etc., on a horizontal line. 

At these divisions lay off ordinates representing the corresponding values of 
the cosine. The scale here is, again 1 in. = unity. Draw a smooth curve through 
these ordinates to obtain the cosine curve. 

b. Draw a unit circle with any convenient value as a unit radius. Take off the 
cosines from this unit circle and plot them as ordinates to the corresponding 
angles similar to that of the sine curve of Ques. 120. 


123. What is the period of the cosine function or curve? 


Just as for the sine function, 
cos A = cos (A + 360°) = cos (A + n° 360°) 
Therefore, cos A is a periodic function with period = 360 deg. The function 
goes through a complete cycle of all its values every 360 deg. 


124. How does the cosine wave differ from the sine wave? 


The crests of the cosine wave are 90 deg. behind the crests of the sine wave. 
The two waves are said to differ in phase by 90 deg. 


QUES. 124. 


125. How would you construct the tangent curve y = tan A? 


Either of two methods may be used in constructing a tangent curve. 


QUES. 125a. 


a. Figure the corresponding values of y for convenient values of the angle A. 


45°| 60° | 90°) 120° | 135° | 180°| 210°| 270°| 300° | 330° | 360°) 390° 


a i ee a 


ae oe © }—1.73}—1.0} 0 (0.58) @ |—1.73,—0.58) O (0.58 


| | 


b. Construct a unit circle (a circle with a unit radius). The ordinates for 
corresponding angles can then be directly scaled from the figure as shown. Note 
that the tangent in the second quadrant is negative. 


, 


"==> ; 
------- tan 60~------ 


a 
a 


QUES. 125b. 


126. What is the period of the tangent function or curve? 
From 0 at O deg. to 1.0 at 45 deg. to + » at 90 deg. to — 1.0 at 135 deg. and 
again to O at 180 deg. the function goes through a cycle of its values and repeats 


itself from 180 deg. to 360 deg. and again from 360 deg. to 540 deg. etc. 
Therefore, 


tan A = tan (A + 180°) = tan (A + n° 180°), 
and the period is 180 deg. 
Note that at 270 deg. the tangent is + 0%, the same as at 90 deg. 
127. How would you construct the cotangent curve y = cot A? 


Either of two methods may be used to construct a cotangent curve. 


a y=cot A y=cot A 
1.0 
“90 =45" | ~—(80°45°G0" SO ga20" 150° 180° 210° 240° 270% 300° g30° 60° 
-10 Angle A 
ey 
— 2.0 
y=cot A -3,9 


QUES. 127a. 


a. Obtain the values of y for corresponding convenient values of angle A, and 
plot the curve. 


210° 240° 270°, 300° | 330° | 360° 


; 
120° | 138°] 150° ot 


| 


0° | 30° | 45° alert 


-1.0 i ae to oa —0,58|—1.0 ine wi ia ae 0 |—0.58|—1.73] +0 


b. Construct a unit circle. The ordinates for the corresponding angles can be 
obtained directly from the figure as shown. 


oe cot. 30° le 


<a 80" = 45° 7 | 


QUES. 1275. 


128. What is the period of the cotangent function or curve? 

From + © at 0 deg. to +1.0 at 45 deg. to 0 at 90 deg. to — 1.0 at 135 deg. and 
again to + o at 180 deg., the function goes through all its values. The cycle 
repeats itself beyond 180 deg. Therefore, 

cot A = cot (A + 180°) = cot (A + n°: 180°), 
and the period is 180 deg. 


129. How does the cotangent curve differ from the tangent curve? 


Because e9t A = ay i either function has a larger value while the other 
an 


has a smaller value, and the curves lie in opposite directions to each other. 


| 
8.0 \ y=tan A , | 
\ \ \ 
20+ | \ \ 
y \ \ \ 
ald cy=cot A \ \ 
* | \ | \ 
= 90605 3077} 0) 20° 60 “ 507180 via 360 x 0 
hsp Angle A \ 
3 \ 
vy \ \ 
—2,0 \ \ 
\ \ \ 
| \ | 
3.0 | | 
| | 
QUES. 129. 


Note that the two curves intersect at every multiple of +45 deg. where the 
value is +1. The curves form a pointed arch at these points. 


130. How would you construct the secant curve y = sec A? 


Either of two methods may be used to construct a secant curve. 


QUES. 130a. 


a. Obtain values of y for corresponding convenient values of angle A. Note 


that sec A = 1 . Plot the curve. 
cos 


30° | 45° | 60° | 90° | 120° 


1.41 |1.0)1.15)1.41) 2.0 | +o | —2.0/—1.41;—1.15 


240° | 270° | 300° | 330° | 360° | 390° 


—1.0)—1.15)—2.0) +o} 2.0 | 1.15) 1.0 |1.15|) 2.0} + 


In finding some of the values, remember the rules. 


sec (n+ 90° + A) = cosec A (when nis odd) 


From this 
sec (90° + 30°) = — cosec 30° = — sec 60° = —2.0. 


The terminal side of 120 deg. is in the second quadrant, and the secant is 
negative. 


sec (180° + 30°) = sec (n: 180° + A) = sec A 
(when n is any number including zero) 
= — sec 30° = —1.15. 


The secant is negative in the third quadrant. 


QUES. 130b. 


b. Draw a unit circle and take off sec A directly from the figure as shown and 
plot the curve. 


131. What is the period of the secant function or curve? 


We see that sec A is 1.0 at 0 deg.; it goes to + 0 at 90 deg. with plus values, 
then to + co at 270 deg, with minus values, and comes back to a value of 1.0 at 
360 deg. Thus the function goes through its cycle from 0 to 360 deg. and then 
starts to repeat itself. 


“. sec A = sec (A + 360°) 


sec (A + n+ 360°) 


and the period is 360 deg. 
132. How would you construct the cosecant curve 
y = cosec A? 


Either of two methods may be used to construct a cosecant curve. 
a. Obtain values of y for corresponding convenient values of angle A and plot 
the curve. 


QUES. 132a. 


Note that cosec gosee A = J 


sin A 


90° | 120° | 135° | 150° 


eee eee ei ee et OS OS 


b. Draw a unit circle and take off cosec A directly from the figure as shown; 
plot the curve. 


QUES. 1325. 


133. What is the period of the cosecant function or curve? 


From + © at 0 deg. to 1.0 at 90 deg. and + ~ at 180 deg. with plus values, then 
to —1.0 at 270 deg. and to + ~ at 360 deg. with negative values, the function 
goes through all its values and starts to repeat its cycle beyond 360 deg. 


*. cosec A = cosec (A + 360°) = cosec (A + n° 360°) 
and the period is 360 deg. 


134. How does the cosecant curve differ from the secant curve? 


It is seen that the cosecant curve is 90 deg. to the right. Its values of +1.0 are 
90 deg. to the right of the secant 


80° 60° 90°120°150°180° 270° 


QUES. 134. 
curve. It may be said that the curves differ in phase by 90 deg. 


135. How do the curves of the sine and cosine, tangent and cotangent, secant and cosecant differ as to 
the values that the ordinate y may take on? 
The sine and cosine take on no values numerically greater than one. One is 
the maximum. 
The secant and cosecant take on no values numerically less than one. One is 
the minimum. 
The tangent and cotangent may take on any numerical value whatever. 


PROBLEMS 


Plot and compare the graphs of the following functions with the graph of sin 
A: 

1.4 sin AsinA2.2sinA 

3. sin 2A 

4. sin 3A 

5. sin 4A 

6. After plotting the graphs of sin A and cos A on the same axes, geometrically add the ordinates 


corresponding to the same abscissas and draw the graph of sin A + cos A. Does this curve represent a 
periodic function? 

7. What are the maximum and minimum values of y = sin A when A takes on any angular values 
whatever? 

8. In y = sin A, is the value of y changed if A is replaced by A + 27? 


» (b) cosec A from the relation 


9. Draw the graph of (a) sec A from the relation gag A = u 
cos 


1 ; 
— (c) cot A from the relation A= . 
cosec A ain A’ cot ar 


10. Compare the graph of cos A with the graph of sin A and verify the relation cos (90° + A) =-sin A. 

11. Draw the graph of cos A-— sin A by algebraically adding the ordinates of cos A and sin A graphs 
drawn on the same axes to the same scale. 

12. Draw the graph of tan 2A. 

13. Draw the graph of sin A - cos A. 

14, What are the maximum and minimum values of (a) the cosine function, (b) tangent function, (c) 
cotangent function, (d) secant function, (e) cosecant function? 

15. Do the graphs of the sine and cosine functions plotted on the same axes ever intersect? If so, at what 
points? 

16. Plot the graphs of 


(a)y=2cosA, (b)y=cos2A, (c)y = 4-cos A. 


CHAPTER VIII 


FUNDAMENTAL IDENTITIES 


IMPORTANT RELATIONS OF ANALYTICAL TRIGONOMETRY 
OF FREQUENT OCCURRENCE 


136. What is a trigonometric equation? 

A trigonometric equation is an equation involving one or more trigonometric 
functions of one or more angles. 
137. When is a trigonometric equation an identity? 


A trigonometric equation is an identity when the equation is true no matter 
what values the angles may have. 


Example 
a. sin? A+cos*A=1 
b. sec? A=1+tan?A 
c.sin2A=2sinA:cosA 
d. sin (A+ B) =sinA- cos B+ cos A: sinB 
These equations are identities because they are true no matter what values the 
angles may have. 
138. What is meant by a trigonometric equation of con dition? 
A trigonometric equation of condition is an equation that is satisfied or true 
for only particular values of the angles involved. It is not an identity. 
Example 
sin 4A - sin 2A + sin A = 0 is an equation of condition because it is satisfied by 
only particular values of angle A, as will be seen later. 
139. What are the fundamental identities? 


Group A consists of the identities previously discussed. 


1 1 


1, sin A = oo’ cosee A = — 
1 1 

2. cos A = sec A. sec A = cos A 
1 1 

3. tan A = mi | cot A = ar | 

sin A cos A 

4, tan A = or i cot A = A 

5. sin? A + cos? A = 1 

6. sec? A = 1+ tan? A 

7. cosec? A = 1+ cot? A 


Group B consists of the following identities to be treated here: 
I. sin(A + B)=sinA-cosB+cosA°:sinB 
II. cos (A + B) = cos A: cos Bsin A: sin B (The + on the left goes with the — 
tan A + tan B 
on the right) III. - So 
ent) Tl. tan (4 & 5) 1 + tan A-tan B 
the left goes with the  upper- sign  in_- the _ result) 


IV. sin 2A = 2sin A-cosA 
V. cos 2A = cos? A — sin? A 


(The upper sign on 


2tan A 

VI. tan 24 = >a 

cot? A — 1 

VII. cot 24 = 

VIII. 2 sint 4 =1l1-—cosA 
A 

IX. 2 cos’> = 1+ cos A 

A 1-—ecosA 

eS ee Sie 

X. tan? > 1+cosA 

St ete ee 


2 1-—cosA 


XII. sin A + sin B = 2sin “+ - cos “== 
XIII. sin A — sin B = 2 cos +5 . sin “=F 
XIV. cos A + cos B = 2.c0s 1% - 93 “= 4 
XV. cos A — cos B = ~2 sin 15 . sin “= 


140. How may the need for some of these relations arise? 
We may want to know, for instance, at what rate the sine of an angle is 
increasing as the angle is increased. If the angle is made twice as large, does the 


sine also become doubled? Obviously, this is not so, for we have seen that sin 
60° is not twice sin 30°. 


We may want to know what the relations are between the functions of twice 
an angle and the given functions of the angle. 

We may desire to find the relations that connect the functions of the sum of 
two angles with the functions of the angles separately. 
141. How do you find the expression for sin (A + B) in terms of the functions of A and B? 

Assume that angles A and B are acute, and that the terminal side of angle (A + 
B) is in the first or second quadrant. 

From any point P, on the terminal side of 4(A + B) drop perpendiculars to the 


sides of angle A, thus forming an angle equal to 2A, as shown. 
Now 


sin (A + B) = % B= WE = 4 ow (1) 


Note that lines d, and oe are elements common to both angles A and B. 


(A+B) in 2nd quadrant (A+B) in 1st quadrant 


QUES. 141. 
Multiply the first term of the right-hand side of Eq. (1) by a and the second 
1 
term by ds to get 
ds 


by " and the second term Ma ds , to get 


sin (A + B) = 4 ee (Ye z (Ys = 91) g 


”. sin (A + B) = 5, a, 
This is known as the addition formula for the sine. 


142. How do you find cos (A + B) in terms of the functions of A and B? 
From the figures for the above question, 


=7= Sk I 
cos (A + B) i as a (1) 
And since the lines d, ite d3 are elements common to both angles A and B, 


multiply the first term of the right-hand side of Eq. (1) by s and the second 
1 


term by a ‘. Then 
3 


cos (A+ B)=F 7 - FG, (2) 
.. cos (A + B) = cos A‘ cos B — sin A: sin B 


This is known as the addition formula for the cosine. 
Note that x, is minus when the terminal side of (A + B) is in the second 
quadrant. Then 
(2, — 2) = 2, — (—22) = (21 + 2s) 
21 — Le i + 22 


so that = —~— = sinA in Eq. (2) 
ds d; 


143. How do you obtain the expression for sin ( A— B) in terms of the functions of A and B? 


Let 4A and B be two acute angles where A is either greater or less than B. 


LA<ZB 


QUES. 143. 
From any point P, on the terminal side of angle (A — B) drop perpendiculars to 
the sides of angle A, thus “~~ an angle equal to angle A, as shown. Then 


Now d, and d3 are elements common to both angles A and B. Multiply the first 


term of the right-hand side of Eq. (1) by _ and the second term by a] getting 
3 


sin (A — B) = 2.4 _ i — we) ds (2) 


This is known as the subtraction formula for the sine. 
Note that y, is minus’ in~ the’ fourth quadrant, and 


(Yi— ¥2) =W — (-y) =H tye 


so that Woh wT ys =cosA_ in Kq. (2) 
7 i Sa 


144. How can you find the expression for cos ( A — B) in terms of the functions of A and B? 


From the same figures as for Ques. 143, 


cos (A — B) =F = Btn) bao (1) 


Again, lines d, and d3 are common to both angles A and B; multiply the first 


term of the right-hand side of Eq. (1) by a and the second term by om getting 
3- 
x, d a Hie] d 
cos (A — B) air p+. 7. 
ds 2 


‘. cos (A — B) mtdened + deli 


This is known as the subtraction formula for the cosine. 


145. How can you show that 
sin (A + B) = sin A:cosB + cos A‘ sin B 


and cos (- A+ B) = cos A- cos B sin A: sin B are true for all values of A and B? 

This can be shown analytically by a geometric construction, but the algebraic 
method is preferred. 

Let A be any angle over 90 deg. in the second quadrant and B any angle over 
180 deg. in the third quadrant. 

Then A = (90° + C) and B = (180° + D) where C and D are acute. Now 

cos (A + B) = cos [(90° + C) + (180° + D)] 
= cos (270° + C + D) = sin (C + D) 
= sin C- cos D + cos C: sin D 


But C= -90°+A and D= —180°+B8B 


‘cos (A + B) = sin (—90° + A) cos (—180° + B) 

+ cos (—90° + A) «sin (—180° + B) 
—cosA:—cosB+sinA‘—sinB 
= cos A: cos B — sin A‘ sin B 


which shows that the relation holds for all values of A and B. 
Now take A less than 90 deg. and B greater than 180 deg. so that B = (180° + 
C) where C is acute angle. Then 


an 
sin (A — B) = sin [A — (180° + C)] 
= sin [—180° + (A — C)] = — sin (A — C) 
— sin A:cosC + cos A‘sinC 


But C = (—180° + B) 


Then sin (A — B) = — sin A- cos (—180° + B) 
+ cos A‘ sin (—180 + B) 
= —gsnA+—cosB+cosA*—sinB 
= sin A: cos B — cos A‘ sin B 
which again shows that the relationship holds for all values of A and B. 
Thus it can be shown that all four fundamental relations are true for all values 
of A and B. 
146. Of what importance are the above four relations? 


From the above four relations and the identities of group A of Ques. 139 may 
be derived all other trigonometric identities. 


Example 
Prove that 


sin (45° + C) + cos (45° — D) 
+ cos (45° + C) - sin (45° — D) = cos (C — D) 


This is merely another form of the first fundamental identity of Ques. 145 if 
we let A = (45° BS C) and 
B = (45° — D). 


Here write 


sin (45° + () + cos (45° — D) + cos (45° + C) 
‘sin (45° — D) = sin [(45° + C) + (45° — D)] 
= sin [90° + (C — D)] = cos (C — D) 
147. How can you find an expression for tan (A + B) in terms of the functions of A and B? 
sin (A + B) 
tan (A + B) = cos (A + B) 
_ sin A+ cos B + cos A‘ sin B 
~ cos A: cos B F sin A‘ sin B 
Now divide the numerator and denominator of Eq. (1) by cos A - cos B. 
sinA-cosB . cosA‘sinB 
cos A+ cos B ~ cos A‘ cos B 
cos A-cos B _ sinA-sinB 
cos A-cos B ° cos A: cos B 
tan A + tan B 
.. tan (A + B) = i+ tan A tan B 


This is known as the addition and subtraction formula for the tangent. 


(1) 


tan (A + B) = 


148. How can you find cot (A + B) in terms of the functions of A and B? 
was te See 
sin (A + B) 
_ cos A+ cos B F sin A‘ sin B 
~ sin A: cos B + cos A‘ sin B 
Now divide the numerator and denominator of Eq. (1) by sin A: sin B. 
cos A: cos B _ sin A: sin B 
sin A-sinB sinA-sinB 
sin A-:cosB . cosA‘sinB 
sin A‘sinB~ sinA-sinB 
2, eet Bion cot A: cot B F 1 
cot B + cot A 


This is known as the addition and subtraction formula for the cotangent. 


(1) 


cot (A + B) = 


149. How can you find the expressions for twice an angle in terms of the functions of the angle itself? 


The fundamental identities of Ques. 145, 147, and 148 were shown to be true 
for all values of A and B. Now assume A = _ B._ Then 


sin 2A = sin A:cosA +cosA‘sinA =2sin A‘cos A 
cos 2A = cos A‘ cos A — sin A*sinA = cos*A — sin’? A 
_ tanA+tanA  2tanA 
On28 = 7 — nd tan dd i — tnt 
cot 24 = COLA cot A —1 _ cot? A - 1 
~ ecotA+ecotA  2cotA 


These are known as the functions of twice an angle. 
No matter what form or value the angle may be, these fundamental identities 


give the values of the functions of twice that angle. 
Example 


a. sin B = 2 sin 2 ‘ cos 5 (Here twice the angle = B, 


and the angle = 4 
si ae (Here twice the angle 


5B . ' 
b. cos a = cos’ TF — sin? 4 


= BE and the angle = *) 


2 
2 tan (28 + 5) 
c. tan (4B + C) = ———_+- ———_ (Here twice the 
1 — tan’ (2B ~ 5) 


angle = 4B + C, and the angle = 2B + 5) 


150. How can you find the expressions for the sine, cosine, tangent, and cotangent of one-half an angle 


in terms of the cosine of the angle? 
We have the relations 
sin? A + cos? A = 1 
and cos 2A = cos? A — sin? A 
Now, putting these into the form of half angles, we have 


cos? f sin? 4 = | 


A os 
cos? — — sin? = = cos A 


2 2 
Adding Eq. (1) and Eq. (2), we get 
A 
2 cos’ 5 =1+ cos A 


Subtracting Eq. (2) from Eq. (1) we get 


2 sin? 2 = 1 — cos A 


Dividing Eq. (4) by Eq. (3), we get 


A 1-cosA 
ten" 5 “i+ cos A 
Dividing Eq. (3) by Eq. (4), we get 


,4 1+ cosA 

OF =a ———— 
2 1-cosA 

These are known as the functions of half an angle. 


(1) 
(2) 


(3) 


(4) 


151. How can you find the expressions for the sum and difference of the sines of two angles in terms of 


the functions of the angles? 


We know that 


sin (a + b) = sina: cos b + cosa‘sinb 
sin (a — b) = sina‘ cos b — cosa‘ sinb 


If we add and subtract these identities, we get 


sin (a + b) + sin (a — b) = 2 sina‘ cosb 
sin (a + b) — sin (a — b) = 2cosa:‘sinb 


Now, if A—(a + b) and B = (a — b), then 


A+B_a+b+a-b_) 


2 2 
A-B_at+b—at+b_ 
:™ 2 ~ 


b 


Substitute Eqs. (3) and (4) in Eqs. (1) and (2). 
A+B A-B 
* COS a 


2 
sin A — sin B = 2.cos “7 - sin “= * 


sin A+ sin B = 2 sin 


These are known as the sum formulas for the sines. 


152. How can you find the expressions for the sum and difference of the cosines of two angles in terms 
of the functions of the angles? 


cos (a + b) = cosa‘ cos b — sina: sin b 
cos (a — b) = cosa‘cosb+sina‘sinb 
Add and subtract these equations to get 
cos (a + 6) + cos (a — b) = 2 cosa’ cos b (1) 
cos (a+ b) — cos (a — 6b) = —2sina‘sinb (2) 


Now let A = (a + b) and B = (a — _ Ob). Then 
A+B a+b+a-b 
ce 8) 
A-B a+b-a+b 

y) —F 9 a b (4) 

Substitute Eqs. (3) and (4) in Eqs. (1) and (2). 

A-B 


cos A + cos B = 2 cos “1. e994 = 4 


cos A — cos B = ~aein 4+". gin “= 


These are known as the sum formulas for the cosines. 


153. Using the fundamental identities, how would you show that sec 2A = 1 + tan A— tan 2A? 


i 
a0 24 = cos 2A 
C .. 1 
cos 2A = cos? A — sin? A 
(function of double angle) 


(reciprocal function) 


1 
1 cos? A oo 
cos? A —sin?A 1 -—tan?A (dividing by cos? A) 
1 
cos? A sec? A 


pers he ee (reciprocal function) 


sec?A  — it + tan’? A 


at i (fundamental identity) 
1+ tan? A 2 tan? A ae 
T tent al = 1 — tan’ A (by division) 


2 
14 2 tan? A an) = 


i—tan? A : + tan A (; — tan? A 

1 + tan A« tan 2A (by tangent of twice an angle) 
A simpler way would be to assume 
sec 2A = 1+ tan A: tan2A 


and to substitute for tan 2A its equivalent 


2 tan A 
1 — tan? A 
2 tan A 2 tan? A 
“ see 2d = 1+ tan dA* >For = 1 — tan? A 
4 sn A 
_ 1+ tan? A a cos* A __ cos? A + sin? A 
1 — tan? A _ sin? A ~ cos? A — sin? A 
cos? A 
= sec 2A 


~ cos 2A 


which shows that the original assumption is correct. 


154. Employing fundamental identities, how would you show that 
cosec 2A = 4 sec A‘ cosec A? 
—— a l _ sec A: cosec A 
~ gin2A 2sinA-cosA 2 


By another method, we take the reciprocals of both members, i.e., 


an a oe 
sin2AM4 2 cosA sinA 
. sin2A =2cosA‘sinA 


which is a fundamental identity. 


155. What formulas are known as the product formulas? 


In Ques. 151 and 152 we have the relations that are useful in changing sums to 
products. When it is desired to do the opposite i.e., change products to sums, we 
make use of the product formulas. 

Repeating Eqs. (1) and (2) of Ques. 151, we have (using capital letters) 


2:sin A: cos B = sin (A + B) + sin (A — B) 
2:cos A: sin B = sin (A + B) — sin (A — B) 
Repeating Eqs. (1) and (2) of Ques. 152, we have (using capital letters) 

2:cos A: cos B = cos (A + B) + cos (A — B) 
2:sin A: sin B = cos (A — B) — cos (A + B) 
These are known as the product formulas. 


156. What are (a) sin 75° and (6) cos 75° from the addition formulas for the sine and cosine? 


sin (A + B) = sin A-cosB+cosA‘sin B 
75° = A+B = 45° + 30° 
(Here A = 45° and B = 30°) 
a. sin 75° = sin (45° + 30°) = sin 45° - cos 30° 
+ cos 45° sin 30° 
a Seon v2 1 
2° 2723 
_ v6 Vi_ viva 
-“gta=—4 
_ 2.449 + 1.414 
- 4 
3.863 


cit il 0.9658 


b. cos 75° = cos (45° + 30°) = cos 45° « cos 30° 
— sin 45° « sin 30° 


_¥2 v3 v2.1 

~ 2 2° 2 8 
v6 v2_v6-Vv2 
4° 4 °&24 

_ 2.449 - 1.414 — 1.035 

sia 4 a i 

= 0.2588 


157. What is cos (A + B), given sin A = 4, sin B sz $,, A and B positive acute angles? 


cos (A + B) = cos A‘ cos B — sin A‘sinB 
_V5.4_2.3_4v5_6 _4v5-6 
_ 4°2,236-6 8.044-6 2.944 
~ 16 12s 16 
= 0.1962 
158. What are (a) sin 15° and ( b) cos 15° from the sub traction formulas for the sine and cosine? 
a. sin 15° = sin (60° — 45°) = sin 60° - cos 45° 
— cos 60°: sin 45° 


_v3 v2 ~=«1 V2 
" 2 2 8 8 
_v6 v2_ v6- v2 
~ _ ££ 4 
_ 2.449 — 1.414 

= 4 

= +559 = 0.2588 


b. cos 15° = cos (60° — 45°) = cos 60°: cos 45° 
+ sin 60°* sin 45° 


159. How would you prove that cos (60° — A) 


_ cos A + V3 sin A, 
- 2 
cos (60° — A) = cos 60°: cos A + sin 60°: sin A 
1 cos A+ Yo sin A 
cos A | V3 sin A 
2 2 
cos A + V3 sin A 
2 


160. What are ( a) tan 15° and (b) cot 15° from the addition formulas for the tangent and cotangent? 


tan A — tan B 


- tan (A — B) = 1+ tan A: tan B 


mi . tan 60° — tan 45° 
EAE? sean Mey or eel te ae 
_ _v8-1 _ 1732-1 
~~ T+vV73-1 14+ 1.782 
0.732 


cot A: cot B+ 1 
oe WOU R Be Se a 


a © gro _ cot 60°: cot 45° + 1 
cot 15° = cot (60° — 45°) = “wae cote 


1. 1+ v3 
vat! Ww 
aren ee Es 

v3 v3 


1+vV3 14+441.732 2.732 


p— See — I 


V3 —1. 1.732—1° 0.782 


161. What is the value of tan A if (A + B) = 120° and tan B= 4? 
tan (A + B) = tan 120° = tan (90° + 30°) = — cot 30° 


— v3 


tan A + tan B 
tan (4 + B) = TW tan A= tan B’ 


or 


tan A +4 


at a 
ree 
3 3 3 
2+3V3 
oT eee _24+3V3 _ 243: 1.732 
2V3—-3 2V3—3 2°1.732-3 
a 
7.196 
= 494 = 15.51 


162. What are (a) sin 3A in terms of sin A, (b) cos 3A in terms of cos A, (c) tan 3A in terms of tan A? 
a. sin (A + B) = sin A: cos B+ cos A‘ sin B 
Now replace B by 2A, getting 
sin 3A = sin A: cos 2A + cos A‘ sin 2A 
= sin A (cos? A — sin? A) + cos A ° 
(2 sin A+ cos A) 
= sin A- cos? A — sin’ A + 2 sin A‘ cos? A 
= 3 sin A: cos? A — sin’ A 
= 3sin A(l — sin? A) — sin? A 
= 3sinA — 4sin*A 


b. cos (A + B) = cos A: cos B — sin A-sin B 
Now replace B by 2A, getting 


cos A‘ cos 2A — sin A‘ sin 2A 

cos A (cos* A — sin? A) — sin A (2sin A « cos A) 
cos* A — cos A: sin? A — 2 cos A‘ sin? A 
cos? A — 3 cos A‘ sin? A 

cos* A — 3 cos A (1 — cos? A) 

cos? A — 3 cos A + 3 cos? A 

= 4cos'A —3cosA 


tan A + tan B 
C. tan (A + B) = 


cos 3A 


Replace B by 2A, getting 
2 tan A 
tanA+tan2A _ tan 4 + 1 — tan? A 
1 —tanA:tan2A ~ 2 tan A 
1 — tan A- i — tan? A 
tan A — tan A: tan? A +2 tan A 
1 — tan? A 
1 — tan? A — 2 tan? A 
1 — tan? A 
3 tan A — tan? A 
1 — 3 tan? A 
The method can be extended to the finding of functions of nA in terms of the 
functions of A where n is an integer. 


tan 3A = 


163. What are ( a) sin A, ( 


and : is in the second quadrant? 


QUES. 163. 


When é is in the second quadrant and_= sin 
sa = = and mare a 
2 #8645 2 #44 


' le A 3 4 24 
a. sin A = 2+sin 5° COs 5 = 2° ; (- ‘)=- 3 


A A 16 9 7 
= a 2 =— _ 
b. cos A = cos 9 sin 9 5 — 58 = 95 


A 
7 2 tan > _2(-% 
(m3..————_ = a es 
1 — tan’ > 


1 ay hat are ee sin 4 » (0) cos e and (c) tan s, 


and A is in the fourth quadrant? 


snA=—#, cosA=#, tanA = —#} 
A 4 1 
a. 2 sin’? > = 1—cosA =1- ;~% 
A 
1 A 0. 


sin? 3-0 sin ie 3162 


QUES. 164. 


b. 2 cost + = 1+ 00s A mt Le = 3 
9 4 
cos? 9 = To’ cos 5 5) = 0.9487 
A 1—cosA + Al 
2 = fF = —_=- = 
c. tan’ > = 7 Pood "se" tan5 =3 0.3333 
165. How would you find sin 15°, using the functions of 30 degrees? 
Here A = 30°, ; = 15° 
2 sin? =l-—ecosA 
2 sin? 15° = 1 — cos 30° = 1 ois —— 
vier ews Bet rans _ 0.26795 
sin 4 4 4 
= 0.0669875 


sin 15° = 0.2588 


166. How would you express cos 4A - cos 3 A as a sum? 
2 cos A’: cos B = cos (A’ + B) + cos (A’ — B) 


Substitute 4A for A and 3A for B. 


2 cos 44: cos 8A = cos (4A + 3A) + cos (4A — 3A) 
= cos 7A + cos A 


”. cos 44+cos 3A = coe tt coe 2 


167. How would you show that 
sin A — sin B _ tan } (A — B), 
sinA+sinB  tan+4 (A+ B) 
sin A —sinB_ 2cos}$(A + B):sin3 (A — B) 
snA+snB 2sin}(A + B)-cos4(A — B) 
= cot $ (A + B): tan 4 (A — B) 


_ tan} (A - B) 
~ tan $ (A + B) 
168. What is sin 224°, given gin 45° = 
Here A = 45°, ‘ = 224° 
— D) : 
sin 45° = = = cos 45 
2 sin? 4 =1l1-—cosA 
V2 2-v2 
2 sin? 224° = 1 — cos 45° = 1 — > = 5 
- — 1.4142 . 
sin? 223° = ast = a ai SEER si = 0.14645 


sin 224° = 0.3827 
169. How would you reduce sin 5 A + sin 3 A to the form of a product? 


sin A’ + sin B = 2 sin } (A’ + B): cos} (A’ — B) 


Now replace A’ by 5A and B by 3A. 


sin 5A + sin 3A = 2 sin $(5A + 3A) : cos $(5A — 3A) 


= 2sin 4A°cos A 
170. How would you express 2 sin 2C - cos 6C as asum or a difference? 
2 sin A: cos B = sin (A + B) + sin (A — B) 
Here A = 2C and B=6C 
. 2 sin 2C + cos 6C = sin (2C + 6C) + sin (2C — 6C) 
sin 8C + sin (—4(C) 
= sin 8C — sin 4¢ 


171. Is 3 + cos 2 A « sec? A=5-—sec? A an identity? 
,; ] 
3 + cos 2A ‘sec? A = 3 + (cos? A nin? A) 


=3+1-—-—tan?A =4-—tan’A 
Now tan? A = sec? A — 1 
.. 3+ cos 2A: sec? A = 4 — (sec? A — 1) = 5 — sec? A 
This shows that the above is an identity. 
PROBLEMS 
1. Find sin 75° using 75° = 120° — 45°. 


2. What are sin (A + B) and cos (A + B) if sin A = — # with A in the fourth quadrant and 
tan B = — x with B in the second quadrant? 


ay What is ; the result of 
cos (45° + C) - cos (45° — C) — sin (45° + C) «sin (45° — C)? 
Using the addition and subtraction formulas for sine and cosine, expand the following: 4. cos (120° — 30°) 
5. sin (30° + 135°) 6. cos (60° — 45°) 
7. cos (30° + 45°) 8. cos (A + 3A) 
9. sin (A + 2B) 10. cos (3A — 25) 
11. sin [(A + B)— C] 
Simplify: 
12. sin 28° - cos 62° + cos 28° - sin 62° 
13. sin (30° — A) - cos (30° + A) — cos (30° — A) - sin (30° + A) 14. sin 4A - cos 3A — cos 4A - sin 3A 
15. cos 50° - cos (50° — A) + sin 50° - sin (50° — A) 16. cos 3A - cos A— sin 3A: sinA 
17. sin 296° - cos 56° — cos 296° - sin 56° 
Which of the following expressions are false and which true? Why? 
18. cos 60° = 2 cos 30° 
19. sin 90° = sin 45° + sin 45° 
20. sin 90° = sin (30° + 60°) 
21. sin 90° = 2 sin 45° 
22. cos 70° = 2 cos 35° 
23. sin 90° = sin 60° + sin 30° 
24, sin 70° = sin (20° + 50°) 
25. sin (360° + 225°) = sin 225° 


26. cos (360° + 225°) = cos 360° + cos 225° 
In each of the following, how does the value of (a) compare with that of (b)? 


27. (a) sin 90° (b) sin 30° + sin 60° 

28. (a) cos 90° ~— (b) cos 30° + cos 60° 

29. (a) cos 60° ~— (b) 2 cos 30° 

30. (a) sin 270° = (b) 2 sin 135° 

31.(a)sin90° = (b) 2 sin 45° 

32. (a) sin 150° =(b) sin 90° + sin 60° 

33. (a) cos 120° = (b) 2 cos 60° 

34. Using 15° = 45° — 30°, find sin 15° and cos 15°. 

35. Using 285° = 150° + 135°, find sin 285° and cos 285°. 
36. Using 195° = 330° — 135°, find sin 195° and cos 195°. 


; : . Tr us 
37. Simplify sin gin G + A) — cos ( + A) ; 
38. Find sin (A + B), cos (A + B), sin (A— B), cos (A — B), if sin A = — +4, with A in quadrant III 
and cos B = +4, with B in quadrant IV. In what quadrants are (A + B) and (A — B) ? 


39. Prove the identity sin (A+B)’ sin (A— B) = sin? A — sin? B = cos? B— cos? A. 

sin (A + B) + sin (A — B) ellie 

a Fig ais tli , 
cos (A + B) — cos(A —B 
oe hE) a ee dan A; 
sin (A — B) — sin (A + B) 

42. Find tan 15° by using 15° = 90° — 75°. 

43. Find tan 165° by using 165° = 30° + 135°. 

44, What are tan (A + B) and tan(A— B) iftanA = }andtan B= — 37 


45. What are tan (A + B) and tan(A — B) if cos A = A in quadrant IV, and cosec = —ii, 
? q oy 


40. Prove the identity 


41. Prove the identity 


B in quadrant III? 

46. What is Biftan A = }andA+B= 45°? 

Using the addition and subtraction formula for the tangent, expand the following: 47. tan (45° + 30°) 48. 
tan (A — 2B) 

49. tan (3A + B) 50. tan (A + A) 

51. tan (45° — 60°) 52. tan (30° — 45°) 

Which of the following are false and which true? Why? 

53. tan 50° = 2 tan 25° 

54. tan 50° = tan 2(25°) 

55. tan 75° == tan (90° — 15°) 56. tan (25° + 35°) = tan 25° + tan 35° 

57. tan (360° + 38°) = tan 38° 

58. tan (A + A) = tan 2A 

59. tan (180° + A) = —tan A In each of the following how does the value of (a) compare with that of (b)? 

60. (a) tan90° = (b) 2 tan 45° 

61. (a) tan 60° = (b) 2 tan 30° 

62. (a) tan 60° = (b) tan 2(30°) 

63. (a) tan 150° = (b) tan 180° — tan 30° 

64. (a) tan 120° = (b) 2 tan 60° 

Prove the following identities: 


tan (A + B) — tan B 
tan A = tan (A +5) tanB 


66. tan (45° + A) — tan (45° — A) = 2 tan 2A 
67. tan (45° + A) + tan (45° — A) = 2 sec 2A 68. cot A — tan B= 2 cot 2B 
Simplify: 
tan A — tan f 
|) eC —e 
A 

1 + tan A: tan 5 
o, tan 4A + tan 3A 

1 — tan 4A - tan 3A 
71. tan 75° a tan 15° 


1 + tan 75°: tan 15° 
tan 60° + tan 15° 


"1 — tan 60° - tan 15° 


Functions of twice an angle 


72 


73. Prove the identity tan A sin 3A 
. Prove the identity tan A = -—————"=-5" 
” 1 + cos 2A 
oe re 5 A. 
74. Find sin A, cos A, and tan A if given sin 5 nis 13’ y in quadrant I. 
In each of the following express the sine, cosine, and tangent of (a) in terms of the functions of (b): 75. (a) 
30° (b) 15° 
A,.A 
76. (a) — (b) = 
(a) 3 (b) 6 


77. (a) 60° (6) 30° 
78. (a) 6A (b) 3A 
79. (a) 5A (b) $A 
80. (a) 90° (6) 45° 
81. (a) 45° (6) 228° 
82. (a) 330° (b) 165° 
83. (a) 60° + 2A (b) 30° + A Using the formulas for twice an angle, simplify the following: 
84. 2 sin 224° - cos 223° 
85. sin 60° - cos 60° 
86. cos? 224° — sin? 223° 
87. 1-2 cos 135° 
88. cos? 223° + sin? 223° 
89. sin? 224° — cos* 224° 
90. 1-2 sin? 65° 
‘ia tan 1123° 
"1 — tan? 1124° 
2 tan 130° 
1 — tan? 130° 


9 ein 4 coat 
ein 5 Coss 


A ee | 
cos? — sin? y 


92 


94. What are sin A cos a and tan > if tan is in quadrant I? 


2 


95. What are sin 2A, cos 2A, and tan 2AifsinA = # and A is in quadrant II? In what quadrant is 2A? 
96. What are sin 4A, cos 4A, and tan 4A if cos 2A == — # and Ais in quadrant III? 
97. Derive A formula for cos 5A in terms of cos A. 
Prove the following identities: 
2 tan A ; 
-———,;, = sin 2A 
1+tan?A~ * 
99. 2 cosec 2A = tanA + cot A 100. sin 2A - tan A= 2 sin? A 
sin2A + sin A 

101. tan A = _ sin 2A + sin A 
cos 2A +cosA + 1 


in 2A 
102.1 — gos 2A = tA 


103. 1-cos* A= fengegtl ad om 4sint “cost 
-sin9A _ cos 9A 


104, Sere eee 
sin3A cos3A 


=2 


A 34 

105. 4 cos? = — ee 

4 cos’ > — 3 cosy = cos-5 
106. 1 — cos? 2A = 4 sin* A - cos* A 107.2 gin? f on ‘ton f gin A 


Ai. 


Express the sine, cosine, and tangent of (a) in terms of (b) in each case: 108. (a) 6 (b) 3 


109. (a) 2A (b) 4A 110. (a) 224° (b) 45° 
111. (a) 15° (b) 30° 

112. (a) 180° (b) 360° 

113. (a) A (b) 2A 114. (a) 60° (b) 120° 
115. (a) 120° (b) 240° 


116. (a) ( 150° — “) (b) (300° — A) 117. (a) (45° _ f ) (b) (90° + A) Express each given 
function in terms of the function of twice the given angle: 118. egg? é 


119. sin? $ 


120. eos? 4 


121. sin? 2A 122. sin? 4A 
123. cos? A 124. cos? 2A 
Simplify: 
sin 60° | 
1 + cos 60° | 
126, + cos 300 


125 


Oo 
127, L_— cos 30’ 


128. 4/1 - oe 4A 


9, 1 — cos 4A 


‘1 + cos 4A 
Half angles 
130. Find sin 15°, using the functions of 30 deg. 
131. Find cos 120°, using the functions of 240 deg. 
132. Find tan 165°, using the functions of 330 deg. 


133. Find tan + if sin A = fin quadrant I. 


134. Find gin + cos o and tan s if cogs A = in quadrant IV. 


135. Find sin 2A, cos 2A, and tan 2A iftan44 = — 4, in quadrant II. 
136. Find sin A, cos A, and tanAifsin2A = — > in quadrant III. 


137. Find gin f if cos A = — } and A lies between 90 and 180 deg. 


Prove the identities: 
2 
138.] — sin A = (sin 4 — cos +) 
A 2sin A — sin 2A 
89. tan’ > ™ sin A + sin 2A 
” A+B 
140. oe & _ sin A + sin B 
A-B  sinA —sinB 
tan a 
A A cos 2A 
141.4 war . ee 
4sin* 5 cosec A tan 5 1+ cos A 
1 — tan? = 
142. ae oye 
1 + tan? Dy 
A 
2 tan > 
1 + tan? . 
144, cot A—tan A = 2 cot 2A 


145. sec A + tan A= tan (45° + =) 


Express as products: 
146. sin 2A — sin 3A 
147. sin 60° + sin 30° 


143. gin A = 


or 2r 

148. meet ahis noe 

cos 5 cos 5 
149. cos 2A + cos 2B 
150. cos 70° + cos 40° 
151. sin 120° — sin 60° 
153. sin 4A + sin 2A 153. sin 7A + sin 3A 
Verify the following: 


154. cos 6A + cos 10A = 2 cos 8A - cos 2A 155. cos 5 + cos & = /2 C08 75 


156. sin 35° 4-sin 25° = cos 5° 
157. sin 40° — cos 70° = 4/8 gin 10° 
158. sin 40° — sin 20° = 4/3 gin 10° 
159. sin (30° + A) + sin (30° — A) = cos A 160. cos 10° — sin 20° — sin 40° = 0 
161. cos 70° — cos 10° = — sin 40° 
sin 9A — sin 7A 


cos 9A + cos 7A ~ “ADA 
Ee aati 

164. eee = tan 26° 
ae ee ee 
se ca a 
ee 


Express as sums or differences: 
169. sin 75° - cos 15° 

170. cos 75° : sin 15° 

171. cos 260° - cos 130° 

172. sin 110° - sin 60° 


or 2r 

173. sin —- — 

sin 5 cos 5 
174. sin 6A: sin 3A 
175. cos 4A - sin 5A 176. cos (30° + A) - cos (30° — A) 
Find the value of the following: 
177. sin 100° — sin 20° — sin 40° 
178. cos 50° + cos 170° + cos 290° 
179. sin 50° - cos 10° + sin 40° - sin 80° 
180. sin 55° - sin 25° + cos 70° - cos 10° 


CHAPTER IX 


INTERPOLATION—BASIC, PRINCIPAL, AND 
GENERAL ANGLES—INVERSE-FUNCTION 
NOTATION 


172. How are tables of natural functions used? 


Tables of natural functions are used in two ways: 

a. Directly. When the angle is given, the numerical value of one of its 
functions is found in the table directly. 

b. Inversely. When the numerical value of A function is given, the 
corresponding angle is found by entering the table and working back to the 
angle. 


173. What are the characteristics of our table of natural functions? 


a. Values are here given to four decimal places. Answers to problems are 
therefore given to only four places. 

b. Angles are read down on the left from 0 to 45 deg. and up on the right from 
45 to 90 deg. 

c. The functions at the top of the page apply to angles at the left, while the 
functions at the bottom of the page apply to angles at the right. 

d. Six functions are given from 0 to 90 deg. at intervals of 10 min. 

174. What principle is used in finding the values of intermediate angles (angles between those given in 
the tables)? 

The principle of linear interpolation is used. This assumes that the change in 
the value of the function is proportional to the change in the angle for small 
changes in the angle. However, for some of the functions this principle does not 
apply for angles near 0 deg. or near 90 deg. A method of obtaining the functions 
of angles near O deg. or near 90 deg. is given in the chapter for small angles. 


175. What is cos 68°43'? 


Use the angles on the right of the table and the functions at the bottom of the 
page and read up. 


cos 68°40’ = 0.3638 

cos 68°50’ = = 0.3611 

Difference = —0.0027 

cos 68°43’ = 0.3638 — 0.3(0.0027) = 0.3638 — 0.0008 
= 0.3630 


176. What is sin 26°18'? 


Use the angles on the left of the table and the functions at the top of the page 
and read down. 


sin 26°10’ = 0.4410 

sin 26°20’ = 0.4436 

Difference = 0.0026 

sin 26°18’ = 0.4410 + 0.8(0.0026) = 0.4410 + 0.0021 

= (0.4431 
177. What is cosec (-377°24')? 
(—377°24') = (—4- 90°) — 17°24! 
From the rule of Ques. 99, any function of an even multiple of 90° + A = the 

function of A. 


cosec (—4.90° — 17°24’) 


cosec (—17°24’) 
= — cosec 17°24’ 


cosec 17°20’ = 3.3565 
cosec 17°30’ = 3.3255 
Difference = —0.0310 


cosec 17°24’ 3.3565 — 0.4(0.0310) 
= 3.3565 — 0.0124 
= 3.3441 
. cosec (—377°24’) = — cosec 17°24’ = —3.3441 


178. What are (a) tan (-165°36’) and ( b) tan 165°36'? 


(a) —165°36’ = —2-90° + 14°24’ 


tan (—2 90° + 14°24’) = tan 14°24’ 

tan 14°20’ = 0.2555 
tan 14°30’ = 0.2586 
Difference = 0.0031 

tan 14°24’ = 0.2555 + 0.4(0.0031) 

= 0.2555 + 0.0012 

= 0.2567 
*. tan (—165°36’) = 0.2567 
The tangent is positive in the third quadrant. 


(b) tan 165°36’ 


165°36’ = 2- 90° — 14°24’ 
tan (2+ 90° — 14°24’) = tan (—14°24’) = — tan 14°24’ 
“. tan 165°36’ = —0.2567 
(the above answer with a minus sign) 


179. What is cos (4 _ a)? 


180° 


mw radians = 180° and 1 radian = 


4 — = radians = 4 radians — radians 


Then 4- 180° _ 3x, 180° _ 720° 540 
T ll T 11 
= 229°12.8’ — 49°5.5’ 


= 180°7.3’ 


cos 180°7.3’ = — cos 7.3’ = —1.0 approximately 
180. What is the acute angle whose cosine is 0.8027? 
Enter the table for the cosine function and read the angles at the left. 
0.8039 = cos 36°30’ 
0.8021 = cos 36°40’ 
—0.0018 = difference for 10’ increase in angle 
0.8039 — 0.8027 = —0.0012 for 2’ increase in angle 


a’ 0.0012 x i 2 


“i ~ 0.0018 “ 0° 18° 3 
from which z = 42 = 7~ minutes 
. Angle = 36°37’ 
for which the cosine is 0.8027. 


181. How many possible positions of the terminal line of an angle are there when A value is assigned 
to one of the functions? 


There will be only two possible positions of the terminal line for any angle 
except A quadrantal angle in which case there may be only one possible position. 


QUES. 181a. 


Examples 
a. If sin A = 4, then the only two possible positions of the terminal line are 
as shown at 30 deg. and at 150 deg. 
b. If sin A = — 4, then the only two possible positions of the terminal line 
are at —30 deg. and —150 deg. 


4 


O Initi al line xX 
-30 


QUES. 181b. 


c. If tan A = 1.0, then the only two possible positions of the terminal line are at 
A5 deg. and —135 deg. 


(tan — 135° = — 


=+2=1, x = y for 45 deg. 


gprlnitial line 


QUES. 181c. 


d. If sin A = 1.0, the terminal line falls on A quadrant line, and there is only 
one possible position of the terminal line. 


182. What is meant by basic angles? 

Basic angles are the angles obtained by the least possible rotation from the 
initial line OX. In the above question the basic angles are (a) 30 and 150 deg., 
(b) —30 and —150 deg., (c) 45 and —135 deg. and (d) 90 deg. 

183. What is meant by the general value of an angle? 


The general value of an angle is an expression that gives every possible angle 
having the given value as its function. 


Example 

If sin A = 4, then the basic angles are 30 and 150 deg. Now ail other angles 
having these terminals sides must differ only by an integral number of complete 
revolutions. Complete revolutions can be represented by n - 360° or n - 2ir 
radians, where n is any positive or negative integer including zero. Therefore, all 
angles for which sin A = 4 are represented by 

A = (30° + n- 360°) or A = (150° + n - 360°) 

or by 


A= (; + n-2n) radians or A= (F aa n-2n) radians 


These expressions give the general value of the angle having the given value 
as its function. 


184. What is the general value of the angle having 
sin A = — }? 
5a 


The basic angles are —30 and —150 deg. or — and — i 
The general value in degrees is 

A = (-30° + n-360°) 

or A = (—150° + n—360°) 

The general value in radians is 


A= (- "+n: 24] radians 


or A (- et n-2n) radians 
185. What is the general value of the angle corresponding to sin A = 1? 


The basic angle is 90 deg. or y The general value is 
“A= (90° +n - 360°) 


or A = (5 +n- 2r radians 


186. What are all the values of A for sin A = 4? 


For sin A = 0.2500 use the table of natural functions to get the basic angles to 
the nearest minute. 

The basic angles are 14°29' and 165°31'. Then all the values of A are 

A= 14°29' + n- 360° or A = 165°31' + n - 360° 


187. What are all the values of A for sec A = — 4? 


1 1 
sec A = —4 and cos A = = — = — 0.25 


The cosine is negative in the second and third quadrants. From the table of 
natural functions, 0.25 = cos 75°31’ to the nearest minute. 
Now bring the angle into the second and third quadrants by subtracting 75°31’ 
from 180°. This will give us the negative value of the cosine that we desire. 
“A= + 104°29' 
Then all the values of A are + 104°29' + n - 360°. Here again n may be A 
positive or negative integer including zero. 


188. What is the general value of the angle for tan 4 = -0.74? 


From the table, tan 36°30’ = 0.74. The tangent is negative in the second and 
fourth quadrants. Therefore, one basic angle must be — 36°30’, and the other 
basic angle must be 180° — 36°30’ = 143°30'. Then all the angles for tan A = 
-0.74 are -—36° 30’ + n - 360° and 


143°30' + n- 360°. 
189. How may you refer to an angle through the value of one of its functions? 


Refer to an angle through the value of one of its functions by stating the angle 
in terms of its function. 


Example 


a. If tan A = 0.04, then we may say a an angle whose tangent is 0.04. 
b. If a pipe line rises 34 ft. in a horizontal distance of 100 ft., we may say that 
the pipe line slopes upward at an angle whose tangent is 0.035. 


190. What is meant by an inverse trigonometric function? 


An inverse trigonometric function is an expression that gives the angle in 
terms of one of its functions. 


Example 
a. If tan A = 0.04, then A = arc tan 0.04 or 
A = tan! 0.04 


is the expression of the inverse trigonometric function. 

b. If sin B = 0.6, then B = arc sin 0.6 or B = sin! 0.6 is the expression of the 
inverse trigonometric function. 

c. If cos C = 0.8, then C = arc cos 0.8 or C = cos! 0.8 is the expression of the 
inverse trigonometric function. 

These are read 


A is an angle whose tangent is 0.04. 
B is an angle whose sine is 0.6. 
C is an angle whose cosine is 0.8. 


This notation is called the inverse-function notation. 

Note that — 1 in the above expressions is not an exponent but merely A 
symbol for the inverse function. 

Either expression may be used to denote an inverse function, but the arc 
method is preferred by many. 


191. How would you read (a) arc cosec a, ( b)3 cot! : (c) sin (cos m), and (d) tan (arc sec k) 
? 


These are read 
a. An angle whose cosecant is a. 


b. Three times an angle whose cotangent is c. 


c. Sine of an angle whose cosine is m. 
d. Tangent of an angle whose secant is k. 
Note that the inverse trigonometric expression is always an angle. 


read, and how is the direct form written? 


V3 


192. How is 4 = cos”! 


Read “ A is an angle whose cosine is —~.?? 
The direct form is egg A = A ; 


193. What is the essential difference between the direct and the inverse trigonometric functions? 

In the direct function sin A = b, if we give A a particular value, say 30 deg., 
then sin 80° = 4 =constant. 

But in the inverse function sin“! A = b, if we give b a value of 4, then A does 
not have one value only but an infinite number of values, 30°, 150°, 390°, —210°, 
—330°, etc., differing from the basic angles by n - 360° where n is A positive or 
negative integer. 


194. How many angles will satisfy an inverse function? 

An inverse function is satisfied by an unlimited number of angles, the two 
basic angles (or the one basic angle) and the angles coterminal with them. 
195. What is meant by the principal angle? 


When the two basic angles are unequal, the principal angle is the numerically 
smaller one. 

When the two basic angles are numerically equal but of opposite sign, the 
principal angle is the positive one. 


Examples 


Inverse Function Basic Angles Principal Angle 
A = are sin} A; = 19°28’, A, = 160°32’ = A, = 19°28’ 

A = arc cos 0.747 A; = 41°40’, A, = —41°40’ = A, = 41°40’ 

A = sec™! —1.55 A; = 130°10’, A, = —130°10’ A; = 130°40’ 
A = tan™ —0.805 A: = —38°50’, Ay = 141°10’ A; = —38°50’ 
A = are cosec —2 A; = —30°, A, = —150° A, = —30° 


196. For what two inverse functions are the basic angles numerically equal? 


The basic angles are numerically equal for arc cos A and arc sec A (see 
examples above). 


197. How is the principal angle of an inverse function indicated? 


The principal angle of an inverse function is indicated by a capital letter at the 
beginning of the name of the inverse function. Arc sin 4 means the principal 


angle whose sine is 4 or Sin~? 4 means the principal value of an angle whose 
sine is 4, while sin~* 4 means the general value of the angle whose sine is 4.. 


Sin! 4 = 30° = principal value 


sin'4 = 30°+%7-°360° or 150° + n- 360° 
= general value 


198. When an inverse function is positive, in what quadrant is the principal value located? 


When a is positive, the principal value of each of these inverse functions 


Y| Principal value in 
Quadrant I when 
a e positive, 
Sin’ 2 Cosec ‘a 
Cos? i Sec? 2 

Tan‘a, Cotta 


QUES. 198. 


Sin a, Cosec™! a 
Cos a, Sec! a 
Tan“! a, Cot a 


lies in the first quadrant between O and 90 deg. inclusive of one or both of 
these values. 


199. When an inverse function is negative, in what quadrant is the principal value located? 

When a is negative, the principal value of each of these inverse functions 

a. Sin~! a, Cosec ! a 

Tan! a, Cot! a 

lies in the fourth quadrant between 0 and —90 deg. inclusive of one or both of 
these values. 


Principal value in 
Quadrant IV when 


a is negative. 


Sin‘a, Cosec*a 


QUES. 199a. 


Principal value in 
Quadrant II when 
a is negative. 


Cos‘a, Sec*a 


x- 5 xX 
y’ 


QUES. 199b. 


b. Cos! a, Sec! a 

lies in the second quadrant between 90 and 180 deg. inclusive of one or both 
of these values. 

See Ques. 70 on how to remember in which quadrants the sine, cosine, and 
tangent are positive. 


200. What is the principal angle whose ( a) cosecant is— Va’ (b) tangent is. ~— ; (c) cosine is 
_ } (d) cosine isd, ( e) cosine is —0.8542, and (f) sine is = 


1 


(a) a is negative; therefore Cosec~ is in the fourth quadrant and 


Are cosec — 5 = —45°, or -5 


(b) a is negative; then Tan“! is in the fourth quadrant and 


Arc tan — A. = —30°, or -; 


V3 


(c) a is negative; then Cos"! is in the second quadrant and 


Cos! — 4 = 120°, or 2 


(d) a is positive; then Cos“ is in the first quadrant and 


Cos! 4 = 60°, or 3 


(e) a is negative; then Cos"! is in the second quadrant and 
Cos! — 0.8542 = 180° — 31°20’ = 148°40’ 
(f) a is positive; then Sin“ is in the first quadrant and 


. v2 T 
Are sin on 45°, or 4 
201. What is the solution of sin (Arc tan 1.6)? 

We want the sine of the principal angle whose tangent is 1.6. a is positive and 
Tan“! is in the first quadrant. From the table of trigonometric functions Arc tan 
1.6 = 58°. 

sin 58° = 0.8480 


202. What is the solution of cot (Arc cosec— 2 )? 


1 


a is negative and the Cosec~ is in the fourth quadrant. 


3 
“. cot | Are cosec — 5 9 


QUES. 202. 


203. What is the solution of cosec (2 Cot! 3)? 
We want the cosecant of twice the principal angle whose cotangent is 3. 
a is positive and the Cot" is in the first quadrant. Let 


A = Cot™'3 
1 


cosec 2A = ———; 
sin 2A 


QUES. 203. 


But sin 2A = 2 sinA-cosA 4 


“. cosec2A = = = : 


Gri col 


204. What is the solution of cosec (sin A Cosec"! —2)? 
2 
Let A = Cosec! —2. Then cosec A = — 2 and the angle is in the fourth 
quadrant. Now find the value Sin~! 4? with angle A in the first quadrant. 


QUES. 204, ; 

2 int = 1-04 a1 - Ye. 2=% 

cnt = 258 and sin =} V2- VB 
A 1 9 

sia aT ae la 


and cosec (4 Cosec™! — 2) = —3.86 


This can also be solved by saying 


A = cosec"! —2 = —30° 
A 6 
z= —15 
A 
coset 5 = — 3.86 
a; oe ee 
205. What are all the functions (5 + 30 ) —— a? 


This indicates A principal angle that is in the first quadrant. 


QUES. 205. 
Let = Sin +4 
Then sin ic $ 
sin A or sin (Sin™ 4) = 4 
cos A or cos (Sin™! 4) = = 
tan A or tan (Sin™ 4) = zo “3 
cosec A or cosec (Sin™? 4) = 5 
sec A or sec (Sin™? 4) = ae ive 
cot A or cot (Sin-! 4) = 2 V6 


206. How would you express sin (2 Cos! a) in terms of a? 


1 
Vi-a* 


a 
QUES. 206. 


A = Cosa 


Cos A =a 
Then sin (2 Cos“! a) = sin 2A 
sin 2A = 2sin A‘cos A 


or 


Now sin A = V1 — a? (see figure) 
. Sin (2 Cos a) = 2sin A+ cos A = 2 V1 —a?-a 
= 2a: V1 — a? 
207. What is the solution of cos (5 + 30°) ia ama ; 
Let B = = + 30° 
Then cos B = —} 


and the basic angles are 
B=120° and = B,= —120° 
All the values of B are 


B = 120° + n-360° and 2B, = —120° +n: 360° 


A B= = 430° = 120° + n+ 360° 


4 


and B, = 3 


+ 30° = —120° + n- 360° 


© = 90° + n° 360" and fe —150° + n+ 360° 
A = 270° + n- 1,080° and A = —450° + n- 1,080° 


208. How would you solve cos$? by the inverse -function notation? 


QUES. 208. 


and 


| 
4. 
‘e) 
i) 
° 

II 


‘ 5) 
arc COS 5) 


= arc cos (- 5) — 30° 


3 

A = 3 arc cos (— 4) — 90° 

A = 3(120° + n° 360°) — 90° 
= 270° + 1,080°-n 

A = 3(-—120° + n- 360°) — 90° 

—450° + 1,080°-n 


209. What is the solution of cot (4A- 30°)= $ 


Let 
Then 
and 


All values of B are 


and 


and 
and 


and 


B = (4A — 30°) 

cot B = # = 1.5 
B, = 33°41’ (to the nearest minute) 
B, = — 146°19' 


B, = 33°41’ + n+ 360° 


B, = —146°19' + n- 360° 
— 30° = 33°41’ + n+ 360° 
— 30° = —146°19’ + n- 360° 
4A, = 63°41’ + n- 360° 
4A, = —116°19’ + n+ 360° 
A, = 15°55’ aa n° 90° 


—29°5’ + n° 90° 


210. How would you solve cot (4 A - 30°) =eog (6 sane = ) by the inverse-function notation? 
cot (44 — 30°) =# or 4A — 30° = cot? 


4A = cot! $ + 30° 
A =} cot! $ + 7°30’ (1) 
Now cot"! 3 = 33°41’ or — 146°19’ 
which is substituted in Eq. (1). 
Then A; = 4(33°41’ + n+ 360°) + 7°30’ 
= 8°25’ + n+ 90° + 7°30’ 
15°55’ + n+ 90° 
4(—146°19’ + n+ 360°) + 7°30’ 
— 36°35’ + n+ 90° + 7°30’ 
A, = —29°5’ + n+ 90° 

211. What is the relation of the graph of an inverse function to the graph of A direct function? 


If angles A are plotted on the x axis and the values of sin A are plotted on the y 
axis, we get the fundamental sine wave, y = sin A. 

If we interchange the letters of the coordinate axes, the angles are now plotted 
on the y axis, and the fundamental sine wave now reads x = sin A. 

But x = sin A is exactly equivalent to A = arc sin x, the inverse function. Thus 
we get the graph of the inverse function by merely interchanging the letters on 
the coordinate axes in the graph of the fundamental sine wave. 

The graphs of the other inverse functions are similarly related and can be 
obtained from the direct functions by A change of the letters of the coordinate 
axes. 


A, 
Ay 


y' Angle A 
Fundamental Sine Wave 


z=sin A 


; Angle A 
X | Coordinate Axes Interchanged 


QUES. 211. 
PROBLEMS 


Using tables of natural values, evaluate the following: 
1. cos 76°32’ 
2. sin 29°46’ 
3. cosec (—384°57') 
4, tan (—172°7') 
5. tan 172°7' 
6.sin A = }, 
7. sin 29°16.3' 
8. tan 58°36.4’ 
9. cot 79°36.2' 
10. sin 16°47.6' 
11. cos 58°36.4' 
12. cot 40°46.7' 
13. tan 72°29,4' 
14. sin 84°29.8' 
15. sin 40°46.7' 
16. What is the acute angle whose cosine is 0.7208? 
17. What is the acute angle whose sine is 0.6431? 
18. What is the acute angle whose tangent is 3.5872? 
Find A to the nearest tenth of A minute for the following: 
19. sin A = 0.8762 
20. tan A = 1.1684 
21. sin A = 0.4887 
22. tan A = 0.5173 
23. cos A = 0.9334 


Inverse Function Graph 


24. cot A = 1.4166 

25. cos A = 0.5248 

26. sin A = 0.1928 

27. sin A = 0.7881 

28 cot A = 0.5029 

29. tan A = 0.2497 

30. cos A = 0.6375 

31. Find the basic angles and express the general value of the angle corresponding to 
cosec A = + +/2 

What is the general value of a for each of the following? 

32. sin A = —-1 

33. secA=-5 

34. tan A = -0.89 

35. cot A = +3 


m 
-1 
36. tan 3 


How would you read the following? 
37. arc sec K 


33.A = ee 


V8 


39. cosec (sect n) 
40. tan (arc cos 1) 


41. Find the general value of A if sin cos A = si andcot A = — V/s. 


42. Find the general value of Aif 4 o- gin! Ms ; 


43. Read are cosec # Express in direct-function form. 

Give the basic angles and principal angle of each of the following: 
44. arc sin (—#) 

45. arc cos 0.839 


46. cot”! (0.964) 
V3 
«7 ginrt (— ¥*) 
What is the principal angle for each of the following? 
48. cot-1 (— +/4) 
49. sect (-3) 


50. sec+ (0.7918) 
51. cosec™! 4 


52. sec-l 3 


53. tan-! 4/3 


54.cos-! A = } 
55. gin-! A = } 


56. 


ee) 


sin-! A = = 7 
57.sin—? A = — 4 


58. 


59, 


60. 


61. 
62. 
63. 
64. 


65. 


are cos | — —;) 
/2 
are tan (~ 4/3) 


are cos —= 
‘Th 


arc sin (— 1) 

cot (Are cosec — $) 
arc cos (— 1) 

arc tan 0 


tan 4 (-1) 


Solve the following: 


66. 
67. 


68. 


69. 
70. 


71. 
72. 


73 


sin (Arc tan 2.1) 

cosec (; Cosec~! —3) 

cosec (2 Cot- 4) 

cosec (2 Cosec4 —3) 

What are all the functions of gin! 4? 


Express sin (2 sin! k) in terms of k. 


3 


What is the solution of gin (4 + 60°) = —=< using inverse -function notation? 
5’ 


. What is the solution of tan (3A — 60°) = 4,with inverse-function notation? 


Solve the following: 


74 


Fas 
76. 


Ti 


78. 
79. 


80. 


81. 
82. 


83 


: l 
. are sin 
4/2 


tan (2 tant m) 

sin (tan-! +s) 

sin (tan-! } + tan-' 4) 
tan (2 arc sin #) 


cos (2 arc cos n) 
. cos (2 arc tan r) 


Find the value of each of the following, using the principal value of the inverse function: 


84 


85 
86 


87 


‘tan cos™! ( s VF) 
. cot (2 tant 1) 
‘tan sin! ( 


cos! (sin *) 
: 4 


88. sin arc cos (— 4) 
89. sin - are sin (— 3) 
90. cos - sin-t 0 


91. cosec * cos! (- 7, 


; 1 
92. tan * are sin —= 
/2 
1 


93. sin * arc tan (- VA 
94. sin [} arc tan (— ~/3)] 


CHAPTER X 


TRIGONOMETRIC EQUATIONS 


212. In A general way, how is a trigonometric equation solved? 
Express all the terms by means of a single function of the unknown angle. 
Consider the single function as the unknown, and solve as an algebraic 
equation, using the operations of ordinary algebra. Identities may also be 
brought into use. 
Find the corresponding angles for the values so obtained. 
Check by substitution. 
213. How do trigonometric equations differ from algebraic equations? 


Trigonometric equations have A multitude of solutions, whereas algebraic 
equations have A finite number of solutions. 


Example 
a. sin A = $ has A; = 30° + n° 360° 
or 
A, = 150° + n° 360° 


where n is any positive or negative integer including 0. 


b. cot A = ne has, for solutions, A, = 60° + n° 360° 
or A, = —120° + n° 360°. 


214. What are simple trigonometric equations? 


Simple trigonometric equations are equations that reduce readily to one of the 
forms 


sin A = a, cos A = a, tan A =a 
215. What is the solution of 3 cos A = sec A? 


Multiply both sides of 3 cos A = sec A by cos A, getting 


3 cos? A = sec A‘cosA = 1. 


Then cos? A = $ or cos A = + a7 ta 

= +0.5773 
A = cos! 0.5773 = +54°44’ + n> 360° 
A= 


cos! — 0.5773 = 180° — 54°44’= +125°16’ 

| + n+ 360° 
The cosine is negative in the second and third quadrants. 

216. What is the solution of 2 sec? A — sec A = 6? 


Let sec A =2Z 


Then 22? — x = 6, 2x7 -—- zx -6 =0, 

(22 + 3)(a — 2) = 0 
22=-3 or «t=-—-§# and «r=2 
.secA=-—# and secA=2 
A=sec!—#$ A = +131°49’ + n: 360° 

The secant is negative in the second and third quadrants. 
A = sec"! 2, A = +60° + n: 360° 
The secant is positive in the first and fourth quadrants. 


217. What is the solution of sin2 A + 7 cos2 A = 1- 4 cos A? 
Substitute sin? A = 1 — cos*, A 
Then 1 — cos? A +7cos?A =1—4cosA 
6 cos? A +4cosA = 0 (1) 
2 cos A(3 cos A + 2) = 0 
2cos A = 0, cos A = 0, A = cos? 0 
*= +90° + n- 360° 
3cos A = —2, csA=-—4%, <A =cos!— %, 
A = +131°49’ + n- 360° 


6(— #)? + 4(-— 4%) =0 — in Eq. (1) 
6-4-$=0 
$-§=0 
218. What is the solution of cot A + cosec4 = 4? 
cosec A =4—cotA 
Squaring this, we get 
cosec? A = 16 — 8 cot A + cot? A (1) 


Now cosec? A = 1 + cot? A 
which is substituted in Eq. (1). Then 
1+ cot? A = 16 — 8 cot A + cot? A 
8 cot A = 15, cot A = 4° = 1.8750 
A, = 28°4' + n+360°, Ay = —151°56’ + n+ 360° 
Check in the original. 
1.8750 + 2.1254 = 4, 4 = 4 (Check for 28°4’) 
1.8750 + cosec (—151°54’) = 4 
1.8750 — 2.1254 = 4 

This solution is extraneous for —151°54. 
219. How was the extraneous solution introduced into the above solution? 

Squaring the members of an equation usually introduces extraneous solutions. 

Example 

2 cosec A = 1 has one solution, which is cosec A = 4. Squaring, we get 4 
cosec? A = 1 which has two solutions, cosec 4 = + 4. 
220. What is the solution of 2 cos A — sin A = 1? 

2cosA=1+sinA 
Squaring this, we get 
4cos*A=1+2sinA + sin* A Substitute 1 — sin? A for cos? A, getting 
4(1 — sin? A) =1+4+2sinA + sin? A 
4—4sin?A =1+2sinA+sin? A 
5sin?A+2sinA —3 =0 


Use formula x — a a” a for solution of this quadratic 
a 
equation. Here 
a = 5, b = 2. c= —3, and sin A = 2 
: + Vv —2 + 
sin A= EET ee ES o ihe «10 
A = arc sin 0.6 = a + n+ 360° or 148°8’ + n- 360° 
A = arc sin — 1.0 = —90° + n- 360° 
Check 
2cos A —sinA = 1 
2°0.8 — 0.6 = 1, 1.6 — 0.6 = 1 Check for 36°52’ 
2-(—0.8) — 0.6 = 1, —-16-—06 = 1 
does not check for 143°8’ 
0+1=1 Check for —90° 
Discard 143°8'. 


221. What is the solution of 2 sin* A—cos?4 — 3 = 0? 


Substitute cos? A = 1 — sin? A 


Then 2 sin? A — (1 — sin? A) = $ 
3 sin? A = 3 
smn?A=? and sinA = + a 
A =sin! + Be 
A, oo + 60° oe n+ 360° 


eg 


= +120° + n° 360° 


Another way to solve the given equation is 


Given 2 sin? A — cos?,A = # 


We know sin? A + cos? A = | 
Adding, 3 sin? A = 
or sm?A=# and sinA= + . as above 


222. What is the solution of 2 cos A -4/Q2 sin A + 2 = 0? 


sin A = V1 — cos? A 
Then 2cosA — V2: V1 —cos?A+2=0 
2cosA +2 = V2: V1 — cos? A 
Squaring, 
4cos?A+8cosA+4=2—2 cos? A 
6 cos? A + 8cosA+2=0 
3cos?A +4cosA+1=0 
cos? A + 4cosA+4=0 
(cos A + 1)(cos A + 4) = 0 
cos A = —1, A = cos! —1, 
A = —180° + n°: 360° 
cosA = —4, A =cos! —}, 
A = +109°28’ + n- 360° 
Test the solution by substitution in the original equation. For A = — 180° 
2 cos (—180°) — V2 sin (—180°)+ 2 = 0, -2+2=0 
Check. 
For A = —109°28' 
2 cos 109°28’ — V2 sin 109°28’ + 2 = 0 
2(—0.3333) — 1.414(0.9428) + 2 = 0 
— 0.6666 — 1.3321 + 2 = 0, —2+2=0 Check. 
For A = —109°28' 


2 cos (—109°28’) — V2 sin (—109°28’) + 2 = 0 
—0.6666 — V2 + (—0.9428) + 2 = 0 
—0.6666 + 1.332 +2 =0 

does not check. Discard this angle. 


223. What is the solution of 2 sin? A + 4 sin A « cos A = 1? 
Now cos 2A = cos?, A — sin? A = 1 — sin? A — sin? A 
=1-2sin? A 
2 sin? A = 1 — eos 2A 
Also sin 2A = 2sin A‘cos A 
Substitute these in the original equation, which becomes 
1 — cos 2A + 2sin2A = 1 
or 2 sin 2A = cos 2A 
Divide by cos 2A, getting 
2 tan 2A = 1, 
tan2A =4, 2A =tan'4 
26°34’ + n° 360°, A; = 13°17’ + n- 180° 
— 153°26’ + n- 360°, A, = —76°43’ 
+ n- 180° 


oe 2A, 
2A, 


Check by substitution in the original equation. 


For A, = 13°17’ + n°: 180° 
Let = |, then A, = 193°17’ 
2 sin? (193°17’) + 4 sin (193°17’) : cos (193°17’) = 1 
2(—0.2298)? + 4(—0.2298) « (—0.9732) = 1 
0.1058 + 0.8934 = 1, 1=1 Check. 
For A, = —76°43’ + n+ 180° 
Letn=1; then A, = —76°43’ + 180° = 103°17’ 
2 sin? (103°17’) + 4.sin 1038°17’ : cos 103°17’ = 1 
2(0.9732)? + 4+ 0.9732 - (—0.2298) = 1 
1.8942 — 0.8944 = 1, 1=1 Check. 


224, What is the solution of 4 cot” A + 1= 3 cosec? A? 
Now cosec? A = 1 + cot? A 
which we substitute in the above. 
4 cot? A +1 = 3(1+ cot? A) = 3+ 3 cot? A 
cot? A=2, cot f= + V2, 
l v2 
tan A = + V5 x 9 +0.7071 
A, = tan™ 0.7071 = 35°16’ + n+ 360° 
or —144°44’ + n- 360° 
The tangent is positive in the first and third quadrants. 
A, = tan™ — 0.7071 = —35°16’ + n- 360° 
or 144°44’ + n- 360° 
The tangent is negative in the second and fourth quadrants. Check by 
substitution in the original equation. 


4 cot? (+35°16’) + 1 = 3 cosec? (+35°16’) 
4(+1.4141)? + 1 = 3(+1.7819)? 
4°‘2+1=3°3, 9=9 Check. 
4 cot? (+144°44’) + 1 = 3 cosec? (+144°44’) 
4-2+1=3:3, 9=9 Check. 
225, What is the solution of 10 tan A - 3= cot A? 
Multiply by cot A, getting 
10 cot A: tan A — 38 cot A = cot? A 
or cot? A+3cot A-10=0 
Factoring, we get 
(cot A — 2)(cot A + 5) = 0 
cot A = 2, A = cot"! 2 = 26°34’ + n- 360° 
or — 153°26’ + n+ 360° 


The cotangent is positive in the first and third quadrants. 


cot A = —5, A = cot! — § = —11°19’ + n- 360° 


or +168°41’ + n+ 360° 


The cotangent is negative in the second and fourth quadrants. Check. 


10 tan 26°34’ — 3 = cot 26°34’, 10°} -3 = 2, 


2 = 2 Check. 


10 tan (—153°26’) — 3 = cot (—153°26’), 


10‘$-3=2, 2=2 Check. 


10 tan (—11°19’) — 3 = cot (—11°19’), 


10(—0.2) — 3 = —5, —5 = —5 Check. 


10 tan 168°41’ — 3 = cot 168°41’, 


10(-—0.2) — 3 = —5, —5 = —5 Check. 


226. How would you solve equations of the form A sin A + b cos A = c? 


Divide by Va? + b?. 


asin A bcosA _ c (1) 
Vath Vath vat bi 
a ’ b 
Now let Vai + b = sin B and Va + b = cos B 
Then tan B = ; 


Substitute these in Eq. (1). 


sin A sin B + cos A» cos B= 7am (2) 


or cos (A — B) = Tama 


= c 
aa 8 © 2 Oa 


The + appears because cos (B — A) or cos (A — B) may result from Eq. (2). 
= Cc 
Then A =B + cos —=— 
Va? +b 
227. What is the solution of 4 sin A + 3 cos A = 2? 


Here a = 4, b = 3, V+? =V16+9=5 


Divide the original equation by 5. 


#sin A +#cos A = # (1) 
Nowlet +#¢=sinB and #=cosB (2) 
Then tan B = $4 = 4 
and B = tan™ 1.3333 = 53°8' 


(to the nearest minute) 
Substitute (2) in (1), getting 


sin A: sin B + cos A‘ cos B = # 
cos (A — B)=#%, (A —B) = + cos'# 
A=B+cos'#4 
A = 53°8’ + 66°25’ 
A = 119°33’ or —13°17’ 
Check by substitution in the original equation. 
4 sin 119°33’ + 3 cos 119°33’ = 2 
4+ 0.8699 + 3(—0.4932) = 2 
3.4796 — 1.4796 = 2, 2 = 2 Check. 
4 sin (—13°17’) + 3 cos (—18°17’) = 2 
4(—0.2298) + 3- 0.9732 = 2 
—0.9192 + 2.9196 = 2, 2 = 2 Check. 


228. How do you solve equations of the type sin aA = cos bA and equations of the type tan aA = cot 
bA? 


Substitute in sin aA = cos bA 
sin aA = cos (90° — aA) 
Then cos (90° — aA) = cos bA 


and bA = (90° — aA) + n° 360° 
or bA = — (90° ma aA) + n° 360° 
_ 90° + n+ 360° 
— b+a 
—90° + n+ 360° 
or A= 5 
=a | 


Substitute in tan aA = cot bA 


tan (90° — bA) = cot bA 
Then tan aA = tan (90° — bA) 
and aA = (90° — bA) + n- 360° 


or aA = —180° + (90° — bA) + n: 360° 
= (—90° — bA) + n° 360° 
_ 90° + n- 360° 
? a+b 
—90° + n+ 360° 
or A= a+b 


229. What is the solution of tan 44= cot 3 A? 


We can substitute a = 4 and 6 = 3 in the above solution or go through the 
process, as 


tan 4A = cot 3A 


in which is substituted tan (90° — 3A) = cot 3A 


Then tan 4A = tan (90° — 3A) 
4A = (90° — 3A) + n° 360° 


or 4A = —180° + (90° — 3A) + n° 360° 
= (—90° — 3A) + n- 360° 
90° + n+ 360° 
7 
8 —90 ae ‘ 360 
Assume A few values of n and check by substitution in the original equation. 
If n=0, A=+% 


tan 4:92 = cot 3:9", ~— tan 292" = cot 24%" 
tan 51.4285° = cot 38.5714° Check. 
If n=1, A = 49 or 270 
tan 4+ 482 = cot 3 - 442 
tan 1820° = cot 1880" 
tan 257.1428° = cot 192.8571° 
tan 77.1428° = cot 12.8571° Check. 
tan 4° 272 = cot 3+ 24% 
tan 198° = cot 842 
tan 154.2857° = cot 115.71438° 
— tan 25.7143° = — tan 25.7148° Check. 
230. What is the solution of sin 3 A = cos A? 
Here a = 3, b = 1, b+a = 4, b-—-a= -2 
Substitute these in the solution of Ques. 228. 


A —_ ee - 92°30’ 4 n° 90° (1) 


= MEE nH seg 150 mash bn" 


(—n- 180° can be written + n * 180° because n is either positive or negative.) 
Assume A few values of n and check by substituting in the original equation. 
Let n = 1 in Eq. (1) 
A = 22°30’ + 90° 
sin 3 + (112°80’) = cos 112°30’ 
sin 337°30’ = cos 112°30’ 


— sin 22°30’ = — cos 67°30’ Check. 
Let n= 1 in Eq. (2). 


A = 45° + 180° = 225° 
sin 3 * 225° = cos 225° 
sin 675° = cos 225° 
— sin 45° = — cos 45° Check. 


112°30’ 


Let n = —1 in Eq. (1). 

A = 22°30’ — 90° 
sin 3( —67°30’) 
sin (—202°30’) 

+ sin 22°30’ 
Let n = —1 in Eq. (2). 
A = 45° — 180° = —135° 
sin 3(—135°) = cos (—135°) 
sin (—405°) = cos (—135°) 
— sin 45° = — cos 45° Check. 
231. What is the solution of sin 4D)= cos 6 D? 
Substitute sin 4D — cos (90° — 4D) in the above. 
cos (90° — 4D) = cos 6D 
6D = 90° — 4D + n° 360°, 
p= nh = 9 + 36° (1) 


— 67°30’ 

cos (—67°30’) 

cos (—67°30') 

+ cos 67°30’ Check. 


or 6D = —(90° — 4D) + n°: 360°, 
p=-—~ta" = —45° + n- 180° (2) 


Let n = 1 in Eq. (1). 
D = 9° + 36° = 45° 
sin 4: 45° = cos 6: 45° 
sin 180° = cos 270° 
0 = 0 Check. 
Let n= 1 in Eq. (2). 
D = —45° + 180° = 135° 
sin 4: 135° = cos 6+ 135° 
sin 540° = cos 810° 
0 = 0 Check. 
232. How can you solve an equation of the form sin (x + A) = a sin x? 
Angle x is unknown; angle A is known. 
sin (2 + A) 
sin x 
Now, by composition and division, 


sin(r+A)+sinz a+ 


wo 
a | 


—" 


sin(x+A)—sinz a-1l 
2sin¢(7+A+z2z):cosz(za+A-—z) atl 
2cos¢(x+A+z)‘sin¢(r@+A-—2z) a-l 

A A 

2sin (2 +5) cos 5 iat 

~ @=—1 


2 cos € + 5) sin 4 


ton (2+ 5) = 24 -tan 5 


The right-hand member thus becomes known and the solution may be 


obtained. 
233. What is the solution of sin (x + 34°)= 3 sin x? 
Here A=34, a=3 
Substitute in the equation of the preceding question. 
34° 383+1 34° 
tan (2 + 5) = a 
tan (x + 17°) = 2 tan 17° = 2: 0.3057 = 0.6114 


z+17° = tan”! 0.6114 = 31°27’ 
(to the nearest minute) 
g = 31°27’ — 17° = 14°27’ 


234, How can you solve an equation of the form tan ( x + A) = a tan x? 
Angle A is known; angle x is to be found. Dividing by tan x, we get 


tan(x+A) atanz a 


tanz  tanz 1 
Then, by composition and division, 


tan(z+A)+tanz a+l 
tan(7+A)—tanz a-1l 
sin(a +A). sing 
cos (r+ A) ‘cost atl 
and sn(z+A) sint a-l 
cos (x + A) cosa 
sin (x + A)* cos x + cos (x + A) ‘sina 
cos (x + A): cos z _6+1 
sin (cx + A):cost—cos(x+A)‘sinz a-—1l 
cos (x + A)*cosz 
sin (x7 +A) +2] _a+1 
sin[(¢+A)—z] a-1 
sin(2e+A) a+l1 


or 


sin A ~a-i 
sin (22 + A) = att. sin A 


The right-hand member now contains all known quantities. 
235. What is the solution of tan ( x + 28°)= 4 tan x? 
Here A = 28°, a=4, at+l=5, a-1=3 


Now substitute in the equation of the preceding question 


sin (22 + A) = a 


getting sin (2x + 28°) = $° sin oe = $+ 0.4695 = 0.7825 
2x + 28° = arc sin 0.7825 = 51°30’ 
2 = 51°30’ — 28° = 23°30’ 
z = 11°45’ 


Check by substituting in the original equation. 


‘sin A 


tan (11°45’ + 28°) = 4- tan 11°46’ 
tan 39°45’ = 4+ 0.2080 
0.8317 = 0.8320 Check. 
236. How do you solve equations of the type 
sin aA + sin bA + sin cA = 0 
sin aA + sin bA + cos cA = 0 
cos aA + cos bA + cos cA = 0 
cos aA + cos bA + sin cA = 0? 


Use the following formulas in solving these types: 


ied 2B = Oe ee 


2 2 
sin A — sin B = 2.0081 sin 4-8 
cos A + cos B = 2.008 + - ¢93 “= 4 
cos A — cos B = ~2 sin 4 T5 - sin “= 


237. What is the solution of sin 44- sin 1A + sin A = 0? 
Now sin 4A — sin2A = 2 cog SAT 2A. gin SA — 2A 
= 2cos3A:‘sinA 
Substitute this in the original equation, getting 
2cos 3A‘sinA+sinA =0 
sin A(2 cos 3A +1) = 0 
sin A = 0 and 2cos3A+1=0 
A, = sin'0 = 7:-180°, cos3A, = —4 
3A, = cos! (— 4) = +120° + n° 360° 
A, = +40° + n° 120° (1) 


Check by substituting in the original equation. Assume n = 1 in Eq. (1); then 


A, = 160° or 80°. 
sin 4+ 160° — sin 2: 160° + sin 160° = 0 
sin 640° — sin 320° + sin 160° = 0 
— sin 80° — (— sin 40°) + sin 20° = 0 
—(0.9848 + 0.6428 + 0.3420 = 0 
—0.9848 + 0.9848 = 0 Check, 
sin 4+ 80° — sin 2+ 80° + sin 80° = 0 
sin 320° — sin 160° + sin 80° = 0 
— sin 40° — sin 20° + sin 80° = 0 
—(0.6428 — 0.3420 + 0.9848 = 0 
— 0.9848 + 0.9848 = 0 Check. 


238. What is the solution of sin 42)- sin 3D = 0? 


A+B . A+B 
or ea ae 


Now sin A — sin B = 2 cos 9 
Here A=4D and B = 3D 
4D+3D . 4D — 3D 
°. 2 cos ——=—— * In = 0 
2 2 
2 cos «sin 2 = Q 
cos = 0, e = arc cos 0, 


D = #(+90° + n- 360°) 
or D = +25°43’ + n+ 102°52’ (to the nearest minute) 
Also sin 5 = 0, > = are sin 0, 
D = 2(n° 180°) = n- 360° 


239. What is the solution of cos 4D + cos 2D + cos 3D = 0? 
Here A = 4D and B = 2D for substituting in 


A+B A-B 
‘C08 —5 


2 
4D+2D  4D-2D 
2 


——— 
2 


cos A + cos B = 2 cos 


getting cos 4D + cos 2D = 2 cos 
= 2 cos 3D + cos D 


Now substitute this in the original equation, getting 
2 cos 3D cos D + cos 83D = 0 
cos 8D (2 cos D + 1) = 0 
cos 83D = 0, 3D = cos"! 0, 
D = $(+90° + n- 360°) = +30° + n- 120° 
2cosD+1=0, cos D = — t, D = cos"! — 4, 
D = +120° + n: 360° 
240. What is the solution of tan QA - tan 7A = 1? 
sin6A-sin7A _ i 
cos 6A+cos 7A — 
sin 6A «sin 7A = cos 6A ‘cos 7A 
cos 6A: cos 7A — sin6A*sin7A = 0 
cos (6A + 7A) = 0 or cos 138A = 0 
13A = cos! 0 = +90° + n° 360° 
A = 46°55! + n° 27°42’ 
(to the nearest minute) (1) 
Assume n — 1 in equation (1) and substitute in the original equation to check. 
A = 6°55’ + 27°42’ = 34°37’ 
tan 6(34°37’) « tan 7(34°37’) = 1 
tan 207°42’ « tan 242°19’ = 1 
tan 27°42’ : tan 62°19’ = 1 
1.9061 - 0.525 = 1 
1.0 = 1.0 Check. 


241. How can you solve simultaneous equations of the form w sin A = a, w cos A = b? 


This is A set of simultaneous equations in two unknowns @ and A. 
a. To find A, divide the first by the second equation, getting tan 


A= : or A = tan”? ;: Now determine the two basic angles and add n « 


b 


360° to each of them to get the general angle. 
b. To find w, square each equation and add, getting 


w+ sin? A + w?: cos? A = a? + BD? 


or w*(sin? A + cos? A) = a? + b? 
But sin? A + cos? A = ] 
 w? = a? + 0B? 


w= + Va? + BD? 
The proper sign of w must be chosen so that w - sin A= a, @-cosA=b. 


242. What is the solution of w - sin A = 5 and w cos4 = 2? 
Divide the first by the second equation, getting 


wsinA 5 
weosA 2 
or 
tan A = 3 
= tan” 2, 
68°12’ + n- 360°, 
A, = —111°48’ + n- 360° 


oe be 
| 


QUES. 242. 
Now square the two original equations and add 


w* sin? A + w? cos? A = 25+ 4 = 29 
w? = 29 or w= + 729 


Check. 


w:sin A = 5, in ai wcos A = 


The — — 4/99 should be discarded. 
243, How would you solve the simultaneous trigonometric equations y = 2 + sin A and 


cos A 
eae ae 


2+sinA =2 V3 
sin A = oe 
tan A = as A= tenn? —. 


A, = 30° + n: 360°, <A; = —150° + n° 360° 
Assume n = 0; then A, = 30°, A, = —150°. Substitute these in the original 
equations. 


y = 2+ sin 30° 
2 4 098 30° _ v3 1 5 
v3 
2+ sin (—150°) = 2-4 =#% 
= 2 4 008 (= 150°) _ oe 
: v3 2 V3 
244. How, in general, are equations involving inverse trigonometric functions solved? 


In general, inverse trigonometric equations are solved by transforming them to 
other equivalent equations involving direct functions. 


ll 
Ne) 
-% 

toh 

Il 

tokx 


| 
no 
+ 

no 

II 
Q 
= 
> 


Y 


245. What is the value of A in 2 tan! a= cot! a? 


Take the cotangent of each member, Aatan'© thus transforming the members 
to direct functions. 


QUES. 245. 


cot (2 tan-! a) = cot (cot! a) This is read “the cotangent of twice the angle 
whose tangent is a equals the cotangent of the angle whose cotangent is a” 


Now apply the formula for the cotangent of twice an angle, the angle being 
(tan a). 


[cot (tan? a)]?—1 _ 
2cot (tanta) 


Be so 1 
The cotangent of an angle whose tangent is a is equal to —. 
a 


Se a 
= ‘ioe na oa, 1 — a? = 2a? 
a 
3a? = 1, : 


= + —— 
a ae 


Substitute this in the original equation for A check. 


2 tan” 7 = cot! wr or 2+ 30° = 60° Check. 


2tan~! — —= = cot”! — —= or 2:(—30°) = —60° 
Check. 


246. What is the solution of cos! 2a+ sin~4 3a= 0? 


Transform to A direct function by taking the sine of both members. 


sin ‘3a cos 2A 
iy |. 1 — 
vw 1—4a 


QUES. 246. 


sin (cos~! 2a + sin 3a) 
= sin 0 


This is the sine of the sum of two angles. 
sin (cos~? 2a) « cos (sin~! 3a) + cos (cos~! 2a) « sin (sin! 3a) 


= 0 
V1 — 4a?: V1 — 9a? + 2a: 3a = 0 
(1 — 4a’) - (1 — 9a*) = 36a‘ 
1 — 13a? + 36a‘ = 36a‘ 
1 
_ 2 = 2 = = —_. 
1-—18a7=0, a*=y75, a +t a 
Another way of solving cos! 2a + sin! 3a = O would be 
cos! 2a = — sin”! 3a 
sin (cos! 2a) = — sin (sin™ 3a) 


V1 — 4a? = —3a (refer to the figures) 
1 — 4a? = 9a?, 13a? = 1, a= ‘on 


V13 
1 « 
A check will show that only — will satisfy the equation. 

y V13 y q 

247. What is the solution oftan~ + a + tan I = 60°? 
x x+3 

Let A = tan“ : and B = tan“ : ‘ 

x r+3 

. A+ B= 60° (1) 


Now take the tangent of both sides of Eq. (1). 


tan (A + B) = tan 60° = 1.7321 


tanAd+tanB _ 
Then 1 tan Aten 2 
but tan A = tan (tan *) “im 
x x 
d tan B = tan (tan™ +3) - - 
” in r+3/ 2+3 
2 1 
— 
5 TS pee 
| ead 
x2+3 
22+6+2 


a(r+3)  =2Ww+6+2 
v+3c2-2 274+ 32-2 
x(x + 3) 

(x? + 32 — 2) + 1.7821 = 82 + 6 

1.73212? + 5.196382 — 3.4642 — 32 —6 = 0 

1.73212? + 2.196382 — 9.4642 = 0 

wii —b + vb? — 4ac 
2a 
Here a = 1.7321, 6b = 2.1968, c= —9.4642 


= 1.7321 


3.4642 
_ —2.1963 + V4.824 + 65.57 _— —2.1963 + 8.39 
._ 34642.  ~ 3.4642 
6.1937 — 10.5863 
t= 3 4642 = 1.788 or t= ~ 3.4642 = —3.056 


Check by substituting x = 1.788 in the original equation. 


tan! 60° 


2 ] 
1798 + 80 179843 = 
tan~' 1.1190 + tan! 0.2090 = 60° 
48°13’ + 11°48° = 60° Check. 
xX = —3.056 obviously will not check and is to be discarded. 
248. How can you show that2. Tan! 4. + Tan~!4+ = 39°23’? 
Let A=Tan'}+ and B=Tan'? 
Then tanA=4 _ and tan B = 4 
and 2A + B = 39°23’ 


tan 2A + tan B + 
Now tan (2A + B) = {dan DA en ett 


or tan (2A + B) = 0.8209 
.. (2A + B) = 2 Tan“! 4+ Tan“ } = tan™ 0.8209 
= 39°23’ (checks with table of functions) 
The above may be proved more directly. 
2 Tan“! 4 = 2+ 14°2’ = 28° 4’ 
Tan-!i = 11°19’ 


—— 


Total 39°23" 


249. When is the graphical method of solving A trigonometric equation useful and important? 


The graphical method of solving A trigonometric equation is useful when an 
equation is such that it cannot be solved except by methods of approximation. 


Example 


a. A trigonometric equation such as 2 tan A = 3 sin A can be solved more 
easily by nongraphical means, and the use of A graph in this instance would 
serve no point except to illustrate the method. Draw the graphs of y = 2 tan A and 
y =3 sin A on the same axes, and the x coordinates of their intersections give the 


approximate roots of the equation 2 tan A = 3 sin A. 

b. An equation in which an algebraic function is equated to a trigonometric 
function cannot be solved directly or exactly, and the graphic procedure is highly 
useful and important. 

The apparently simple equation 3x = 4 sin x is of that type. Here, angle x is to 
be taken in radians, since no units are stated. An approximate solution can be 
readily obtained by plotting the equations y = 3x and y = 4 sin x on the same 
axes and noting the x coordinates of the intersections. 


250. How would you solve graphically tanxy = 4 x? 


Angle x is in radians. Let us concern ourselves with A positive root. 


Let y=tanz and y= 5 


Plot y = tan x. This is the ordinary tangent curve. 
x 
Ploty = 3 This is A straight line drawn through the origin and another point 


whose ordinate is one-third of its abscissa. 

Different scales are used for the x and y axes to simplify the plotting of the 
tangent curve. 

The abscissa of the point of intersection is seen to be approximately 4.07 
radians, or 233 deg., which is the desired solution. 


Y 


2.0 


QUES. 250. 


Check in the original equation tang = 


tan x = tan 233° = tan 53° = 1.33 


a 4.07 _ 1.36 
3 3 
which is a good check for a graphical solution. 
Often, even rough approximations are useful. Any desired degree of accuracy 
may be obtained by correcting successive trials after the approximate value is 
obtained by graphic means. 


251. What are the graphic solutions ofgjn 2A a sin A — + = (from 0 to 360 degrees? 


Let y = sin2A +sin A — } 


Lay off convenient values of A on the x axis and corresponding values of y on 
the y axis, each to A suitable scale. 

The curve shows the approximate values of A for which y = 0 where it 
intersects the x axis. 

The approximate roots are seen to be A = 5°, 111°, 196°, and 228° for the 
portion of the curve from 0 to 360 deg. 


QUES. 251. 


Check the closeness of these solutions by substituting in the original equation 
sin 1A + sinA = 0.25. 


For A = 5°, 
sin 10° + sin 5° = 0.1736 + 0.0872 = 0.2608 
For A= 111°, 
sin 222° + sin 111° = —0.6691 + 0.9336 = 0.2645 
For A = 196°, 
sin 392° + sin 196° = 0.5299 — 0.2756 = 0.2543 
For A = 228°, 


sin 456° + sin 228° = 0.9945 — 0.7431 = 0.2514 
If the — 4is changed to —14,, the entire curve is lowered one unit. 
252. How would you draw the graph of y = sin A + cos A from 0 to 360 degrees? What is the 
maximum value of the function and for what angles is it equal to 0.5? 
First, draw the sine and cosine curves on the same axes and to the same scales. 
Use A pair of dividers or other means, and add the ordinates of the two curves, 
as here 


QUES. 252. 


indicated. An alternative method is to make A table of values, as 


A sin A cos A y 

0° 0.00 1.00 1.00 
30° 0.50 0.87 1.37 
60° 0.87 0.50 1.37 


The maximum value of the function is 1.4 to the nearest tenth, at A = 45°. The 
greatest negative value is —1.4 at 225°. 

The value of the function is 0.5 at 115° and 335°, approximately. 

The graph of y = sin A + cos A has the wave form of A sine curve. 


PROBLEMS 


Solve the following simple equations: 
1. 4cos A = 3 sec A2. 6 sec? A— sec A = 12 
3.2 sin? A+ 12 cos* A=2—6cosA4.2 cotA +2 cosecA=5 
5.3 cosA—2 sinA=1 
6.5 sin? A — 2cos?A — } = 0 
7.3coeA —+/3sinA+3=0 


8. 4sin2A + 6sinA-cosA = 2 


9.5 cot? A +2 =4cosec2 A 10. 8 tan A—6=2cotA 
11. cosecA=4sinA12.2=3sinA 
13. cos 2A+sinA=1 


14. 2 sec? A=tan*A+4 

15. sin2A + cos3A — cos A = 0 

16. sin 2A — cosA=0 

17.cos (A + 30) — sin (A + 60) = 3 

18. sin A= cos 2A 

19. 2 sinA + tan 2A =0 

Solve the following, type ad sin A+ bcos A =c:; 20.15sinA+8cosA=4 
21.5cosA+8sinA=6 

22.5 sinA-f 12 cosA=7.4 

23. 11 cos A+ 17 sin A = 6.2 

24.8sinA+5cosA=4.6 

25. 4 cos A—sin A = 2.26 

26.5 sin A-—6 cos A= 3.8 

Solve the following, type sin aA = cos DA, type tan a A = cot DA: 27. sin 5A = cos 4A 28. sin 7D = cos 9D 
29. tan 5A = cot 4A Solve the following, type sin (x + A) = a sin x: 30. sin (x + 26°) = 4 sin x 
31. sin (A + 62°26’) = 4 sin A 32. sin (A + 32°8') =2 sinA 

33. sin (2 — 32°20’) = sin A 

34. sin (A — 132°) = }sin A 


35. sin (A + 66°30’) = 3 sin A 36. sin (A + 96° 40')=4sinA 

Solve the following, type tan (x + A) = a tan x: 37. tan (x + 38°) = 5 tan x 38. tan (A + 60°) =5 tanA 

39. tan (A + 30°) = 4 tan A 40. tan (A + 20°) =5tanA 

41. tan (A + 32°20’) = 8 tan A 42. tan (A + 54°20’) = 7 tanA 

43. tan (A + 132°) = 14 tan A Solve the following, representative type sin dA + sin bA + sin cA = 0: 44. 
sin 5A — sin 3A + sinA =0 

45. sin 6A — sin 4A + sin 2A = 0 

46. sin 7D — sin 5D = 0 

47. cos 5D + cos 3D + cos D=0 

Solve the following equations: 

48.6 sinA + cos A =2 

49. cos 2A=sin2A+1 

50. 8 sec A - tan A— 27 cosec A - cot A 51. sin 4A — sin 2A — cos 3A = 0 

52. sin 2A: cos 2A +2 sinA=0 

53. cos (x — A) - cos x — sin (x — A) - sinx =0 


54. cos 3A = 2 sin? A: cos A 55. tan 5A: tan 6A = 1 
56. 2 sin? A—sinA—1=0 

57.2 cos* A—5 cosA+1=0 

58. sec? A-2secA + 1=0 


59.3 sin? A- tan A—2 tanA =0 

60.2 seccA—1=2sinA:secA—2sinA61.6sinA:cosA+2sinA+3cosA+1=0 
62.cos? A — sin? A = } 

63. sec A + cosec A = 0 


64. 2 sec? A+ cot? A=5 

65. tan A+ cotA=4 

66. 1 —secA=2cosA+sinA- tanA 67.2 secA=2-—-tan A68. tan A+5cotA=0 
69. sin A= 2 sinA: cos A 70. 2 cosA+secA+4=0 


71. 2 cosec A = tan A+ cotA 72.1+ cot? A= 2 sec? A 73. tan44+1=0 
74, tan® A+8=0 
75. tan 3A - cot 2A = —2 tan 3A 76. sec A: tan A=2 


ae tan? 2A + sec 2A=1 
78. 2 sin 3A + cosec 3A =5 


79.2 tan? A+2tanA=1 

80. 2 cos 2A = cot 2A 

81.1+sinA=sinA - cosA+cosA82.4/3 cos A + 2sin? A = —1 

83. cot A + cosec A = — cos 2A - cosec A 84. 3 sin A+ 2=4cosA 

85. tan (A + 45°) = 1 + sin 2A 86.2 sin? A + (2 — /3) sin A — /3 = 0 
87. sec (A + 150°) + sec (A— 150°) = 2 sec A 88. 2 sin? A — cos? A = — } 
89. 4/2 sin A = tan A 


90. 2 sinA + sin? A=3 

91. (3 sin A + 2) (cot 2A + 1)=0 

92.2 cos A- sin 2A = sin 2A 

93. sin A = 4sin 3A 94. 4 sin 2A - cosA=cosA 


95. 2 tan A + tan? A= 8 


96. tan2 2A + cot2 2A=2 
97.secA+2cosA=3 

98. cos 2A = cos 4A 

99. sin 2A = 2 cos A 100. sin 4A = 2 sin 2A 
101. sin 4A + sin 2A =0 

102. 2 tan A -f tan 2A =0 


gl 
103. sin 3 + cos A =1 
Solve the following simultaneous equations: 
14,7 Sin A =7 

z-cosA = 3 

y= 3sinA 


5 cos A 
+ il 
y + V5 
k-sin A = § 
‘k-cosA =4 
107, * sin A = 9 
k-cosA =8 
k:sin A = 15 
k-cosA = 
k-sin A = 3.74 
k 
y 
y 


10 


‘cos A = 2.83 
= 1 — cos2A 


3 
Il 


sect 4 
111. 2 
A 
m = cosec 9 
m=asinA 
m = a sin 2A 
FLL ‘sin A = 4 
m*-cos A = 
4sin2A = 
92+ gin2A = 


112 


— RH 
se 


I 
3 3 


«2 cos A +3sin A 
2sin A+ 3cosA 
acos A = m 

asin2A =m 


Write the following as inverse functions: 
118. cos 2A = 3 


aan) cos 4 = 1 


120.¢ = tan — 
121.3 tan 2A = y 


122.2=5sinA 
123. 4sec 2A =9 
Find the value of the following: 


124, tan (Sec! 3 +Cosec 4 2) 

125.sin (Arc sin 3 + Are sin 3) 
126. cos (Arc tan } + Arc sin 4) 

127. cot (Cot-! 4 — Tan-! #) 


117. 


Prove: 
l l¢ 
128. —1= = pe 
Cos 5 + Sin 3 5 
129. Tan? 3 + Tan-' 3 =5 


Solve the following inverse functions: 
130. 3 tan-! a = 2 cot }.@ 131. 2 cos! 2A + sin! 2A = 0 


132. 3 tan-! : + 2 tan- s * = 75° 
133. tan-! 2A + tan-!3A = 60° 


134.sin-" A + sin! 2A = ; 
A-1 A+1 


Fy ey er ie 
= sin~! A 


135. tan-* 


136. cos™* 


1 
V1 + A? 
137. cos-? (1 — A?)# = sin-! A 


138.2 cot-! A + tan! A = = 


139. cos"! (1-24) = 2sin"! A 140. tan-1 3A + tan-12A = a 


141. sin~! 24 + sin“ A = 60° 
142. 2 cos! + = tan“! A 
sil saci a 


ee ot shoot. a3 
144. tan” a Sy to y+i~ 3 


143. gin 


145. cos! (—A) = sin! A 146. Prove the identity 3 Tan=! 4 + Tan-'+ = 86°50’, 
Solve graphically: 
147.2 tanz = 7 
148. sin 3A + sin 2A —+=0 

a; A 
149. y = sin 5 + 2 cos 5 
150. x = 46°28' — 30° - sin x 
151. x = 32° — 60° - sin x 152. x = 68° — 40° - sin x 


153. x = 45° — 28°20’ - cos x 154. x = 30° — 60° : sin x 
155. x = 12°10' — 45° - sinx 


CHAPTER XI 


LOGARITHMS 


253. When and by whom were logarithms first developed? 

Logarithms were developed in the early part of the seventeenth century by A 
Scotsman, John Napier. 
254. From what are logarithms a logical development? 


Logarithms are a logical development from the laws of exponents. 


255. What are the definitions of exponents? 
Exponents are defined so that 
a.x"=x-x-x...ton factors; n is an integer. 
1 
b. a" = z" 
c.x°=1 
n dl 
d. gym wz X/q" = (X/z)" 
256. What are the essential laws of exponents? 
The essential laws of exponents are 
a. x7 - x° = x*>_ To multiply, add the exponents algebraically. 
b. x2 = x° = x7 To divide, subtract the exponents algebraically. 
c. (x2)? = x, To raise to A power, multiply the exponents. 
a aa 
d. >/ya — xp,- To extract A root, divide the exponents. 


Examples 


a. x° - x? = x°*3 = x8. To multiply, add the exponents algebraically. 


16? 165 = 16! = 16! = 4 
104: 107-107 = 10") = 10 = 1,000 


6-3 = x3. To divide, subtract the exponents algebraically. 


b. x© = x2 =x 
ge ee gh = ght 8)! = yy? 


3! + 3 = 30c-)) = 31 = 3 


c. (x4)? = x4° = x29. To raise to A power, multiply the exponents. 


(10-2)-3 = 10°-?"- = 10° = 1,000,000 
(41)8 = 443 = 41 = 4 


d. 4/732 — x? = y3.. To extract A root, divide the exponents. 


Val = Qt = Gt = qa = = = 256 


3 
(x3)4§ + Var? = gl? + ¥ = git? = 2! 
257. What is a logarithm? 


A logarithm should be thought of as an exponent. In an expression bX = N 
showing A definite relationship between three numbers, the exponent x is the 


logarithm of the number N. b is the base of the logarithm; (base)!°2 = number. 
b* = N is known as the exponential form. 


Examples 
(a) 5° == 125. 3 is the logarithm of 125 to the base 5. 
(b) 10* = 10,000. 4 is the logarithm of 10,000 to the base 10. 
(c) (4)® = yer. is the logarithm of zg4yq the base $. . 


(d) 4* = 16. 2 is the logarithm of 16 to the base 4. 


258. Using 2 as a base, can you construct a partial table of logarithms? 


2? =N Base =2 


Number = NV 


Exponent = logarithm = z 


259. How would you write the logarithmic form of the equation b* = N? 


b* = N = the exponential form 
Then log N = x = the logarithmic form 


These equations are different expressions for identical relationships. In the 
logarithmic form the emphasis is on the logarithm or exponent. 


Examples 


Exponential Form Logarithmic Form 
(a) 4° = 64 log, 64 = 3 
(b) 4i= 8 log, 8 
(c) 216% = ids logais r56 = — 3 
(d) 10° = 600 logio 600 = a 
(e) 25' = § logs 0 = $ 


260. What numbers may be used as a base for a system of logarithms? 


Any positive number except 1 may be used as a base for a system of 
logarithms. 


I 
tke 


261. What is the Napierian or natural system of logarithms? 

This system invented by Napier uses € = epsilon as a base. Epsilon is an 
irrational number like 1, which cannot be expressed exactly in figures and which 
has an approximate value of 2.71828 obtained from 


. 1 ] 1 
€ b—- 4 l _ —_—__ —_o----—- . . . 
Titpatregt 
It is used extensively in the study of calculus. 


262. What is the common system of logarithms? 


This system is credited to Henry Briggs (1556-1631). It uses the base 10. It is 
commonly used in calculations. 

Whenever the base is omitted in this book, it is understood to be 10. Log 1.78 
= 0.25 means log; 91.78 = 0.25. 


263. Why is the Briggsian or common system generally used for computation? 


The Briggsian or common system of logarithms is generally used for 
computation because the limits of the exponent or logarithm for the base 10 are 
seen at once. 


Example 


107~* = 0.001 logio 0.001 = —3 


10~* = 0.01 logio 0.01 = —2 
107: = 0.1 logip 0.1 = —1 
10° = 1 logio 1=0 
10! = 10 logiy 10 = 1 
10? = 100 logio 100 = 2 


10° = 1,000 Jog io 1,000 = 3 

The exponent of the base 10 lies between 0 and 1 for a number between 1 and 
10. 

The exponent lies between 1 and 2 for a number between 10 and 100. 

The exponent lies between 2 and 3 for a number between 100 and 1,000. 

This means that the logarithm of a number between 1 and 10 lies between 0 
and 1 and is a fraction always expressed as a decimal. 

The logarithm of a number between 10 and 100 lies between 1 and 2, or is 1 
plus a decimal. 

The logarithm of a number between 100 ‘and 1,000 is 2 plus a decimal. 

Thus the logarithm of any number consists of an integral part and a decimal 
part. 


264. Why may numbers between 1 and 10 be considered basic numbers for a system of logarithms 
having 10 as a base? 


Numbers between 1 and 10 may be considered basic numbers because the 
logarithms of all other numbers having 10 for a base can be obtained from the 
logarithms of the basic numbers. 

Numbers between 1 and 10, like 4.0, 3.9, 8.639, 1.769, and 9.84327, are called 
basic numbers. 


265. How can the logarithms of all the numbers be obtained from the logarithms of the basic 
numbers? 


5.37 is a basic number. 


Now 10°78 = §.37 
. log 5.87 = 0.73 
Then 53.7 = 5.37° 10! = 10°78 - 10! = 10273 
“. log 53.7 = 1.73 
and 537 = 5.37 - 10? = 10°73 - 10? = 10278 
“. log 5387 = 2.73 
Again 5,370 = 5.37 - 10? = 10°78: 10? = 10*78 
“. log 5,870 = 3.73 
Also 53,700 = 5.37: 104 = 10°78 - 104 = 10*78 


. log 53,700 = 4.73 
If we go in the other direction, we get 
0.537 = 5.37 + py = 10°78 107! = 100-781 
. log 0.5387 = 0.73 — 1 
and 0.0537 = 5.37 + zhy = 10°78 + 107? = 10°78"? 
*. log 0.0537 = 0.73 — 2 
and 0.00537 = 5.37 +* gop = 10°78 + 107% = 109783 
*. log 0.00537 = 0.73 — 3 ete. 


266. What is meant by the mantissa of a logarithm? 

The mantissa is the decimal part of the logarithm. 

In the above question the constant decimal part, 0.73, is the mantissa of the 
logarithm of the numbers having the significant figures 537. 


The mantissa as is seen does not depend upon the position of the decimal 
point in the number whose logarithm is desired. 
The logarithm of a basic number consists of a mantissa only. 


267. What is meant by the characteristic of A logarithm? 


For any other than a basic number, a positive or negative integer must be 
added to the mantissa to get the logarithm of the number. This integral part or 
integer is called the characteristic of the logarithm. 


In Ques. 265 the positive or negative integer that is added to 0.73 is the 
characteristic of the logarithm. 


268. What is the rule for finding the characteristic of the logarithm of a number? 


The characteristic is one less than the number of digits in the integral part of 


the number. This is so because a basic number has one digit and its logarithm has 
no characteristic. 


Example 
a. A number Contains Char- (one less 
between acteristic than the 
1 and 9 1 integral digit 0 number of 
10 and 99 2 integral digits 1 of integral 


100 and 999 3 integral digits 2 digits) 


b. The characteristic for the logarithm of 78435.8 is 4, which is one less than 
the number of integral digits. 


269. When is the logarithm of a number negative? 


The logarithm of a number is negative when a number contains no integral 
digits. When the number is purely a decimal, its logarithm is negative. 


Example 
The logarithm of 0.0438 is —-2.6415 because 


10-7415 = (),0438. 


270. How would you find the characteristic for the logarithm of a purely decimal number? 


The numerical value of a negative characteristic is the number of places the 
decimal point must be moved to make the decimal number a basic number. 


Example 


5.37 is a basic number whose logarithm is 0.73. 

a. To make 0.000537 a basic number, the decimal point must be moved four 
places. Therefore, the negative characteristic of the logarithm of 0.000537 is — 
4. The log of 0.000537 is then 0.73 — 4. 

b. To make 0.3854 a basic number, move the decimal point one place. 
Therefore, the negative characteristic of the logarithm of 0.3854 is —1. 

c. To make 0.0086 a basic number, move the decimal point three places. 
Therefore, the negative characteristic of the logarithm of 0.0086 is -3. 


271. Why is a negative characteristic kept distinct from the mantissa of a logarithm? 


It is an advantage in computation to have the mantissa positive in every case 
and to keep it equal to the mantissa of the logarithm of the basic number. The 
logarithm then consists of a positive decimal and a negative integer. 


272. How are negative characteristics generally written? 


a. Logarithms such as 0.73 — 1 and 0.73 — 2 are sometimes written 
1.73 and 2.73. The minus over the characteristic indicates that it alone is 
negative. 


b. Logarithms such as 0.73 — 1 and 0.73 — 2 are sometimes written 9.73 — 
10 and 8.73 — 10. 

These are obtained by adding 10 to the characteristic and subtracting 10 from 
the mantissa. 


273. May a negative characteristic be used or indicated in other ways? 

_ In some situations a characteristic, say -—3, may be used, as 
8 + 5, 7 — 10, or 27 — 30. Any combination may be used as long as the net 
result is the original —3. 

274. When is the form 9. ... —10 most convenient for negative characteristics? 


The form 9... .—10 is convenient for operations of addition and subtraction 
of logarithms, and these operations are very common. 


275. Do negative numbers have real logarithms? 


No. No power of 10 will yield a negative number. 


276. What is the rule for the logarithm of a product of several factors? 


The logarithm of the product of several factors is the sum of the logarithms of 
the factors. 


Example 
(a) log¢jazj+) M+ N = log¢a-zj+) M + lograzj+)n () logs 15 = logs 5 + logs 3 
277. How is the above shown to be true? 
To find log¢g-zj+) m * n, let factor m = x® and factor n = x>. This means 
a=log-m and b=log.n 
Now men = x7+ x" = x7*° from the laws of exponents. 


mn = arts ™ + loc, n (1) 


Since logyj,.zj+)m + log, n is the exponent in Eq. (1), it is the logarithm of m » 


”. log, m+n = log, m + log, n 
In like manner, the rule can be shown to be true for any number of factors. 


Example 


60 = 3°4°5 
Then logs 60 = log, 3 + logs 4 + log; 5 
278. What is the rule for the logarithm of the quotient of two numbers? 


The logarithm of the quotient of two numbers is the logarithm of the dividend 
minus the logarithm of the divisor or the logarithm of the numerator minus the 
logarithm of the denominator. 


Example 
(a) log. = log. m — log, n 
(b) logs 442 = log; 15 — log, 2 


279. How is the above shown to be true? 


To find log, on let 


= 7 and n=2° 


m 
This means log, m=a and ilog,n=b 


x 
Now = ok Ta tial from the laws.of exponents 


m ~ 

or ach e™ log. n (1) 
n 

Since log, m — log, n is the exponent in Eq. (1), it is the logarithm of ~ 


Therefore, log, = log. m — log, n 


280. What is the rule for the logarithm of A number raised to A power? 


To find the logarithm of A number raised to A power, multiply the power by 
the logarithm of the number. 


Example 
(a) log, m? = a - log, m (b) logs (9)? = 2 - log. 9 
281. How is the above shown to be true? 


To find log, m°, let 


m=z 


This means b = log, m 
Now m* = (z*)* = x*® from the laws of exponents 


or m= om” (1) 
Since a - log, m is the exponent in Eq. (1), it is the logarithm of m’. 


.. logs m? =a: log, m 282. What is the rule for the logarithm of the root of 


a number? 
The logarithm of the root of A number is the logarithm of the number divided 
by the index of the root. 


yajp — 1085125 _ 3 _ 
(b) logs W125 = SS = 5 = 1 


283. How is the above shown to be true? 
This rule is a special case of the previous one for that of a number raised to a 
: L F eer : 
power, siNCe Jog im = log, ma and, instead of dividing by a, we multiply 
2 


by : ; 
1 1 
log, m* = log, m (rule for a product) 


logs 125% = $ . logs 125 
284. a. Can log, (m + n) be found by one of the above rules? 
No. log, (m + n) is not log, m + log, n. 
log. m 
og. n 


log, m., 
No. og, 8 is not log, m — log, n. 


b. Can 


be found by one of the above rules? 


285. How would you express log 48 in terms of a and b if a = log 4 and b = log 3? 


log 48 = log (42 - 3) = log 47 + log 3 = 2 log 4+ log 3 
“log 48 = 2a +b 


286. How would you express 


as an algebraic sum of logarithms? 


log So = log N! — log 9 Vt (1) 
Now log 9 Vt = log 9 + log V1 


Substitute in Eq. (1). 


: 
log “7 log N! — log 9 — log Vt 
= $log N — log 9 — d logt 


287. How would you reduce log 6 + 3 log 4 to the logarithm of A single number? 


log 6 + 3 log 4 = log 6 + log 4° = log 6 + log 64 
= log 6: 64 = log 384 


288. How can the logarithm of A number be found to any base if the logarithm of the number to some 
one base is known? 


Assume that the logarithms of numbers to base b are known. Let 
= 5%, and n = bw or 


= log, m and 
y = log n 
Now m = (b¥)¥ 
or m = n¥ 
r 
Then —- = log, m 
Y 
_ log, m 
. log, m = Tos, # 


Logarithms to base b are known, or given. 


The logarithm of a number to any base is equal to the logarithm of the number 
to some known base divided by the logarithm of the new base to the known base. 


Example 
It is desired to find the logarithm of 83.16 to base € (= 2.718). Here m = 83.16 
and n = € = epsilon = the new base. 
We know the logarithms to base 10. Then 


_ logio 83.16 _ 1.9199 a 
log, 83.16 = logio 2.718 ~ 0.4343 ~ 2.3026 logiy 83.16 
log, 83.16 = 4.42076 


289. What is the relationship between natural and common logarithms, as seen from the above? 


a. Natural logarithm = 2.3026 X common logarithm 


or, log. m = 2.3026 logio m 
log. 100 = 2.3026 logiy 100 = 2.38026 - 2 
= 4.6052 
b. Common logarithm = 0.4343 X natural logarithm 
or, logig m = 0.4343 - log, m 


logio 100 = 0.4343 log, 100 

290. What is the logarithm of 1 in any system? 

log, 1 = 0 

because by definition a® = 1 
.. 0 = the exponent = the logarithm of 1 to any base a 

291. What is the logarithm of the base itself in any system? 

log, a = 1 because a! = a 

1 = the exponent = logarithm of a to base a 
292. What is the logarithm of 0 in any system whose base is greater than one? 
log, 0 = —~@ fora > 1 
l l 


— oo is the exponent, the logarithm of 0 to any base a > 1. This means that the 
logarithm of 0 (or a number that becomes smaller than any assigned number 
however small) is negative and numerically greater than any assigned number 
however great. 


293. What is meant by the cologarithm of a number? 


The cologarithm of a number is the logarithm of the reciprocal of the number. 


Example 
If A is A given number, then 
log a = log ~ 
colog a = log = 
But log : = log 1 — loga 
colog a = 0 — loga 


which may be written 
colog a = (10 — 10) — loga 
294. What is the rule for finding the cologarithm of a number to base 10? 


To get the cologarithm of a number to base 10, subtract the logarithm of the 
number from 10 — 10. 


Example 
What is the cologarithm of 7.684? 
From 10.0000 — 10 
Subtract log 7.684 0.8856 
getting 9.1144 — 10 = cologarithm of 7.684 


295. How are cologarithms advantageously used? 


Cologarithms are advantageously used in finding the logarithm of a quotient 
or fraction. Instead of subtracting, add the cologarithm of the denominator to the 
logarithm of the numerator. This is found convenient in many cases. 


Example 


log ¢ = log (a5) = log a + log j = log a 


+ colog b 
78.65 
log 9) log 78.65 + colog 45.32 
log 78.65 = 1.8957 10.0000 — 10 


colog 45.32 = 8:3437 -—10 = log 45.82 = 1.6563 
10.2394 — 10 colog 45.32 = 8.3437 — 10 
78.65 
log (4) = 0.2394 
78.65 
and 45.32 = 1.735 


296. What is meant by an antilogarithm? 

An antilogarithm is the number corresponding to the given logarithm. In the 
above, the number corresponding to the log 0.2394 is 1.735, which is called the 
antilogarithm. 


297. How are logarithms found from a table of logarithms? 


Tables of logarithms to the base 10 give only values of mantissas because the 
characteristic depends only upon the position of the decimal point in the number. 

Enter the table with the given number sequence as far as possible and 
interpolate for the final or end numbers of the logarithm. 


298. How are antilogarithms determined from a table of logarithms? 


Enter the table of logarithms itself with the given mantissa of the logarithm 
and work backwards to determine the number. Interpolate between the tabular 
values to get the final figure of the number. The characteristic will determine the 
position of the decimal point. 


299. What is the result of 52.76 - 143.2 - 0.006478? 


Let x = 52.76 - 143.2 - 0.006478 
log 52.76 = 1.7223 
log 143.2 = 2.1559 
log 0.006478 7.8115 — 10 
log x = 11.6897 — 10 = 1.6897 
x = 48.94 


300. What is the result of (1,849)2? 
Let xz = 1,849° 
Then, log x = 3° log 1,849 
log 1,849 = 3.2670 
3° log 1,849 = 3+ 3.2670 = 9.8010 


log « = 9.8010 
x = 6,324,000,000 
301. What is the result of (5.789 ) Ei 
9387 
_ (5.789)? 
en 7 = "0.9387 
Then, log « = 3° log 5.789 — log 0.9387 


log 5.789 = 0.7626 
3° log 5.789 = 3° 0.7626 = 2.2878 


log 0.9387 = — 1.9726 
log « = 2.3152 
xz = 206.62 


302. What is the value of (19.62) 3 (a) by direct method, ( b) by cologarithm method? 
a. Direct method 


Let 2 = (19.62)-* 
Then, log z = —3:° log 19.62 
log 19.62 = 1.2927 


—3 + log 19.62 = —3+ 1.2927 = —3.8781 


Here the entire number including the decimal part is negative. 


To obtain a positive mantissa, for use in the table, change the form of this 
logarithm by adding and subtracting 10. 


10.0000 — 10 
— 3.8781 
6.1219 — 10 
Now log z = 6.1219 — 10 = 4.1219 
z = 0.0001324 


b. Colog method 
This method is preferable to the direct method. Let 


en a sR 
a = (19.62)"" = 79 Gaya = (ss) 


Then, log x = 3: log (om) = $- colog 19.62 


10.0000 — 10 
log 19.62 = 1.2927 
colog 19.62 = 8.7073 — 10 
log x = 3+ colog 19.62 = 3(8.7073 — 10) = 26.1219 — 30 
= 6.1219 — 10 = 4.1219 
” x2 = 0.0001324 


303. What is the value of € 185 


l l 18 
is a a a. 
Lae = Em 21S = TH Byi (=738) 


Then, log x = 18° colog 2.718 


10.0000 — 10 
log 2.718 =. 0.4348 


colog 2.718 = 9.5657 — 10 
log x = 18 colog 2.718 = 18(9.5657 — 10) = 172.1826 
— 180 
= 2.1826 — 10 = 8.1826 
xz = 0.00000001523 = 1,523: 10-™ 
304. What is the result of4'/ —_ 0. 8743? 
Let x = V—0.8743 = (—0.8743)! 


Since the logarithm of A negative number is not defined, perform the 
operations as if it were A positive number and prefix the minus sign to the result. 


log 0.8743 = 9.9417 — 10 = 49.9417 — 50 
4 log 0.8743 = $(49.9417 — 50) = 9.9883 — 10 
log « = 9.9883 — 10 = 1.9883 
= —0.9734 


The minus sign is placed before the result. 
305. What is the result of(0.346)*? 


Let xz = (0.346)? 
Then log x = 2° log 0.346 = #(1.5391) = #(49.5391 — 50) 


To make multiplication by # more convenient, the [ characteristic is 
expressed as 49 — 50. 


3 148.6173 


5° 49.5391 = . = 29.7235 
#-50 = 30 
“. log x = 29.7287 — 30 = 9.7237 — 10 
xz = 0.5293 


3 
306. What is the result of (0 06985) ~¥F (a) by direct method, ( b) by cologarithm method? 


a. Direct method 


Let xz = (0.06985)* 
Then, log z = — #- log 0.06985 = — #(8.8442 — 10) 
log x = — #(68.8442 — 70) 


— + 68.8442 = — P2820 _ _ 99 5047 
— #-—70 = +30 
. log x = —29.5047 + 30 
log « = 0.4953 
z = 3.129 


b. Cologarithm method 
1 1 ¥ 
Let = = (0.06985)"" =  pg985)F = (oases) 
Then, log z = #+ colog 0.06985 
10.0000 — 10 
log 0.06985 = 8.8442 — 10 
colog 0.06985 = 1.1558 


log = #: colog 0.06985 = #-+ 1.1558 = sn = 0.4953 


x = 3.129 


307. What is the result of (0.06462)1-822 


Let 2x = (0.06452)!* 
Then, log x = 1.82: log 0.06452 = 1.82(8.8097 — 10) 
= 1.82(98.8097 — 100) 


To simplify the multiplication, 98 — 100 is here used as the characteristic. Now 


1.82 : 98.8097 = 179.8337 
rounded off to four decimal places 


and 1.82: 100 = 182 
* logz = 179.8337 — 182 
Add — 172.0000 + 172. 
log 2 = 7.8337 — 10 = 3.8337 


. x = 0.006819 


308. What is the result of (0.2753)~1:72 


Let xz = (0.2753)? 


—1.7 - log 0.2753 = —1.7(9.4398 — 10) 
—16.0477 + 17, 
rounded off to four decimal places 


Note that when 9.4398 is multiplied by the negative number —1.7, the 
product is entirely negative, while —1.7 - —10 results in A positive number. 
Since the table does not give negative mantissas, first perform the indicated 
operation by subtracting 16.0477 from 17. 


Then, log x 


17.0000 

— 16.0477 

 logz = 0.9523 
z= 8.96 


309. What is the result of (0.38)°8. (8.3)°-6. (346 — 161)? 
The subtraction is performed before applying logarithms. 


(346 — 161) = 185 


Now let x = (0.38)%8 + (8.3)—%® + 185 
Then log x = 0.8 * log 0.38 + (—0.6° log 8.3) + log 185 


0.8 - log 0.38 = 0.8(9.5798 — 10) = 7.6638 — 8 
—0.6 «log 8.3 = —0.6(0.9191) = —0.5515 


Change the negative number —0.5515 to A positive mantissa for use in the 
tables. To do this add and subtract 10. 


10.0000 — 10 
— 0.5515 
—0.6:log83= 9.4485 — 10 
log 185 = 2.2672 


Now add all the factors. 


7.6638 — 8 

9.4485 — 10 

2.2672 

log = 19.3795 — 18 = 1.3795 
xz = 23.96 
310. What is the result of (0.004739)°-916> 
Let xz = (0.004739) 1% 
Then, log « = 0.016 « log 0.004739 


log 0.004739 = 3.6757 = 997.6757 — 1,000 
To facilitate multiplication by 0.016, write the characteristic as 997 — 1,000. 
. log x = 0.016(997.6757 — 1,000) 
= 15.9628 — 16 = 9.9628 — 10 
to four decimal places 
x = 0.9180 


311. What is the result oft8-2 * 168 ‘lo & 8, 
0.687 


18.2 - 158 « log 0.375 
Let aa 0.687 


Now, log 0.375 = 9.5740 — 10 


But, since the logarithm of 0.375 is to be used as a number and not as a 
logarithm, evaluate it by getting the difference between 9.5740 and —10. 


— 10.0000 
9.5740 
— 0.4260 
_ 18.2: 158 - (—0.426) 
7 0.687 
We cannot take the logarithm of the negative number —0.426 in the numerator; 


therefore, disregard the negative sign during calculation and attach it to the 
result. 


Then 


log z = log 18.2 + log 158 + log 0.426 + colog 0.687 
log 18.2 = 1.2601 
log 158 = 2.1987 


log 0.426 = 9.6294 — 10 10,0000 — 10 
colog 0.687 = 0.1630 log 0.687 = 9.8370 — 10 
log z = 13.2512 — 10 = 3.2512 colog 0.687 = 0.1630 

z= —1,783 


312. What is the result of <- ; 0.00007524 : 836.42 


(7.64) - (0,.0063286)'* 


log 836.42 = 2.9224 
One-fifth of this = 0.5845 
log 0.00007524 = 5.8764 — 10 10.0000 — 10 


§- log 886.42 = 0.5845 7.7266 — 10 = log 0.0053286 
3-colog 7.64 = 7.3507 — 10 2.2734 = colog 0.0053286 
§ - colog 0.0053286 = 1.7682 1.7682 = $+ colog 0,0053286 
3)15.5798 — 20 
or 3)25.5798 — 30 10.0000 — 10 
log z = 8.5266 — 10 0.8831 = log 7.64 
z= 0.03362 9.1169 — 10 = colog 7.64 
27.3507 — 30 


or 7.3507 — 10 = 3 - colog 7.64 


In finding seven-ninths of the cologarithm of 0.0053286, first multiply by 7 
and then divide by 9 to eliminate any error that would result from inexact 
division and which error would be multiplied seven times. 

To divide by 3 the —20 must be changed to —30 for even division. To do this 
add and subtract 10, getting 3)25.5798 — 30. 


313. What is the result of (0.63)* = 4.75? 


This is an exponential equation. Perform the same operation on both sides of 
the equation. Then 


z+ log 0.63 = log 4.75 
Bie log 4.75  —(0.6767 
~ log 0.63 ~ 9.7993 — 10 


Carry out the indicated subtraction in the denominator in order to evaluate the 
fraction. 


— 10.0000 


9.7993 
— 0.2007 
0.6767 
Then z= — Fo007 
log 0.6767 = 9.8304 — 10 
log 0.2007 = 9.3025 — 10 
logz = 0.5279 
z= —3.372 


314. What are the values of x and y obtained from the simultaneous equations 6* - 9Y = 252 and x + y 


Take the logarithm of both sides of the first equation, multiply the second 
equation by log 6, and subtract. 


From this equation x: log 6 + y* log 9 = log 252 


subtract x log6 + y*log6 = 3 log 6 
getting y‘log9 — y' log 6 = log 252 — 3: log 6 


_ log 252 — 3-log6 2.4014 — 3 - 0.7782 
y= “Tog 9 —log6  —*0.9542 — 0.7782 


0.0668 
Y = 0.1760 ~ 9-88 
But zr+y=3 or 2=3-y 


“ 2 = 3 — 0.38 = 2.62 
315. How would you find log sin 28°24’? 

We know that the maximum numerical value of the sine function is 1, which 
occurs at 90 deg. or every multiple of 90 deg. Therefore, the logarithm of a sine 
function must have a negative characteristic or one similar to 9....—10,8...-— 
10, etc. The —10 is usually omitted in the table. 

Look in the angle column and find 


log sin 28°30’ = 9.6787 
log sin 28°20’ = 9.6763 
Difference = 0.0024 


Assume that the change in the logarithm is proportional to the change in the 
angle. 


. log sin 28°24’ = 9.6763 + 0.4(0.0024) = 9.6763 
+ 0.0010 = 9.6773 


The value can be checked by looking up sin 28°24’ in the table of natural 
trigonometric functions. 


sin 28°30’ = 0.4772 
sin 28°20’ = 0.4746 
Difference = 0.0026 
Assume that the change in the sine is proportional to the change in the angle. 
'. sin 28°24’ = 0.4746 + 0.4(0.0026) = 0.4746 + 0.0010 
= 0.4756 
Now log 0.4757 = 9.6773 
which checks with the above. 
316. What is the value of cot 68°46’? 


An angle greater than 45 deg. is read at the lower right-hand comer of the 
table. 


log cot 68°40’ 9.5917 
log cot 68°50’ 9.5879 
Difference = —0.0038 


The difference is negative because an increase of 10 min. in the angle 
decreases the log cotangent by 0.0038. 


. log cot 68°46’ = 9.5917 — 0.6(0.0038) = 9.5917 
— 0.0023 = 9.5894 
Check. cot 68°40’ 0.3906 
cot 68°50’ 0.3872 
Difference = —0.0034 
. cot 68°46’ = 0.3906 — 0.6(0.0034) = 0.3906 


— 0.0020 = 0.3886 
Now log 0.3886 = 9.5885 


which checks with the above. 
317. If log sin A = 9.6842 — 10, what is the angle A? 


Remember that the —10 is not shown in the table. Now in the sine column of 
the table look for the number 0.6842 or a number near it. We find 
log sin 29°0’ = 9.6856 
log sin 28°50’ = 9.6833 
or a difference of 10’ = 0.0023 
9.6842 = log sin of required angle A 
9.6833 = log sin 28°50’ 


0.0009 = difference 


2 anos * 10" = 4’ (approximately) for a difference of 


0.0009 
Then, A = 28°54’ to the nearest minute 


318. If log cos A = 9.7442, what is A? 


Look in the cosine column at the bottom of the page and read degrees and 
minutes at the right-hand side. 


9.7457 = log cos 56°10’ 
9.7438 = log cos 56°20’ 
A difference of 0.0019 = a decrease from 20 to 10’, or 10’ 
9.7442 = log cos A 
9.7438 = log cos 56°20’ 
0.0004 = Difference 
> oniG ‘10 = 2’, decrease from’ 56°20’ 
” A = 56°18’ 
319. How accurate are results of numerical computations by logarithms? 


Results obtained by logarithmic computations are approximate. 

A logarithm of a number cannot, in general, be found exactly, but only 
approximately to four, five, or any desired number of decimal places. Therefore, 
the results of numerical computation by means of logarithms are not, in any 
case, correct beyond the four, five, or other number of decimal places in the 


logarithms used to make the computations. 


320. How accurate are solutions of triangles using tables of trigonometric functions? 


Values of the trigonometric functions are, in general, not exact but 
approximate to four, five, or more decimal places. Hence, the solutions of 
triangles by their use with or without logarithms are approximate solutions only 
to the degree of accuracy of the tables used. 


PROBLEMS 


Find the result of the following: 
1. x9. 7 
2. 643 « 641s 
3. 10°- 10-4 + 10-2 
4. x8 = x9 
5. xO = x10 
6. 5#* + zh 
7. (x®)3 
8. (10-4)-2 
9. (68)5 
10. 4/79 
VPs 
12. (x5)3 cad / 720 
Give the logarithm and write the logarithmic form of 
13. 43 = 64 
14. 10° = 100,000 
15.(4)8 = hy 
16. 7V2 — 15.67 
Write the logarithmic form of 
17. 44 = 256 
18. 91 = 7 
19. 36-2 = rh 
20. 10° = 800 


21.494 = 7 
22.2-4 = +g 


23. 0/729 = 9 


24, (0.01)? = 0.000001 
26.2" 21 

26.r'=m 

27.¢ = §%y 

Express in exponential form: 
28. logg 1,024 =5 


29. log, 1=0 


30. log, a= b 

31. logg 1,296 = 4 

32. logy 0.00001 = -5 

33. logs 125 = 3 

34. log;g 1,000 = 3 

35. If the logarithms to the base 4 are 0, 1, 2, 3, 4, —1, —2, }, what are the numbers? 

36. If the base is 5, what are the logarithms of the following numbers: 1, 5, 25, 125, 625, 
+, vs; th, ats? 

37. If the base is 10, what are the logarithms of the following numbers: 0, 10, 100, 1,000, 10,000, 
100,000, 0.1, 0.01, 0.001, 0.0001, 0.00001? 

Find the value of x in each of the following: 

38. logjg x =4 

39. loges = $ 

40. logy 243 = x 

41. log. 64 = 3 

42. log, x = -4 

43. logy 128 = x 44. log, 10,000 = 4 

45. log 19 0.001 = x 46. loge ate = —3 


47.2 = logio V/10 

48. 3 logg x =—4 : 

49. log, 10 y/10 = 4 

50. 2 logos x =-3 

51. x = logjg9 1,000 

52.@ = logs ds 

53. X = logs 25 

54. log, 28 = —2 

55. logs 49 = 2 

56. logy x = 4 

Show that the following are true statements: 
57. log;g 10,000 — log;g 1,000 + logyg 100 + log;g 10 + logyg 1 =4 


58. log;g 0.0001 + logyg 0.001 — log; 0.01 — logj9 0.1 =-4 
59. memn = fh 

60. log, m"=n 

61. log, m? = 3 

62. mens = 3 

63. 3 logs 3 + 4 log; 4 + log; 1 = —1 

64.5 logizs 5 - 4 logs 125 — + loges 5 = 3 
senna 7/10 
65-3 logs +/0.008 + 3 logio wal 


66. 4 logm m* + 6 logm 7 + 2log.m=7 
m 


= —9t 


What is the characteristic of the logarithm of each of the following numbers? 
67. 8.762 


68. 8,762 
69. 0.8762 


70. 8.762 - 10° 
71. 87.6 

72. 0.000087 
73. 876.23 

74. 876,000,000 
75. 0.0087623 
76. 87.6235 

77. 2.71828 

78. 3.1416 

79. 0.4343 


80. 2.718 - 10-18 
81. 3.142 - 107° 


82. 0.4343 - 10° 
83. 2,366,000 
84. 


85. 0.00043 - 10-© 
If the mantissa of the logarithm of A number produces A sequence of digits 6 0 5 3 8 2 for the 
antilogarithm, where should the decimal point be for each of the following characteristics? 


87.-1 

88. 0 

89. -3 

90.5 

91.-4 

92.1 

93. -2 

94. 3 

95. 8 

96.—5 
97.(3-1) 
98. (11 — 10) 
99. (10 — 10) 
100. (2 — 3) 
101. (8 — 10) 
102. (27 — 30) 
103. (14 — 20) 
104. (33 — 36) 
Find the logarithms of each of the following numbers: 
105. 6.8344 
106. 862.31 


107. 0.053062 
108. 0.0078939 
109. 26.896 

110. 1.2809 

111. 0.20379 

112. 6892.7 

113. 0.000057838 
114. 20.006 


115. 4.7583 - 107° 


116. 0.00528 - 104 

Find the antilogarithms of the following logarithms: 
117. 0.8863 

118. 2.3849 


119. 1.8461 
120. 3.0248 


121. 4.2782 

122. 7.9608 — 10 
123. 18.7436 — 20 
124, 2.2378 —5 
125. 4.2907 

126. 1.2176 — 0.6 
127. 1.6555 

128. 0.4356 — 
129. 33.8499 — 36 
130. 0.2789 

131. Express log 144 in terms of a and b when a = log 6 and b = log 4. 


at 
8 W/b 
133. Reduce log 5 + 3 log 7 to the logarithm of a single number. Express each of the following as the sum 
or difference of logarithms. 


134. y= 76 - 84-36 
174.7 
29.3 - 0.7482 
6.342 
137. sin A = Z 
138. C = 2nr 


132. Express algebraic sum of logarithms. 


136. y = 


_ 7 
0.04769 - 94.36 
ae 893); - (1)? 
/584.3 

141. ¥/(38.48)* = 


142. v7 = 2gh 
Express in expanded form each of the following: 


143, low 5.29 - 6.38 


8.68 
a? J $2.3 0.074 
mn tan A 


145. log, 
m4 minspt 


6 -W/sk 


147. loge A(I- p)” 


146. log — FE 


a 
4c 
149. loge K(1— 1)! 
Find the value of each of the following: 
150. log (0.01)* + log +/0.0001 
151. log +~/10,000 + log +/0.001 


152. log Wrba + log 100 

153. log ~/1,000 + log (0.001)? 

154. log (0.001)* — log (100)? + log ~/0.01 
155. logs ~625 + logs v/512 

156. loge W/16 — logs (4)! 

157. logs (0.2)* — log +/49 

158. logs (3)° — logi: (x4y)* 


Contract each of the following expressions: 

159. 3 log a + + log b - 6 log c 160. § log (a—1)—-# log a — } log (a + 5) + log b 
161. }[5 log (a — 1) + 7 log (a + 1) — } log a — $ log (a? + 1)] 

162. 2 log a + log 6 — 4 log (a? + 6) 

163. Solve for x in logy (x — 3) = 3 — logy (x — 5). 


148. log. 


164. Solve for x in logs, (x? + 150) = 2 + logs x. 


Evaluate each of the following, having given log 2 = 0.30103 and log 3 = 0.47712: 
165. log 8 

166. log 6 

167. log 12 

168. log 27 

169. log 1.5 

170. log 432 

171. log 15,552 

Find the result of each of the following: 

172. logy 9 


173. logs 11 
174. logg 9 
175. logg 12 
176. log4 10 
177. logg 0.1 
178. logy 3 
179. log7 6 
180. logg 122 
181. logs 100 
182. logs 0.01 
183. logs +/0.0001 


Find the natural logarithm of each of the following numbers: 
184. 763.1 
185. 0.692 


186. 5,829 

187. 0.0341 

188. 1.762 

189. 0.000387 

Find the common logarithms if the natural logarithms are as given by each of the following: 190. 0.892 
191. 946.1 

192. 0.0062 

193. 8,137 

194. 0.00042 

195. 2.76 

Find the antilogarithms of each of the following logarithms: 
196. 2.8651 

197. 0.3892 


198. 3.0789 

199. 4.6788 

200. 8.5581 — 10 

201. 9.3349 — 10 

202. 6.284 

203. 4.0027 

204. 17.6389 — 20 

205. 1.6492 —3 

Evaluate each of the following, using logarithms 

9¢, 180.8 : 0.0789 
0.0543 - 6.182 

207. /0.03467 


$/0.04289 
208. si 3503" 


299, (0.06439\! 
0.2437, 
1 /86.44 
"5839.6 
o11, 18° 79.3 + 4 Vv 842 
0.094 + 531 


210 


49.68 _ 

213. ¥/2 - ¥/3 - 170.08 
1 3/] 

214. 2 792 

(—51.7)4 


5.2: ae 


6°. 
3 -v/ —0.064 
217. 18 ~/192 
(28.3) 
Solve the following: 
218. 6* = 18 


215. 


21 


219. 
220. 
221. 
222. 
22s 
224, 


225. 


226. 
227. 


(0.5) *=9 
Bree 


gx-1 = 5xt2 
F=70 
3% = 32 


1 
(0.6)=* = (5.3)-% 


(2.7) = 8.9 
3(3x+2) _ 5-1) = 9 


10*-») = +/8 


Solve the following simultaneous equations: 


228. 
229. 
230. 
231. 
232. 


233. 
. log sin 18°15 ' 
235. 
236. 
237. 
. log cot 38°38" 
239. 
240. 
241. 


234, 


238 


242 


-4Y =1,000 andx+y=5 

~A4Y =10 and 3* - 107 =7 

-6Y =26 and7* -9¥=125 

- 7Y = 2,048 and 7* - 8Y = 140,000 
-4¥ = 416 and x—y=6 

2x + 3y = 12 and m(2X —5) . (5x2) = m9 
log sin 82°26 ' 


log cos 44°32 ' 
log cos 22°56’ 


log tan 68°9' 
log tan 24°30' 
log cot 86°41' 


. log cos 19°25’ 
243. 


log sin 37°47' 


Find the angle A in each of the following: 


244, 


245 


249 


253 


log sin A = 9.2356 — 10 


. log sin A = 9.6782 — 10 
246. 
247. 
248. 


log cos A = 9.5543 — 10 
log cos A = 9.6182 — 10 
log tan A = 9.4285 — 10 


. log tan A = 10.4426 — 10 
250. 
251. 
252. 


log cot A = 9.8432 — 10 
log cosec A = 10.6486 — 10 
log sec A = 10.4592 — 10 


. log sin A = 9.2329 — 10 
254. 
255. 


log cosec A = 10.5643 — 10 
log sec A = 10.0234 — 10 


: Find the value of each of the following: 


CHAPTER XII 


SIGNIFICANT FIGURES—ACCURACY IN 
COMPUTATIONS 


321. How do you define the significant figures of a number? 


The figures from left to right beginning with the first nonzero figure and 
ending with the last figure of the number are called the significant figures of a 
number. 


Example 


a. 762.2800 has seven significant figures counting from left to right. 
b. 80.0004 has six significant figures. 

c. 0.00069 has two significant figures. 

d. 0.004100 has four significant figures. 

e. 5.000070 has seven significant figures. 

f. 92.0 has three significant figures. 


322. What rules determine the significant figures of a number? 


a. All nonzero figures are significant. 

b. Zeros at the beginning of A number are not significant. 0.0038 has only two 
significant figures. 

c. Zeros between digits are significant. 3.006 has four significant figures. 

d. Zeros at the end of a decimal are significant. 3.600 has four significant 
figures. 


323. When are you in doubt as to the significance of figures? 


Zeros at the end of A nondecimal number are the only figures that are in 
doubt. 

a. 36,200 may have three, four, or five significant figures according as it is 
given to the nearest hundred, the nearest ten, or the nearest unit. We can only 
ascertain its degree of accuracy from the context in which the number occurs. 

b. When it is said that the velocity of light is 186,000 miles per second, we do 
not mean that the actual velocity is between 186,000.5 and 185,999.5 but mean 
merely that it is nearer to 186,000 than to 187,000 or 185,000. The zeros in 
186,000 are used simply to locate the decimal point. 

In such cases only the figures between the first and last nonzero figure 
(inclusive) are considered significant unless it is known that the zeros on the 
right are significant. If the velocity is found by measurement to be 186,000 miles 


per second to the nearest mile, then the number of significant figures would be 
six; otherwise, three significant figures. 

c. 6,400 has two significant figures; 5,007,300 has five significant figures; 
86,000.0 has six significant figures; 9,000 has one significant figure. 


324. What determines whether a number is exact or approximate? 


Whether a number is exact or approximate is indicated by the source from 
which the number is determined. Numbers are approximate when secured by 
measurement. 


325. When may exact numbers be considered? 


Exact numbers may be considered in theoretical discussions. 
The fraction $ may be an exact number if it is written 0.625 or 0.625000 
with no distinction between these forms. 


326. What determines the accuracy of measured quantities? 
The sensitivity of the instruments used and the ability of the observer to read 
them determine the accuracy of measured quantities. 


327. What indicates the accuracy of a measured quantity? 
The accuracy of a measured quantity is generally indicated by the number of 
significant figures it contains. 


Example 


a. If a driveway is measured to be 156 ft. to the nearest foot, the length is 
given to three significant figures. It indicates that the length is nearer to 156 ft. 
than to either 155.5 or 156.5 ft. a more careful measurement may give the length 
as 155.8 ft., a better approximation, which indicates four-figure accuracy. 

b. If a line segment is measured with an ordinary ruler to be 17.6 in., the 
length is given to three significant figures. It indicates that the length is nearer to 
17.6 in. than to either 17.5 or 17.7 in. Using more accurate means of 
measurement may give the length as 17.56 in., a better approximation, giving 
four-figure accuracy. 


328. What determines the accuracy of computed quantities? 


The accuracy with which an answer can be computed depends upon the 
accuracy of the given quantities. It is impossible to get a computed result more 
accurate than the data used. 


329. What may be done to a number that has more significant figures than are needed? 


When there are more significant figures than required, the number is rounded 
off to the number of significant figures that are needed. 


Example 
a. 7.4683 has five significant figures. If only four significant figures are 
needed, then it is rounded off to 7.468 because this number is nearer to 7.4683 
than any other number of four significant figures. 
b. When 7.4686 is rounded off to four significant figures, it becomes 7.469 
because this number is nearer to 7.4686 than any other number of four 
significant figures. 


330. If you have a five-digit whole number 43,086, how would you express it to ( a) four significant 
figures or four-digit accuracy, ( b) three significant figures? 


a. Keep the first three significant digits 430 and round off 86 to 90, getting 
43,090, or four-digit accuracy. 

b. Keep the first two significant digits 43 and round off 086 to 100, getting 
43,100, or three-digit accuracy. 


331. If you have a five-digit decimal number 0.043086, how would you express it to ( a) four-digit 
accuracy or four significant figures, ( b) three significant digits? 


a. Keep the first three significant digits 430 and round off 86 to 90, getting 
0.04309. Always drop the final zeros following the decimal point in cases of 
rounded-off numbers. 

b. Keep the first two significant digits and round off 086 to 100, getting 
0.0431. Here, again, drop the final zeros. 


332. What are the results of rounding off the following numbers to the number of significant figures 
required in the table? 


Number of significant 
figures to contain 


Given number Final number 


8.6573 8.7 

6.7852 6.79 
952.63 952.6 
265 . 89 266 
42.8006 42.801 
31.3004 31.300 
23.1365 23.136 


When the last figure is 5 and the number is to be rounded off, the preceding 
figure is made even. 6.4035 rounds off to 6.404, while 832.345 rounds off to 
832.34. In the above, 23.1365 rounds off to 23.136. 


333. A number with n significant figures is said to have what accuracy? 

A number with n significant figures is said to have n-figure accuracy. Thus a 
number of six significant figures is said to have six-figure accuracy. Five-place 
logarithms have five significant figures and are said to have five-figure accuracy. 
The number of significant figures in the table determines the accuracy of the 
computation. 

A distance is measured to be 24,589.7. It has six significant figures and is said 
to have six-figure accuracy. 

The diameter of a ball bearing is measured to be 0.4765 in. This means that 
the actual diameter is any length larger than 0.47645 and smaller than 0.47655. 
The measuring instrument actually rounds off for us. 


334. What is the rule for rounding off the result of addition or subtraction? 


Round off the result to agree with the term having the last significant figure 
farthest to the left. 


Example 
a. Add 56, 432.186, and 1.92. 


56 
432.186 
1.92 
490.106 
The result is rounded off to 490 to agree with the term 56, whose last 
significant figure is farthest to the left. 


b. Subtract 843,758.4691832 
61,437.81 
782,320.6591832 


The result is rounded off to 782,320.66 to agree with the term having the 
significant figure farthest to the left. 


c. Add 18.4 
175.8 
9 876.307 
432.06926 
10,502.57626 


This is rounded off to 10,502.6 to agree with the number having the last 
significant figure farthest to the left. 
335. How many more significant figures than the rule calls for is it necessary to keep during 

calculation? 

It is advisable to retain only two additional significant figures throughout the 
computation. 

In (a) of the previous question the final 6 of 432.186 could have been dropped 
before adding. 

In (b) the final figures 832 of 843,758.4691832 could have been dropped 
before subtracting. 

In (c) the final figures 26 of 432.06926 could have been dropped before 
adding. 


336. What is the rule for rounding off the final result of a product or a quotient? 


The number of significant figures in the final result should not exceed the 
number of significant figures in the factor having the fewest significant figures. 


Example 
8.32 « 746 * 92.4281 
43 * 86.384931 


The accuracy of the result will be to two significant figures to agree with the 
term 43, which has the fewest significant figures. 


337. How can time be saved by rounding off the factors in the above example to fewer figures? 


Keep two more significant figures than the rule provides for each factor. 
The above example then reduces to 


8.32 + 746 + 92.43 


——————— 


43 + 86.38 


338. How may mistakes in computations be found? 


Mistakes in computation may be found 
a. By making another computation using different formulas. 


b. By repeating the computation using a different set of data. 

Large errors may sometimes be found by making a drawing to scale. This may 
sometimes serve as a solution, especially if the drawing is carefully made with 
accurate instruments. 

339. What are the limits of accuracy of angles as determined from distances having a given number of 
significant figures? 

In general, with some exceptions, 

a. Angles to the nearest degree are obtained from distances to two significant 
figures. 

b. Angles to the nearest 10’ are obtained from distances to three significant 
figures. 

c. Angles to the nearest 1’ are obtained from distances to four significant 
figures. 

d. Angles to the nearest 10” are obtained from distances to five significant 
figures. 


340. What accuracy is obtainable by the use of ( a) four-place tables of logarithms of numbers, ( b) 
five-place tables? 


a. Will yield a number to not more than four significant figures. 
b. Will yield A number to not more than five significant figures. 


341. What accuracy is obtainable by the use of ( a) four-place tables of natural values or logarithms of 
trigonometric functions, ( b) five-place tables? 


a. Will yield angles to the nearest minute. 

b. Will yield angles to the nearest tenth of a minute or 6 seconds. 

Where the tabular difference is large, the accuracy will be somewhat greater, 
and when small the accuracy will be less. When cos A = 0.9997, the accuracy 
will not be to the nearest minute because then the tabular difference is very 
small. 


342. To what extent should interpolation be carried out? 


Interpolation should be carried out to no more than one place beyond the 
number of places in the table, rounding off the result. 


Example 


a. log 24.34 = 1.3856 + 0.4(0.0018) 


Now 0.4(0.0018) = 0.00072 = 0.0007 rounded off because the 2 is not 
significant when 0.0018 is given only to the fourth decimal place. 


”. log 24.84 = 1.3856 + 0.0007 = 1.3863 
b. If cos A = 0.8439 
then A = 32°20’ + #4: (10’) 
Now 44-10! = 58 = 6.875’ 


But four-place tables yield angles only to the nearest minute; then 6.875’ can 
be taken as 7’. 


WA = 32°27’ 
343. What determines the tables that are to be used in the solution of a practical problem? 


In general, if data are given to three figures, three-place tables should be used; 
if to seven figures, seven-place tables; etc. 

However, no matter to how many figures the data may be given, if we are 
using, say, four-place tables, then the data should be used and results found to 
four figures only. 


PROBLEMS 


1. Are nonzero figures always significant? 
2. Are zeros at the beginning of a number ever significant? 
3. Are zeros between digits always significant? 
4. Are zeros at the end of a decimal always significant? 
5. What determines whether zeros at the end of a nondecimal are significant? 
How many significant figures are there in each of the following numbers? 
6. 831.76000 
7. 60.00005 
8. 0.000076 
9. 0.0005800 
10. 8.0000090 
11. 45.0 
12. If a road is measured to be 826.4 ft. to the nearest half foot, to how many significant figures is the 
length given? What does this mean? 
13. If a line is measured by a ruler to be 28.4 in. long, to how many significant figures is the length 
given? What does this mean? 
14. If the diameter of a platinum wire is measured to be 0.0760 in., to how many significant figures is the 
diameter given? What does this mean? 
Round off each of the following to the required number of significant figures: 
15. 4.2561 to two significant figures 
16. 3.17861 to three figures 
17. 861.52 to four figures 
18. 545.73 to three figures 
19. 73.7008 to five figures 
20. 42.6003 to five figures 
21. 69.2445 to five figures 
22. 69.2455 to five figures 
23. A number with seven significant figures is said to have what accuracy? Seven-place logarithms have 
how many significant figures and are said to have what accuracy? 


24. A distance is measured to be 36,428.07. It has how many significant figures, and it is said to have 
what accuracy? 

25. Round off the result of 62 + 586.179 + 5.84. 

26. Round off the result of 635,872.8934105 — 43,827.64. 

27. Round off the result of 14.3 + 582.7 + 8,359.504 + 746.00638. 

28. Round off the result of 4.86 - 869 - 57.3276 4-59 - 78.465859. How should the factors be rounded off 
to save time in the calculation? 

29. If the lengths of the sides of a triangle are measured as 16 ft., 24 ft., and 18 ft., to what degree of 
accuracy can the angles be obtained? 

30. If the lengths of the above triangle are 16.2, 24.4, and 18.6 ft., to what accuracy can the angles be 
obtained? 

31. If the lengths of the legs of the above triangle are 16.27, 24.46, and 18.61 ft., how accurate will the 
calculated angles be? 

32. If the lengths of the legs of the above triangle are measured to be 16.275, 24.463, and 18.617 ft., to 
what accuracy can the angles be obtained? 

33. What accuracy is obtainable by the use of a nine-place table of logarithms? 

34. What accuracy is obtainable by the use of a seven-place table of natural functions or logarithms of 
trigonometric functions? 

35. Calculate AC from the data given in the figure. How many significant figures can be found? Why? 
Note that the angle is measured in degrees. 
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PROB. 35. 


36. Calculate BD as accurately as the data will allow. How many significant figures can be found? Why? 
Note that the angle is measured to the nearest minute. 


PROB. 36. 


0,863 


PROB. 37. 


37. Calculate angle A as accurately as the data will permit. Angle A is formed when the sides are 
prolonged until they intersect. 
38. Find the width x as accurately as the data will permit. 


PROB. 38. 


CHAPTER XIII 
SLIDE RULE 


344. What is a slide rule? 


An ordinary slide rule is a mechanical equivalent to a table of logarithms and 
consists of a group of logarithmic scales of various lengths. Logarithms can then 
be added or subtracted mechanically. The Polyphase type of slide rule is perhaps 
most widely used and may be referred to in what follows. 


345. What are the parts of a slide rule? 


The stationary part is called the body or rule. 

The sliding part is called the slide. 

The indicator, usually made of a piece of glass in a metal frame, slides along 
parallel to the rule. Some indicators are made of lenses that magnify. The 
indicator is sometimes referred to as the cursor and sometimes as the runner. 

In all indicators or runners a hairline is inscribed for finding coincident 
positions on the scales. 


346. What are the characteristics and uses of the prevailing straight slide rules? 


a. The Mannheim slide rule is the simplest rule made. There are four scales on 
the front face, and these are marked A, B, C, and D. C and D are simple 
logarithmic scales 25 cm. long (on a 10-in. rule) and exactly alike. They are used 
for multiplication, division, percentage, ratio and proportion, and the solution of 
equations. A-and B-scales are each composed of two 12.5-cm. logarithmic scales 
one after the other. These scales are used to get the square or square root of a 
number. 

On the back of the slide there are three scales marked S, L, and T. L is used 
with the D-scale to obtain logarithms of numbers. S refers to the A-and B-scales 
to give sines and cosines. T refers to the C-and D-scales and gives tangents and 
cotangents. 

b. The Polyphase slide rule has all the scales of a Mannheim rule, with a CI- 
and a K-scale added. The CI is the C-scale inverted, the C-scale progressing 
from right to left instead of from left to right. This scale permits us to multiply 
and divide at the same time and in one operation. The K-scale is composed of 
three full logarithmic scales one after the other and permits us to find the cube or 
cube root of a number when referred to the D-scale. 

c. The Polyphase Duplex Trig slide rule has three more scales than the 
Polyphase rule, CF, DF, and CIF, which are used with the basic C-and D-scales. 


CF and DF are the same as C and D except that they are “folded” to begin and 
end with m or 3.1416. This means that every number on D is automatically 
multiplied by m on the DF-scale. Every number on C is automatically multiplied 
by m on the CF-scale. Working backward from the DF-and CF-scales to the D- 
scale, we can readily divide by nm. The CIF-scale, like the Cl-scale, permits us to 
multiply, to divide, or to multiply and divide with one setting of the slide. 
Having used mt as a factor, we may still multiply and divide by any other factor 
without resetting the slide. 

On the Mannheim and Polyphase rules we usually have to take out the slide 
and reverse it if we want to use the S-, T-, and L-scales, but on the Polyphase 
Duplex Trig rule the S-and T-scales refer directly to the C-and D-scales. This 
offers the advantage of using the trig functions in any equation without first 
determining its numerical value and without resetting this value on another scale. 
A material advantage here is a D-scale on each face with both scales always 
giving the same reading on both sides of the rule. One D refers to the C-scale 
and the other refers to the trig scales. This obviates resetting every time we turn 
the rule over. 

d. The Polyphase Duplex Decitrig slide rule differs from the Polyphase 
Duplex Trig rule only in that the trig scales on the Decitrig rule are graduated in 
degrees and decimals of a degree instead of in degrees and minutes. This is an 
advantage in problems where the angles are given in degrees and decimals. 

e. The Log Log Duplex Trig and Decitrig rules have a complete set of 
logarithmic scales. “Log Log” means the logarithm of the logarithm of a number. 
The-Log Log scales LLOO, LLO, LL1, LL2, and LL3 are divisions of one Log 
Log scale, divided into parts for convenience. These scales are useful in 
problems involving powers of numbers, as 7° ©. 

The trig scales on the Decitrig rule are graduated in degrees and decimals of a 
degree instead of degrees and minutes. 


A 
B 
C 
D 


Effective ways of 
operating a slide rule 


f. Other straight slide rules with various arrangements of the essential scales 
are made, but in each case the fundamental principles of construction and 
operation are the same. The Polyphase rule is perhaps the most widely used 
because of its simplicity of operation and scale arrangement, 347. What 
accuracy can be obtained by the use of a 10-inch slide rule? 

With a 10-in. rule, results can be obtained that are accurate to one part in 
1,000, which means an error not greater than 0.1 per cent. 

In the 10-in. rule more than three digits cannot be used except at the extreme 
left of the C-and D-scales. Therefore, round off all numbers to three digits. 


348. What is meant by ( a) initial index ( b) final index? 

a. The mark 1 on the extreme left of a regular scale is called the initial index. 

b. The mark 1 on the extreme right of a regular scale is called the final index. 
349. What is the fundamental scale of the slide rule? 

The scale marked L is the fundamental scale of the rule because all the other 
scales are derived from it. 


350. Why is the L-scale called the scale of equal parts? 


Logarithms form an arithmetical progression and for that reason can form a 
scale of equal parts. The L-scale is therefore called the scale of equal parts. 


351. How is the L-scale constructed? 


The unit of the L-scale for a 10-in. rule is 10 in. This is then divided into 10 
equal parts with divisions 1 in. apart. Each of these divisions, therefore, 
represents a decimal, 0.100, 0.200, 0.300, 0.400, etc. Each of these 10 divisions 
is divided into 10 other divisions, giving 0.010, 0.020, 0.030, etc., 0.110, 0.120, 
0.130, etc., 0.210, 0.220, 0.230, etc., 0.310, 0.320, 0.330, etc. Each of these 
divisions is divided into five equal parts, giving 0.012, 0.014, 0.016, etc., 0.112, 
0.114, 0.116, etc., 0.212, 0.214, 0.216, etc., 0.312, 0.314, 0.316, etc., etc. This 
makes the L-scale equivalent to a three-place logarithmic table. These decimal 
numbers 


| 
0 100 .200 800 .400 .600 600 .700 .800 .900 1.000 
L - scale 
QUES. 351. 


are thus mantissas. A length of 2 in. corresponds to a mantissa 0.2, and 4 in. 
corresponds to a mantissa 0.4. 


352. What is the meaning of the addition of two mantissas taken from the L-scale? 


We know that if x =a: b 
then, log « = log a + log b 


Now, let us assume that 


log a = 0.2 
and log b = 0.4 
Then log x = 0.6 


By means of a divider we can measure two distances on the L-scale as 2 in. 
corresponding to the mantissa 0.2 and 4 in. corresponding to the mantissa 0.4 
and add them to get 6 in., which will correspond to the mantissa 0.6. 

Now, if we wish to find what x is and what a and b are, we can look up a table 
of logarithms and get the numbers (antilogarithms) corresponding to these 
mantissas. We find 3.98( = x) = 1.58(= a) - 2.51( = b). 

We can also construct a D-scale that will give us the numbers corresponding 
to the mantissas and refer to this scale to get the same result. 


We see, then, that 0.2 + 0.4 = 0.6 on the L-scale corresponds to log 1.58 + log 
2.51 = log 3.98 on the D-scale, which is equivalent to 1.58 * 2.51 = 3.98. 


353. How are the C-and D-scales constructed? 


The C-and D-scales are alike. 

Lay off a length of 10 in. (the 10-in. scale is actually 25 cm. in length) with 
the initial index on the left and the final index on the right. 

Lay off from the initial index to the right a length equal to the mantissa for the 
logarithm of the number 2. We know that the mantissa of the logarithm of the 
number 2 is 0.301. Now, with a divider take this length 0.301 from the L-scale 
and lay it off on the C~~ and_ OD-scales, but label 


Cand D1 2 8 4 § 6 7 891 
L 100 200 .300 400 500 .600 .700 .800 .900 1.000 
Numbers 1 2 3 4 6 6 1 8 9 10 
Logs 0 -301 477 602 -699 7 845 -903 964 1 
QUES. 353. 


it 2. The mantissa of the logarithm of the number 3 is 0.477. With the divider 
take this length 0.477 from the L-scale and lay it off and label it 3. In a similar 
manner lay off from the initial index a distance equal to the logarithm of 4, 
logarithm of 5, etc., and label these points 4, 5, etc., to 9. The final index is 
numbered 1 instead of 10. These are called the primary divisions of the C-and 
D-scales. 


354. What is the advantage of labeling the number instead of its logarithm on the C-and D-scales? 


By laying off the lengths from the initial index to equal the logarithms of the 
numbers but labeling these distances 


On Cor D scale 1 8 


-- ,801= log 2-- 


Log distance of 2+log distance of 4=]og distance of 8 
QUES. 354. 
with the actual numbers themselves we have a means of directly knowing the 


number that corresponds to any given logarithmic distance. 
Thus we can add the distance labeled 2 and the distance 


labeled 4, and the result is a distance that reaches the mark 8 on the C-or D- 
scale. This is in effect 


0.301 + 0.602 = 0.903 
or log 2 + log 4 = log 8 


This is equivalent to 2 - 4 = 8, the multiplication of the numbers. 

We see that the numbers corresponding to the logarithms can thus be 
multiplied or divided by merely adding or subtracting the distances on the C-and 
D-scales by using the slide of the rule that contains the C-scale. 


355. Do the primary divisions on the C-or D-scale represent only the range of numbers from 1 to 10? 


We have seen that in the logarithm of a number the mantissa depends only 
upon the sequence of the digits in the number and that it is independent of the 
position of the decimal point. Therefore, these primary marks represent not only 
the range of numbers from 1 to 10 but the range 10, 20, 30, etc., the range 100, 
200,300 ...... 1,000, the range 0.1, 0.2, 0.3 .....1.0, etc. 


396. How are the secondary divisions on the C-or D-scale constructed? 


Each primary space is divided into 10 secondary divisions in a manner similar 
to the primary divisions; i.e., from the initial index, a length equal to the 
mantissa for the logarithm of each secondary division is laid off. 

The secondary division marks thus represent the appropriate numbers that lie 
between the primary division marks. The series may be 1.1,1.2, 1.3, etc., 2.1, 
2.2, 2.3, etc., 3.1, 3.2, 3.3, etc., etc., or 11,12, 13, etc., 21, 22, 23, etc., 31,32, 33, 
etc., or 110, 120, 130, etc., etc. 


357. What are the tertiary divisions on the C-or D-scale? 


To facilitate the reading of the third digit, the secondary divisions are again 
divided into tertiary divisions, as the series 1.01, 1.02, 1.03, etc., 1.11, 1.12, 
1.13, etc., 2.02, 2.04, 2.06, etc., 2.12, 2.14, 2.16, etc., 3.02, 3.04, 3.06, etc., 3.12, 
3.14, 3.16, etc., etc., or the series 101, 102, 103, etc., Ill, 112, 113, etc., 202, 204, 
206, etc., 212, 214, 216, etc., 302, 304, 306, etc., 312, 314, 316, etc., etc. 

Observe on the C-or D-scale that between 1 and 2 there are 10 tertiary 
divisions for each of the secondary divisions, that between 2 and 4 there are 5 
tertiary divisions for each of the secondary divisions, and that to the right of 4 
there are only 2 tertiary divisions for every secondary division. 


358. What is the method of reading a position between any pair of tertiary marks? 


A position between any pair of tertiary marks must be estimated and can be 
done fairly accurately, especially the half and quarter divisions. A position 
halfway between the tertiary marks 1.12 and 1.13 is read 1.125; a position 
between 246 and 248 is read 247 and a position halfway between 465 and 470 is 


467.5. 

Take care that you read the first mark to the right of 1 as 101, not 110; also 
read the first mark to the right of 2 as 202, not 220; etc. 

Read four digits between the primary marks 1 and 2, but not more than three 
digits to the right of the primary mark 4. 


359. When are two positions on different scales said to be opposite? 


When two positions on different scales are covered by, or coincident with, the 
hairline on the runner, they are said to be opposite. 


360. What is the procedure for multiplication? 


To multiply two numbers add the logarithms of the numbers. Now, as the 
logarithms of the numbers are laid off on the C-and D-scales starting from the 
initial index, all we have to do to multiply two numbers is to add the pieces of 
the scales representing these logarithms, using the C-and D-scales. 

Lay off the logarithm of one of the two numbers on the D-scale by using the 
initial index of the C-scale, which is on the slide, and then add to this the 
logarithm of the second number laid off on the C-scale by using the hairline to 
mark the end of this length. The resultant or sum of the two pieces of the scales 
is read on the D-scale at the hairline. 

Of course, the two pieces could have been added on the D-scale alone by 
using a divider to lay off one distance and from the end of that to lay off the 
second distance, but the C-scale on the slide and the hairline serve the same 
purpose more readily. 


Example 
Multiply 2 by 4. 
a. Bring the initial index of C to number 2 on D. 
b. Move the hairline to number 4 on C. 
c. Read the answer 8 on D at the hairline. 


“Answer =8 on hairline on D 
Multiplying 2 by 4 


QUES. 360. 


Example 


Multiply 4 by 7. 
a. Bring the final index of C to number 4 on D. 
b. Move the hairline to number 7 on C. 

c. Read the answer 28 on D at the hairline. 
Hairline at 7on C 


3 4 6 6 7891 
‘Answer =28 on hairline on D 
Multiplying 4 by 7 


QUES. 360. 


In this example the final index of C is used because the length of the scale 
representing the logarithm of 7 when added to the length representing the 
logarithm of 4 is more than the length of the D-scale. 


log 4 = 0.602 
log 7 = 0.845 
log 28 = 1.447 


Therefore, the final index of C marks off the end position of the logarithm of 
4. Then, when we move the hairline to 7 on C, we measure off a whole scale 
length and have a piece left over measuring 0.447. Thus the number marked on 
the D-scale corresponding to the log 1.447 is seen to be 28. 


361. What is the procedure for division? 


To divide a by b subtract the logarithm of 6 from the logarithm of a. Or, if 
a 
L = B’ then log x = log a — log b. 

We can accomplish this by means of the C-and D-scales. 

Let the hairline measure off the piece of the D-scale representing the 
logarithm of a (numerator) and then subtract the piece representing the logarithm 
of b on the C-scale by bringing the end of this piece to the hairline. The result of 
this subtraction is then shown on the D-scale at the index of the C-scale. 

In division, the first move is the hairline. This marks off the numerator 
logarithm from which the denominator logarithm is to be subtracted. 


Example 
Divide 6 by 2, or §. 
a. Bring the hairline to 6 on D. 


b. Bring 2 on C to the hairline. 
c. Read the answer 3 on D at the initial index of C. 


Index of C on answer 8, on D 2 denominator to hairline on C 


Hairline to numerator 6 on D 
Dividing 6 by 2 
QUES. 361. , 


Example 
Divide 42 by 7, or 42. 
a. Bring the hairline to 42 on D. 
b. Bring 7 on C to the hairline. 
c. Read the answer 6 on D at the final index of C. 
7=denominator to hairline on C 


Index of C on 
answer 6, on D 


Hairline to numerator 42 on D 


Dividing 42 by 7 


"QUES. 361. 


In this example the numerator 42 is 10 - 4.2. This is represented by one scale 
length plus a piece corresponding to the logarithm of 4.2. Now, when 7 on the C- 
scale is brought to the hairline, the initial index of C is off the rule. But, if the D- 
scale were there, the answer on the D-scale would be 6. This is the same as the 
reading at the final index of C. 


362. How is the decimal point located in simple calculations? 


A reading on the slide rule gives only the sequence of the numbers. The 
decimal point in simple calculations can be located by inspection. 


363. What is the Cl-scale and what is its use? 


The Cl-scale is constructed from the L-scale in the same manner as the C-and 
D-scales but from the opposite direction. The measurements are inverted when 
measured with the C-and D-scales. The numbers are thus in inverted order, and 
the initial index is on the right. 

This is called the inverted C-scale. 


CI 198 7 6 5 4 8 2 
Z 1,000 .900 800 .700 600 .500 .400 300 200 .100 


QUES. 363. 


Using the C-and D-scales for a product a - 6, add log b measured on the C- 
scale to log a measured on the D-scale by the usual setting for multiplication. 


But, using the Cl-scale, the operation results in g - ; or ; because the Cl-and 


D-scales are reciprocal to each other. (Actually, log b is subtracted from log a.) 
Thus, if a number occurs in the denominator, we can multiply its reciprocal 
using the usual setting but with the Cl-scale for the setting, of the reciprocal. 


Example 


Solve $84, or 362 - str. 


a. Set the initial index of CI on 362 on D. 
b. Bring the hairline to 214 on CI. 
c. Read the answer 1.69 on D. 


364. What is the procedure for obtaining the result of ZR. a, where a has the values 1,2,3,4, 5,6 in 


succession? 


This is an example of a division setting and consecutive multiplication using 
the C-scale for each multiplying factor. 

a. Bring the hairline to the numerator 38 on D. 

b. Bring 49 on C to the hairline. 

c. Move the hairline to 1, 2, 3, 4, 5, 6 on C consecutively. 

d. Read answers 0.775, 1.55, 2.33, 3.10, 3.88, 4.65 at the hairline on D. 


365. What is the procedure for obtaining the result of —— » —where a has the values 1, 2, 3, 4, 5, 6? 
a 
This is an example of a division setting and consecutive multiplication using 
the Cl-scale for each multiplying factor. 
a. Bring the hairline to the numerator 36 on D. 
b. Bring 7 on C to the hairline. 


c. Move the hairline to 1, 2, 3,4, 5, 6 on CI consecutively. 

d. Read answers 5.14, 2.565, 1.713, 1.285, 1.028, 0.856 at the hairline on D. 

For a = 6 it is necessary to use the hairline to change from the left to the right 
index of the Cl-scale. 


366. What is the procedure for obtaining the result of 32 - 76 - a, where a = 1, 2, 3, 4, 5, 6? 
This is an example of three-factor multiplication with the use of the Cl-scale. 


32 - 76- ais equivalent to =- * q,. 


ts 


The division setting -s- is performed by the use of the Cl-and D-scales. 


However, since the Cl-scale is the reciprocal of the D-scale, we are actually 
adding the logarithm of 76 to the logarithm of 32. 

a. Bring the hairline to 32 on D. 

b. Bring 76 on CI to the hairline. 

c. Move the hairline to 1, 2, 3, 4,5, 6 on C. 

d. Read answers 2,430, 4,860, 7,300, 9,720, 12,150, 14,580 at the hairline on 
D. 


42-18 
a 


This is an example of the use of the Cl-scale for successive multiplication. 


42-18 


is equivalent to = * — 
ts 4 


a. Bring the hairline to numerator 42 on D. 

b. Bring 18 on CI to the hairline. 

c. Move the hairline to 1, 2, 3, 4, 5, 6 on CI. 

d. Read answers 756, 378, 252, 189, 151.2, 126 at the hairline on D. 


368. What principle is used in locating the decimal point? 


367. What is the procedure for obtaining the result of , where a is 1, 2, 3, 4, 5, 6? 


The characteristics of the logarithms of the numbers involved are used in 
determining the decimal point. 

In multiplication, however, it must also be taken into account that two 
mantissas may add up to 1 or more; i.e., the corresponding distances on the rule 
will add to one full scale or more and this must be added to the characteristic of 
the result. 

In division a larger mantissa may have to be subtracted from a smaller one; 
i.e., we may have to borrow a scale length and it will be necessary to subtract 1 
from the characteristic of the result. 


369. What is the rule for locating the decimal point in multiplication, using the C-and D-scales? 


In multiplying two numbers, if the initial index projects, add 1 to the 
characteristic of the factor set on the slide (the C-scale is on the slide). 

Treat this result as one factor and in multiplying it by another factor apply the 
rule again, etc. 

However, it may be simpler in multiplying a number of factors to add 1 for 
every time the initial index projects and then add these to the algebraic sum of 
the characteristics of all the factors. 


Example 
Multiply 0.824 « 7.65 - 4,361 « 52.3. 
Initial index projects in 824°765 = 631; add 1. 
Initial index projects in 631 * 4,361 = 2,755; add 1. 
Initial index projects in 2,755 : 523 = 1,440; add 1. 
Sum of index projections = 3 


Characteristic of 0.824 = —1 


Characteristic of 7.65 = 0 
Characteristic of 4,361 = 3 
Characteristic of 52.3 = 1 
Algebraic sum of characteristics = 3 
Then 3+ 3 = 6 = characteristic of result 


‘. Answer = 1,440,000 
370. What is the rule for locating the decimal point in division? 
In dividing one number by another, using the C-and D-scales, if the initial 
index projects, add 1 to the characteristic of the denominator (divisor) and 


subtract this new characteristic from the characteristic of the numerator (divider 
d). 


Example 


61.5 
Divide 61.5 by 8,241 "341 941° 


The characteristic of denominations is 3. The initial index projects; then add 1 to 
characteristic 3 to get 4. Now subtract 4 from 1, which is the characteristic of the 


numerator, getting —3, which is then the characteristic of the answer. Therefore, 


is 0.00746. 


8,241 


371. How is the characteristic of the answer found if the numerator and denominator consist of a 
number of factors? 


the answer of 


The characteristic of the answer in this case is found by (a) adding 
algebraically the characteristics of the factors in the numerator and adding to this 
the number of times the initial index projected; (b) adding algebraically the 
characteristics of the factors in the denominator and adding to this the number of 
times the initial index projected; (c) then subtracting the sum of (b) from the sum 
of (a). 


Example 


872 - 0.314 
64.6 - 987 


$72 = 1,349 Division; no projection of initial index 
1,349 - 314 = 423 Miultiplication; no projection 
$24 = 428 Division; one projection 
a. Resultant numerator characteristic = 2 — 1 + 0 projection = 1 
b. Resultant denominator characteristic = 1 + 2 + 1 projection = 4 


c. Characteristic of answer = 1 — 4 =—3 
~ Answer = 0.00428 


Find 


372. How is the decimal point for the CI-scale located? 


The initial index for the Cl-scale is on the right. When the initial index 
projects, still add 1 to the characteristic of the factor just laid off on the slide. 


Example 
a. 18° 42-7. 
Sum of characteristics =1+1+0=2 
18 


= = yNo projection of CI scale because initial index is on right y - 7, initial 


index of C-scale projects; add 1. 
Resultant characteristic = 2 +1=3 
. Answer = 5,290 


, 872 _ 872 1 
34:6 34 6 
= 2No projection of initial index of C-scale g * 4, initial index of CI 
scale projects; add 1 to denominator, because a multiplication using Cl-scale is 
equivalent to a subtraction of a logarithmic distance, i.e., an actual division. 
Characteristic of numerator = 2 


Characteristic of denominator = 1 + 1 (added for index) = 2 
Resultant characteristic = 2 — 2 =0 
~ Answer = 4.27 


373. How are the A-and B-scales constructed and what are their characteristics? 

The A-and B-scales are constructed from the logarithmic L-scale by 
multiplying all the logarithms on the L-scale by 2. Thus 0.1 on the L-scale 
becomes 2 - 0.1 = 0.2 on the A-and B-scales. 0.2 on the L-scale becomes 

2:0.2 = 0.4 
on the A-and B-scales. 0.6 on the L-scale becomes 2 - 0.6 = 1.2 on the A-and B- 
scales. Beyond 0.5, multiplying by 2 gives a characteristic as well as a mantissa, 
but on the slide rule drop the characteristic and consider the mantissa only. 


Number 1 2 8 4667891 2 8 46 67891 


QUES. 373. 


In this way we obtain two complete scales, each 5 in. long. But here, as on the 
C-and D-scales, we label the numbers, corresponding to the logarithmic 
distances, and not the logarithms. Thus the logarithmic distance 0.301 on the A- 
and B-scales is labeled 2; 0.477 is labeled 3; etc. 

Now, multiplying a logarithm by 2, squares the number corresponding to the 
logarithm. 


log A=2logD, A= PD? 


The logarithmic value of a distance measured on the A-and B-scales is twice 
the logarithmic value of an equal distance measured on the C-and D-scales. 
Therefore, a number on A or B is the square of the opposite number on C or D. 


And, conversely, a number on C or D is the square root of the number opposite 
on Aor B. 
If a factor is to be squared, it should be measured on the C-or D-scale and this 


distance referred to or read on the A-or B-scale. This automatically squares the 
number. All the other factors must be read on the A-and B-scales, or else they 
will also be squared. 

When a calculation contains a square root as a factor, it should be measured 
on the A-and B-scales and referred to the C-and D-scales to extract 
automatically the square root. However, all other factors must be measured on 
the C-and D-scales. 

374. How is the square root of a number found directly? 

Mark off the digits of the number in groups of two beginning with the decimal 
point. 

With one digit in the extreme left-hand group, use the first section of scale A. 

With two digits use the second section. 

Set the hairline to the number on the A-scale and read the answer on the D- 
scale. 


Example 

a. 5 09.70.: With one digit in the first group (left), use the first section of 
A. Opposite the number on A read 22.6 on D. 

b. N76 51. With two digits in the first group, use the second section of A. 
Opposite the number on A read 87.5 on D. 

C. Vo.12 69.: With two digits in the first group, use the second section of A. 
On D read 0.356. 

d. V0.02 47. With one significant digit in the first group, use the first 
section of A. On D read 0.1573. 

e. 0.00 48 5. With two digits in the first significant group, use the second 
section of A. On D read 0.0696. 
375. How is the square of a number found directly? 


Opposite the number on D read the square of the number on A. 


Example 
a. (12)° Set 12 on D; read 144 on A. 
b. (0.59)° Set 59 on D; read 0.349 on A. 
c. (38.4)* Set 384 on D; read 1,480 on A. 
d. (0.000637)° Set 637 on D; read 0.000000406 on A. 


376. What is the rule for locating the decimal point in a square-root answer? 


To obtain the resultant characteristic for a square root 

1. Divide the characteristic of the number whose square root is desired by 2 
when using the first section of A. 

2. Divide (the characteristic — 1) by 2 when using the second section of A. 


Example 
See Ques. 374 for examples. 
a. Using the first section, the characteristic of 509.70 is 2. Divide 2 by 2, 
giving 1 as the resultant characteristic. Therefore, the answer is 22.6. 
b. Using the second section of A, the characteristic of 7,651 is 3. 


(3 — 1) + 2 = 1+ = resultant characteristic. Therefore, the answer is 


87.5. 

c. Using the second section of A, the characteristic of 0.1269 is —1. 
(—1 —1) + 2 = —1, Therefore, the answer is 0.356. 

d. Using the first section of A, the characteristic of 0.0247 is -2. 
—2 +2 = —|J.. Therefore, the answer is 0.1573. 

e. Using the second section of A, the characteristic of 0.00485 is —3. 
(-3 -— 1) + 2 = —Q.. Therefore, the answer is 0.0696. 


377, What is the rule for locating the decimal point for the square of a number? 

To obtain the resultant characteristic for a square, 

1. Multiply the characteristic of the number whose square is desired by 2 
when the number is opposite the first section of the A-scale. 

2. Multiply the characteristic of the number by 2 and add 1 when the number 
is opposite the second section of the A-scale. 


Example 

See Ques. 375 for examples. 

a. For (12), first section, the characteristic of 12 is 1. Then, 2-1 = 2 = 
resultant characteristic. The answer is 144. 

b. For (0.59)°, second section, the characteristic of 0.59 is —1. Then, 2( —1) 
+ 1=—1 = resultant characteristic. The answer is 0.349. 

c. For (38.4), second section, the characteristic of 38.4 is 1. Then, 2(1) + 1 = 
3 = resultant characteristic. The answer is 1,480. 


d. For (0.000637)°, second section, characteristic of 0.000637 is —4. Then, 2(- 
4) + 1 =—7 = resultant characteristic. The answer is 0.000000406. 


378. How is the K-scale constructed and what are its characteristics? 


The K-scale is constructed from the logarithmic L-scale by multiplying the 
logarithms of the L-scale by 3. 

0.1 on the L-scale becomes 3 - 0.1 = 0.3 on the K-scale. 

0.2 on the L-scale becomes 3 - 0.2 = 0.6 on the K-scale, etc. 

In this way we obtain three complete scales, each 34 in. long. As on the 
previous scales, we label the numbers corresponding to the logarithms and not 
the logarithms. 


Thus the logarithmic distance 0.301 on the K-scale is labeled 2, logarithmic 
distance 0.477 is labeled 3, etc. 

Multiplying a logarithm by 3 cubes the number corresponding to the 
logarithm. 


log K=3logD, K= D3 


The logarithmic value of a distance measured on the K-scale is three times the 
logarithmic value of an equal distance measured on the C-and D-scales. 


Therefore, a 
Number 1 2 8 4667891 2 $8 4 667891 2 3 4 667891 


log K 1 2 3.4.6.6 7.8 9 0 .1 2 8 4.5.6 7.8 9 0.1 2 3 4 5 6 78 OD 
log L 0 100 =.200 = .800 400 600 600 .700 800 900 1, 


QUES. 378. 


number on K is the cube of the number opposite on C or D. Conversely, a 
number on C or D is the cube root of the number opposite on K. 

If a factor is to be cubed, it should be measured on the C-or D-scale and this 
distance referred to or read on the K-scale. This automatically cubes the number. 
All other factors must be read on the C-and D-scales. 


379. How do you find the cube root and the cube of a number directly? 


Mark off the digits in groups of three beginning at the decimal point. 

Use the first (left-hand) section of the K-scale when there is one digit in the 
left-hand group. 

Use the second section for two digits. 

Use the third section for three digits. 

a. Set the hairline to the number on the K-scale and read the answer on the D- 
scale for the cube root of the number. 

b. Set the hairline to the number on the D-scale and read the answer on the K- 
scale for the cube of the number. 


380. What are the rules for locating the decimal point for (a) the cube, (b) the cube root of a number? 


To obtain the resultant characteristic for the 

a. Cube of a number 

3 X (the characteristic of the number) when using the first section of the K- 
scale. 

3 X (the characteristic of the number) + 1 when using the second section of 
the K-scale. 

3 X (the characteristic of the number) + 2 when using the third section of the 
K-scale. 

b. Cube root of a number 

Characteristic of the number + 3, using the first section. 

(Characteristic of the number — 1) + 3, using the second section. 

(Characteristic of the number — 2) + 3, using the third section. 


381. How is the sine S-scale constructed and what are its characteristics? 


The sine S-scale is constructed from the logarithmic L-scale whose logarithms 
have been multiplied by 2. The S-scale is therefore of the same unit as the A-and 
B-scales and is referred to these. This increase in the values of the logarithmic 
L-scale increases the range of the sine function. 


Angle 1° 3° 4° 5° 6° 7° 8°9°10° 15° 90° 25° 30° 40°60°60°90° 
IZ SZ ASKETSE HOLS 86S LTS OD 


log L 0 100 «=.200 = 6800 400—(i«si(i‘iéiSC(‘i«‘ TO OCi«dOC(iti«dSC«idL«OOD 
QUES. 381. 


log sin 


Logarithmic distances on the S-scale are thus equal to the logarithmic 
distances on the A-and B-scales but, instead of marking on the scale the numbers 
corresponding to the logarithms as we did on the A-and B-scales, we mark the 
angles corresponding to the logarithms of the sines, thereby obtaining a sine S- 
scale. If an interval between consecutive degrees is divided into six primary 
intervals, as between 5 and 6 deg., each division represents 10 min. If, as 
between 25 and 30 deg., there are five primary intervals, then each represents 1 
deg. and each of the secondary intervals is 30 min. 

When the angle is taken on S and referred to the right half of the A-or B-scale, 
the first significant figure is in the first decimal place, and when referred to the 
left half of the A-or B-scale the first significant figure is in the second decimal 
place. This is so because sin 5°45' is 0.1002, sin 5°44' is 0.0999, and the 
beginning of the right half of the A-or B-scale is at 5°45' 

In a computation involving a sine factor, the sine measurement is referred to 
the A-and B-scales, and the other factors are taken on the A-and B-scales unless 


these other factors involve a power or a root. 

When sin 25° is a multiplier or a divisor in a calculation, the measurement 
from the left index to 25° (represented by log sin 25°) is the amount that is added 
or subtracted. 


, (b) 72 sin 14°? 


382, What is the result of (a) —— 72 
sin 14° 
a. Bring the hairline to 72 on A. 
Bring 14° on S to the hairline. 
Read the answer 298 at the index of the slide on A. 
b. Bring the right index to 72 on A. 
Bring the hairline to 14° on S. 
Read the answer 17.4 on A at the hairline. 


383. What is the result of 34 cos 72°? 
34 cos 72° = 34 sin (90° — 72°) = 34 sin 18° 
Bring the left index to 34 on A. 
Bring the hairline to 18° on S. 
Read the answer 10.5 under the hairline on A. 


384. How is the tangent T-scale constructed and what are its characteristics? 


The tangent T-scale is constructed from the logarithmic L-scale. 

The T-scale is therefore of the same unit as the C-and D-scales and is referred 
to these. 

Logarithmic distances on the T-scale are thus equal to the logarithmic 
distances on the C-and D-scales but instead of marking on the scale the numbers 
corresponding to the logarithms as we did on the C-and D-scales, we mark the 
angles corresponding to the logarithms of the tangents and thereby obtain a 
tangent T-scale. 

6° 8° 10° 12° 14° 16° 18° 20° 25° 380° 85° 40° 45° 
jog tan 0216 148 246. SET .397 458.512.561.669 761 845 “924 1.0 gare nomcneg 
scale: 


Log L 100.200 400.500.600.700 .800 .900 1,000 


QUES. 384. 


In computations involving a tangent factor, the tangent measurement is 
referred to the C-and D-scales, and the other factors are taken on these scales 
unless these other factors involve a power or a root. 

When tan 16° is a multiplier or a divisor in a calculation, the measurement 


from the left index to 16° (represented by log tan 16°) is the amount that is added 
or subtracted. 

Since tan 45° = 1, the decimal point is located. 

The tangent and sine are approximately equal for angles less than 5°43', and 
the sine scale may be used for these angles. 


385. What is the result of 6 tan 16°? 


Bring the final index of the slide to 6 on D. 

Bring the hairline to 16° on T. 

Read the answer 1.72 at the hairline on D. 

This adds the logarithmic value of 6 and the logarithmic value of the tangent 
of 16° on T. This is a regular multiplication setting using the D-and T-scales. 


386. What is the result of 24 tan 68°? 
Since 68° is not on the T-scale, we may write 


6 1 7 1 
mt" = tan (90° — 68°) tan 22° 
72 


Then, 24 tan 68° becomes sin 14° 
Bring the hairline to 24 on D. 

Bring 22° on T to the hairline. 

Read the answer 59.4 at the hairline on D. 

This is the regular setting for division using the D-and T-scales. 


387. How do you find (a) the logarithm of any number, (b) the number corresponding to any logarithm? 


a. The logarithm of any number on the D-scale may be read directly on the L- 
scale by the use of the hairline after the indices of the scales are lined up. 

b. Conversely, the D-scale will give the number corresponding to any 
logarithm on the L-scale by coincidence with the hairline. 

The characteristic of the logarithm will locate the decimal point. 


388. What are some general rules applying to slide-rule operations involving a number of factors? 
When a computation involves a number of factors in the numerator and 
denominator, 
a. Have the numerator contain one factor more than the denominator. To do 
this, fill in with the factor 1, if necessary. Thus 


b. The first operation is that of a division setting. 


c. Move the hairline to the first numerator on a fixed scale. 

d. Take all other numbers (numerator or denominator) on the slide. 

e. Move the hairline for each successive numerator. 

f. Move the slide for each successive denominator (divisor). 

g. The answer is found on a fixed scale of the rule. 

Always remember that the hairline merely acts as a marker for the next move 
of subtraction of a logarithmic distance and therefore is always moved to a 
numerator. 


61.4-18-7.69-432 | 
3.78 - 6.64 - 8,390 - 2.74 
Make the numerator contain one more factor than the denominator. 
DCC CC OD 
61.4: 18+ 7.69 - 432-1 ~ 7.49 
3.78 * 5.64 + 8,390 - 2.74 ; 
Cc C C C 


Bring the hairline to the first numerator 614 on D. 

Bring the denominator 378 on C to the hairline. Move the slide. 
Move the hairline to the numerator 18 on C. 

*Bring the denominator 564 on C to the hairline. Move the slide. 
*Move the hairline to the numerator 769 on C. 

*Bring the denominator 8,390 on C to the hairline. Move the slide. 
*Move the hairline to the numerator 432 on C. 

*Bring the denominator 274 on C to the hairline. Move the slide. 
Move the hairline to the numerator 1 on C. 

Read answer 7.49 at the hairline on D. 


389. What is the result of 


Characteristic of numerator = 1 + 1 + 0+ 2+ 0 + 2 projections = 6 
* The asterisk indicates “initial index projects.” 
Characteristic of denominator = 0 + 0 + 3 + 0 + 3 projections = 6 


Resultant characteristic = O 


Therefore, the answer is 7.49. 


862 - (75.2)? - 3.64, 
74° (349? 


390. What is the result of 


Factors to be squared are taken on the C-or D-scale and transferred to the A- 
or B-scale, but the other factors must be measured on the A-or B-scale; 
otherwise, they are also squared. 


op a 
862 + (75.2)? 3.64 

74° (349)? = 1%? 
BC 


Bring the hairline to the first numerator 862 on A. (Use the left half of A and 
B.) Bring the denominator 74 on B to the hairline. Move the slide. (This gives the 


86.2 


result of , which can be read on A.) Move the hairline to the numerator 752 


on C. (Because a number on C is automatically squared on B, we are merely 
adding a length on B representing the square of the number set on C.) Bring the 
denominator 349 on C to the hairline. Move the slide. (Here we are merely 
subtracting a length that has been transferred from C to B.) Move the hairline to 
the numerator 364 on B. 

Read the answer 19.7 at the hairline on the fixed scale A. 


2+1+0+ 2 projections = 5 
0 + 2+ 2 projections = 4 
Characteristic of result = 1 


Count a projection every time the initial index of the slide is to the left of the 
middle index of A. 


226 - 0.86 - 47.2, 
53 - 0.07 - 0.39 


Use the A-and B-scales and transfer to the D-scale to get the square root. 
A B BB YD 
226 - 0.86 - 47.2° 1 
53°0.07°0.39 ~ 
B B- B 


If we can determine the location of the decimal point of the answer in 
advance, we can then use the appropriate half of the A-or B-scale; otherwise, we 
may err in obtaining the square root of the result when transferring the result to 


391. What is the result of 


the D-scale. In such cases it may be advisable to use the C-and D-scales and 
then to obtain the square root by the direct use of the A-and D-scales. 
In this problem we use the right half of the A-and B-scales. 
Bring the hairline to the first numerator 226 on the fixed scale A. 
Bring the denominator 53 on B to the hairline. Move the slide. 
Move the hairline to the numerator 86 on B. 
Bring the denominator 7 on B to the hairline. Move the slide. 
Move the hairline to the numerator 472 on B. 
Bring the denominator 39 on B to the hairline. Move the slide. 
Move the hairline to the numerator 1 on B. 
Read the answer 79.5 at the hairline on D. 


831 - /486 : 244, 
562 - 73 - /859 

Measure the square-root factors on the B-scale and transfer to the C-scale, 
but take all other factors on C-and D-scales. 


DB CGE PD 
831 - V 486 + 244 «1 = 3.79 
562 + 73 + 859 
C C¢ B 


Bring the hairline to the first numerator 831 on D. 

Bring the denominator 562 on C to the hairline. Move the slide. 

Move the hairline to the numerator 486 on B. (We are merely adding a 
distance a/ 486 on C represented by 486 on B, using the left half of B because 


4 86 has one digit in the left group.) Bring the denominator 73 on C to the 
hairline. Move the slide. 

Move the hairline to the numerator 244 on C. 

Bring the denominator 859 on B to the hairline. Move the slide. (We are 
merely subtracting a distance ~/ 859 on C represented by 859 on B, by using 
the left half of B.) Move the hairline to the numerator 1 on C. 

Read the answer 3.72 at the hairline on D. 


2+2+ 2+ 1 projection 
2+ 1+ 2+ 2 projections 
Characteristic of answer = 


392. What is the result of 


I 
ointnn 


393. What is the result of e ‘3 2 )* sin 28° - 44 ? 
0.762 - 19.6 
Remember that the S-scale is considered the same as a B measurement for 
addition or subtraction. 


D BB 
(1.32)? sin 28° - 44 
0.762 ° 19.6 
B B 


If we use the first half of B, we continue to use that half, and if we use the 
second half of B, we continue with that. 

Bring the hairline to the first numerator 1.32 on D. 

Bring the denominator 0.762 on B to the hairline. Move the slide. 

Move the hairline to the numerator 28° on S. 

Bring the denominator 19.6 on B to the hairline. Move the slide. 

Move the hairline to the numerator 44 on B. 

Read the answer 2.41 at the hairline on A. 


A 
= 2.41 


394. What is the procedure when, in addition to a sine factor, one of the factors is a square root? 


A sine factor requiring the use of the A-and B-scales conflicts with a square- 
root factor which requires the use of the C-and D-scales for the other factors. We 
then may find directly on the rule either the value of the sine or the value of the 
square root of the number before proceeding with the rest of the work. 


86 tan 32° - 66 
395. What is the result of ——————--_. ? 
tan 14° - 3.95 - /27 
D Tf CC D 
86 tan 32°: 66° 1 ~ 603 


tan 14° 3.95 - 27 
T C B 


Bring the hairline to the first numerator 86 on D. 

Bring the denominator 14° on T to the hairline. Move the slide. 

Move the hairline to the numerator 32° on T. (We must change the index first.) 
Bring the denominator 395 on C to the hairline. Move the slide. 

Move the hairline to the numerator 66 on C. 

Bring the denominator 27 on B to the hairline. Move the slide. 


Move the hairline to the numerator 1 on C. 
Read the answer 693 at the hairline on D. 


396. What is the result ofx = (5.87)7149 


The logarithmic L-scale is used for numbers raised to powers other than 
squares or cubes. 

Line up indices of L-and D-scales. 

log x = 2.14: log 5.87 = 2.14 - 0.769 = 1.642 


Use the regular multiplication setting to get 1.642. 
x = 43.8 


Read the answer 43.8 on D opposite 0.642 on L. 


397. What is the result of x= \/ 834 ? 
Line up indices of L-and D-scales. 


log « = = log 834 = = = 0.417 


Use the regular division setting here to get 0.417. 


q = 3.61 


Read the answer 2.61 on D opposite 0.417 on L. 


398. How are the scales related in the solution of a problem of the formy, 7 


Consider that each scale has an appropriate exponent. 
C-and D-scales are considered as exponent 1 scales. 
Cl-scale is exponent — 1 scale. 

A-and B-scales are exponent 2 scales. 

K-scale is exponent 3 scale. 


Then, if given 7, - n?, 

1. Write the exponent in fraction form. 

2. Bring the hairline to the number n on the scale indicated by the 
denominator of the exponent. 

3. Read the answer on the scale indicated by the numerator of the exponent. 


Example 


Bring the hairline to 49 on the D-scale. 
Read the answer 2,401 on the A-scale. 
D 


1 
= 582 = 53274 
Bring the hairline to 532 on A. 


Read the answer 23.1 on D. 
1D 


“g = W618 = 618°* 
Bring the hairline to 618 on K. 
Read the answer 8.51 on D. 


2A 
d. > = ~/(26)? = 26°* 
Bring the hairline to 26 on K. 
Read the answer 8.76 on A. 


3K 
“= 7148 = 1474 
Bring the hairline to 14 on A. 


Read the answer 52.3 on K. 


fe = ee = B24 = 5274 

V52 
Line up the index of CI with that of A. 
Bring the hairline to 52 on A. (Use the right half of A.) 
Read the answer 0.1388 on CI. 

1 26 

P¢=2—. = 167? = 16°" 

16° 
Bring the hairline to 16 on CI. 
Read the answer 0.000244 on K. 


399. In multiplying two numbers, if one is beyond the range of the slide rule, what can be done to 
increase the accuracy of the result? 


Separate the out-of-range number into two parts and multiply each part by the 
other number, with one setting of the slide; add the two products. 


Example 
638.93 - 4.23 
Now, 638.93 is beyond the range of the slide rule; therefore, separate it into 
two parts. 
(638 + 0.93)4.23 = 6.38 - 4.23 + 0.93 - 4.23 
Bring the right index to 4.23 on D. 


Move the hairline successively to 638 and 0.93 on C and read the products 
2,700 and 3.94 on D. Then 2,700 + 3.94 = 2,703.94 

The regular slide-rule product would be 2,700. 

The correct value is 2,702.6739. 


400. If two numbers in a product are beyond the range of the slide rule, what can be done to increase the 


accuracy of the result? 


Both numbers are separated and expressed in the form (a + b) (c + d) = (a + 


b)c + (a + b)d. 


Two settings are here necessary, each similar to that of the previous question. 


Example 


28,432 + 54,638 


(28,400 + 32)54,600 + (28,400 + 32)38 
= (1,551,000,000 + 1,750,000) + (1,080,000 + 1,215) 


= 1,553,831,215 


The regular slide-rule product would be 1,555,000,000. 
The correct value is 1,553,467,616. 


PROBLEMS 


Multiplication and division, using the slide rule Perform the following operations: 


1. 34, +57 

2. 68. + 9.2 

3. 435. + 26 

4. 0.034 - 687 

5. 9.45 - 83.6 

6. 0.00871 - 6.48 

7. 2.03 + 0.0506 

8. 0.000943 - 53.7 

9. 0.0784 -- 61.8 
10. 3.68 - 0.748 
11. 5.8 - 0.0082 - 0.043 
12. 9.5 - 0.048 - 270 
13. 8.42 - 96.5 - 0.0753 
14. 0.068 - 0.00743 + 5,562 
15. 6.35 - 1.26 - 6.84 
16. 5.69 + 942 
17. 0.052 = 0.0089 
18. 438 = 0.0564 


a 9,750 - 853 
' 87,500 


9, 238 * 366 


~ 906 
3.75 - 637 - 0.576 

2,003 - 0.789 
, 0.002726 - 3,670 0.0425 

0.1048 - 0.1973 

, 4.670 : 3.522 - 2,007 : 1,480 
"18.26 - 72,600,000 - 2.7183 
v4, 11.07 + 0.2026 « 567 - 432 
18.2 - 0.346 - 674 


25. Find the square of each of the following by slide rule: 8, 17, 0.59, 0.075, 4.37, 0.838, 68.3, 0.000732, 
0.602, 29.32, 12.41, 0.0082, 0.00141 

26. Find the square root of each of the following: 7, 19, 52, 0.983, 840, 0.00757, 59.7, 0.000597, 
0.0000548, 94,000, 0.0176, 7.602 

Perform the following operations: 

27.42 - »/3.9 

28. ./116 - 0.058 

29. »/82.7 - +/0.029 

30. 4/0.152 « »/3.82 


Pa 


33.19 +/3.43 
34. ./386 « +/0.255 


8,760 
35. J 5.37 
36, 10.842 


Find the value of each of the following: 
37. sin 32°20' 

38. tan 14°15' 

39. cot 24°18' 

40. 5.16 sin 39°28' 


41, S17 sin 36°20’ 
sin 22°52’ 
» 2.51 tan 16°40’ 


37.4 
oe - 076 tan 49°45’ 
tan 4°20’ 


tan 27°48’ 
13.4 sin 3°14’ 
sin 40°15’ 


44, 


“ES. 
46. 0.372 - 86.9 sin 55°24' 
Find the value of the following: 
2 


ag, 02 51)? - (0.0725)? 


” “976 « +/ 8,650 
» (ol-7)?: 4.52 + 781 


~ 4/3.52 - (369)? 
6550 - We 


43.8 - 0.0871 
op (0: Sosa. 0. 0066)? 
+/0.0476 


Find the values of the following, using the Cl-scale: 


* 8,670 
56. 0.361 - 4.92 - 765 
57, £87-7.18 

0.0659 


0.24 > G4 
58. a 
59. 558° 57.9 
60. 708 - 5.68 - 379 
61. pate. 


What is the result of each of the following? 
.6 : 23 - 6.44 - 861 


* £89 - 6.75 - 7,289 ° 1.63 
54, 993. (86.3)? + 4.75 
8.5 ° (451)? 

5, [83720.97 - 58.3 

\ 64 «0.08 - 0.45 
ge, 942. V'597 - 358 
673 - 84 - 1/962 
(2.43)? - sin 31° - 58 

0.873 - 28.7 


67. 


97 tan 37° - 79 


8 

tan 21° « 4.87 - +/34 
69. ~ = (7,42)3.% 
70. ¢ = 4/1,242 


CHAPTER XIV 
SOLUTION OF TRIANGLES 


A. SOLUTION oF RIGHT TRIANGLES 


401. What are the conditions for the solution of right triangles? 

In the solution of right triangles, in addition to the right angle, two parts must 
be known and at least one of these parts must be a side. 
402. What is the general procedure for the solution of right triangles? 

Select a trigonometric function that involves the two known parts and one 
unknown part. The unknown part is then computed by elementary algebraic 
processes by the use of tables of trigonometric functions, by use of logarithms, 
or by the use of a slide rule. 


403. What are the values of 5, 6, and c if A = 38°24’ and a = 162 feet? 


B = (90° — A) 
= (90° — 38°24’) = 51°36’ 


A b C 


QUES. 403. 


To find b and c select a function involving the two knowns A and a and one 
unknown b, and then a function with A and a and the other unknown c. 


tan A =? or wom =acotA 
an A 


sin A = = acosec A 


sin A 


From the tables 
cot A = 1.2617, 
Then 
and 
By logarithms, 
log b = log a + log cot A, 
log 162 = 2.2095 
log 1.2617 = 0.1011 
log b = 2.3106 
b = 204.5 ft. 


cosec A = 1.6099 


b = 162: 1.2617 = 204.3954 = 204.4 ft. 
c = 162: 1.6099 = 260.8038 = 260.8 ft. 


log c = log a + log cosec A 
log 162 = 2.2095 
log 1.6099 = 0.2068 
log c = 2.4163 
c = 260.8 ft. 


404. What are the values of A, B, and c, if a = 64 feet and b = 86 feet? 
Select a function involving the two knowns a and b and one unknown A. 


B 
Cc 
a=64’ 
A b=86' C 
QUES. 404. 
64 
tan A =; = 36 > 0.7442 


. A = 36°39’ 


from tables 


Then B = (90° — A) = (90° — 36°39’) = 53°21’ 


To find c use either c? = a? + b? orsin A = ° from which 


a 
«= sin A’ 
a 64 
¢ = nA ~ 0.597 = 107.2 ft. 
By logarithms, 
log tan A = loga—logb, loge = loga — logsinA 
log 64 = 21.8062 — 20 log 64 = 11.8062 — 10 
log 86 = 11.9345 — 10 log sin 36°40’ = 9.7761 — 10 
log tan A = 9.8717 — 10 loge = 2.0301 
A = 36°40’ ec = 107.2 ft. 


B. SOLUTION OF OBLIQUE TRIANGLES BY MEANS OF RIGHT TRIANGLES 


405. If in the oblique triangle ABC you are given c = 13.16 feet, b = 21.82 feet, and A = 29°32’, how 
would you find a, 5, and C by means of right triangles? 


QUES. 405. 


To form two right triangles, draw BD L AC and let AD = k. 
In right triangle BDA solve for h and k, knowing c and A. 


h=csinA, log h = log c + log sin A 
k=ccosA, logk =logce+logcosA 
log 13.16 = 1.1193 
log sin 29°32’ = 9.6928 — 10 

log h = 10.8121 — 10 
h= 6.488 ft. 
log 13.16 = 1.1193 
log cos 29°32’ = 9.9396 — 10 
log k = 11.0589 — 10 
k = 11.46 ft. 
Check h = k tan A log h= log k + log tanA 
log 11.45 = 1.0589 
log tan 29°32’ = 9.7532 — 10 
log h = 10.8121 — 10 Check. 


In right triangle BDC, solve for a and C, knowing h and (b — k). 


h = 6.488 ft. 
and (b — k) = (21.82 — 11.45) = 10.37 ft. 
a log tan C = log h — log (b — k) 


(6 — k) 


h 
Oo wey log a = log h — log sin C 


log 6.488 = 10.8121 — 10 log 6.488 = 10.8121 — 10 
log 10.37 = 1.0157 log sin 32°2' = 9.7246 — 10 
log tanC = 9.7964 — 10 log a = 1.0875 
C = 32°2’ a = 12.28 ft. 
Check (b—k)? =(a+h)(a@—h) (a+h) = 18.718 
(a — h) = 5.742 


log 18.72 = 1.2723 
log 5.74 = 0.7589 
log (b — k)? = 2.0312 
log (b — k) = 1.0156 = log 10.37 Check. 
Finally, ZB = 180° — (A + C) = 180° — (29°32’ 
+ 32°2’) = 118°26’ 


406. What is the solution of the oblique triangle ABC, using the method of right triangles, if b = 369 
feet, B = 31°40’, and C = 38°15’? 


Divide the triangle into two right triangles by drawing AD L BC. 


A b= 369’ 


QUES. 406. 
180° — (31°40’ + 38°15’) 
110°5’ 


ZA 


In triangle ADC, 
CD = 369 cos 38°15’, h = 369 sin 38°15’ 
log 369 = 2.5670 
log cos 38°15’ = 9.8950 — 10 
log CD = 12.4620 — 10 
CD = 289.7 ft. 
log 369 = 2.5670 
log sin 38°15’ = 9.7918 — 10 
log h = 12.3588 — 10 
h = 228.6 ft. 


Check tan C = ay h = CD tan C 


log 289.7 = 12.4620 — 10 
log tan 38°15’ = 9.8967 — 10 
log h = 22.8587 — 20 Check. 


' h 
In triangle ADB, c = an B’ log c = log h — log sin B 


log 228.5 = 12.3588 — 10 


log sin 31°40’ = 9.7201 — 10 
logc = 2.6387 
c = 436.2 ft. 


DB = hcot B = 228.5 cot 31°40’ 
log 228.5 = 2.3588 
log cot 31°40’ = 0.2098 
log DB = 2.5686 
DB = 370.3 ft. 
.. @= DB + CD = 370.3 + 289.7 = 660 ft. 
Check (DB)? = (c + h)(c — h), (c +h) = 663.7 ft. 
(c — h) = 206.7 ft. 
log 206.7 = 2.3154 
log 663.7 = 2.8220 
log (DB)? = 5.1374 
log DB = 2.5687 Check. 


C. SoLuTION oF OBLIQUE TRIANGLES 


407. What are the conditions for the solution of any triangle? 

Of the six parts (three angles and three sides), three parts must be known, and 
at least one of these must be a side for the solution of any triangle. 
408. What is the law of sines? 


The law of sines states that in any triangle any side is to another side as the 
sine of the angle opposite the first side is to the sine of the angle opposite the 


second side. 
a:b:c = sin A:sin B:sin C 
409. How is the law of sines shown to be true? 


Draw y L AC; then, from the two right triangles thus formed 


B 


A b C 


QUES. 409. 
sin C = 4 and sin A = 4 
a c 
or y=asinC and y= 
y=asinC =csinA 
_@_ snd 
c 6 sinC 


Similarly, by drawing a perpendicular from either A or C to the opposite side, 
the law is seen to hold for the other angles and sides and a:b:c = sin A: sin B: sin 


C. 
This is then the law of sines. 


410. What is the law of cosines? 


In any triangle the square of any side is equal to the sum of the squares of the 
other two sides minus twice the product of the other two sides by the cosine of 


their included angle. a* = b? + c?-—2b- c+ cos A. 
This is known as the law of cosines. 


411. How is the law of cosines shown to be true? 


Draw y L AC. Note that AD, in the triangle at the right, is read from right to 


left and is considered negative. 


| | 
| | a 
c a c iy yj 
| | 
| | 
A b C A 6b COD BD A @ € 
QUES. 411. 


a? = y? + (b — AD)? = y? +b? — 24D: b + AD? 
AD? 


Now y=c— oe 
c? — AD? + b? — 2AD +b + AD? 


Oe 
or a? = b? +c? — 2AD°b 
But 
cos A = A, AD =ccosA 
. a = 6? +c? — 2b-c:cos A 


In a similar manner, by drawing a perpendicular to a side from either of the other 
two vertices we can show that 
b? = a? + c? — 2:a‘c:cosB 
c? = a? ++ b? — 2:a:b-cosC 

From these equations the angles can be found when the sides are known. 


412. What are the four possible cases in the solution of any triangle? 


Case I. Given one side and two angles, a, A, B. 
Case IT. Given two sides and the angle opposite one of them, a, b, A. 


B B B B 
d \ r \ F \ 4 \ 
A b C A b C Ab C A 6 C¢ 


Case I Case II Case III Case 1V 


QUES. 412. 


Case III. Given two sides and the included angle, a, b, C. 
Case IV. Given three sides a, b, c. 
413. What is the procedure for the solution of a triangle under Case I, given one side and two angles, 
a, A, B? 
To find the third angle C apply C = 180° — (A + B). 
To find b and c use the law of sines and choose a proportion that involves an 
unknown side 5 or c and three known parts. 


b snB sin B 


ome OOOO 
Then log b = loga + log sin B + colog sin A 
sin C _ __ sin 


Cc 
a sind °~  *'sind 
Then loge = loga + log sin C + colog sin A 


414, What is the solution of the triangle, given a = 369.4 feet, A = 49°16’, B = 67°42’? 


This triangle comes under Case I. 
To find b, c, C 


C = 180° — (49°16’ + 67°42’) 
= §3°2’ 
_ sin B 
~ 4" sin A’ 


a=369.4 ft. 


A C 
QUES. 414. 
log b = log a + log sin B + colog sin A 
log 369.4 = 2.5675 10.0000 — 10 
log sin 67°42’ = 9.9662— 10 log sin 49°16’ = 9.8796 — 10 
colog sin 49°16’ = 0.1204 colog 49°16’ = 0.1204 
log b = 12.6541 — 10 
b = 450.9’ 

_ asin © 7 1 aie ane es 
eo og c = loga og sin © + colog sin 
log 369.4 = 2.5675 

log sin 63°2' = 9.9500 — 10 


colog sin 49°16’ = 0.1204 


log c = 12.6379 — 10 
c = 434.4’ 
415. What is Mollweide’s equation and how is it used? 
Mollweide’s equation involves all six parts of triangle ABC and may be used 


as a check formula in the solution of a triangle. The equation is derived from the 
law of sines. 


a sinA ™ saad sin A 
-o 5 ’ =C¢'°x 
cc.) 0 6osin€d sin C 


b sinB sin B 

dae 2 Fe sin C 
Then. 2 bee sin A c‘sin cen). c(sin A — sin B) 1 

’ sin C sin C sin C c 
0 p— gad—ee 
. Cc! sin C 
A+B .A-B 
jeaclt 2 cos 5 ‘sin—> 
And “hn rn: an: ce, (1) 
sin 5 * COS 5 
But “+4 — go - £ and cos AFF ~ sin £ 
Substitute this in Eq. (1), getting 
—B 


a—b SD 2 


sin c. cos c 

2 2 
A-—B _ Mollweide’s equation 
Finall a—b_ se involving all the 
ys c C parts of triangle 


wy ABC 


416. How close does the solution of Ques. 414 check by Mollweide’s equation? 


P F oe b>aandB>A 
(6 — a): cos$C =c:sin}(B — A) 
log (6 — a) + log cos $C = log c + log sin 4(B — A) 
Here a = 369.4 ft., b = 450.9 ft., c = 434.4 ft., 
A = 49°16’, B = 67°42’, C = 63°2’, 


C ones 
5 = 3131 


(b — a) = 450.9 — 369.4 = 81.5’ 
(B— A) _ (67°42' — 49°16’) _ 18°26’ _ 


log (b — a) = 1.9112 
log cos 5 = 9.9307 — 10 


Sum = 11.8419 — 10 
logc = 2.6379 
log sin 2 5 A) _ 9.0045 — 10 


Sum = 11.8424 — 10 


This a fairly good check. 


417. What is the procedure for the solution of a triangle under Case II, given two sides and the angle 
opposite one of them a, b, A? 


Use the law of sines to find the angle opposite the known side b. 


ne 
a 


log sin B = log sin A + log b + colog a 
Then find the third angle, C = 180° — 


(A + B). Finally, to find side c opposite 
angle C, use the law of sines. 


e sind sin C 
a sinA = 4" sin A 
log c = log a + log sin C + colog sin A 
418. What is the solution of the triangle, given a = 36.41 feet, b = 46 feet, A = 34°28’? 
This is an example under Case II. To find c, B, C 


b sinB ,' b sin A 
a = sin A’ sin B = — 
log sin B = log b + log sin A + colog a 
log 46 = 1.6628 
log sin 34°28’ = 9.7527 — 10 10.0000 — 10 


colog 36.41 = 8.43888—10 log36.41 = 1.5612 
log sin B = 19.8548 — 20 colog 36.41 = 8.4388 — 10 
B = 46°38’ 


QUES. 418. 


QO 
I 


-180° — (84°28 + 45°38’) 
99°54’ 


ec sinC 

a sinA 
asin? 

¢ = sin A 


log c = log a + log sin C 
+ colog sin A 


log 36.41 = 1.5612 10.0000 — 10 
log sin 99°54’ = 9.9935 — 10 log sin 34°28’ = 9.7527 — 10 
colog sin 34°28’ = 0.2473 colog sin 34°28’ = 0.2473 
log c = 11.8020 — 10 
c = 63.39 ft. 


419. Under what conditions in the above question on Case IJ can there be two values for B and C 
giving two solutions for the triangle? 


A theorem in geometry states that if the given angle A is acute and the side 
opposite, a, is less than the other given side, by then it is possible to construct 
two triangles from the given parts. 


A b=46' C 
QUES. 419. 


In the above question angle A is acute and the opposite side a is less than b. 
Thus there are two solutions. 
Angle B is found from the log sine and has two values: B, as found in Ques. 


418, and B, = 134°22 ', the supplement of B,. Consequently, there are two values 
of C, 


C, = 99°54’ as previously found from B, 
and CC, = 180° — (34°28’ + 134°22’) = 11°10’ 
log c. = log a + log sin C; + colog sin A 


log 36.41 = 1.5612 
log sin 11°10’ = 9.2870 — 10 
colog sin A = 0.2473 
log co = 11.0955 — 10 
Cc, = 12.46 ft. 


420. Under what conditions is there but one solution for Case II of the above triangle? 
There is but one solution 
a. When the given angle A is acute and the side opposite, a, is greater than b. 
b. When the given angle A is obtuse. 
c. When angle A is acute and side a is equal to the perpendicular from vertex 
Bto AC. The result is a right triangle and C = 90°. log sin C = 0.0. 


421. When is there no solution for the above? 
When A is acute and a is less than the perpendicular from B to AC, then there 
is no solution. 


422. What law is useful in the solution of a triangle under Case III, given two sides and the included 
angle, b, c, A? 

In any triangle the sum of two sides is to their difference as the tangent of half 

the sum of the angles opposite these sides is to the tangent of half their 


difference, or 
tan oe 
a+b | 2 
a—b- A-B 
a. 
This is known as the law of tangents. It is obtained from the law of sines, 


sin A 


a+b _ sinA +sinB 
a—b sinA-—sinB 
Atk AB 


by composition and division 


A ats B 
a+b ma 
rr a — the law of tangents 
tan 9 
423. What is the procedure for the solution of a triangle, given b, c, A? 
This is Case III. 
B+C=180-A 
B+C _ ane A B+C _ ( . 4) 
ee and __— tan 9 = tan| 90° — 5 
Ana T b= ° a tow of angen 
B+e “b+e e law of tangents 
tan ——-— 9 


.* B-C b-c, B+C 
“. tan —3— = 5,‘ tan 


log tan 2 z e = log (b — c) + colog (b + c) 


B+C 
+ log tan < - 
After finding iat C take the sum and difference of 2= —e and B+ € ~ C to get 


B and C. For a, use the law of sines S ee sin A 
b sn B 


424. What is the solution of triangle ABC, given b = 0.0543 feet, c = 0.0362 feet, 4 = 112°18 '? 
This is an example of Case II. To find a, B, C 


B+C A 112°18’ 


= 90° — 5 = 90° — = 33°61’ 


(6 + c) = 0.0543 + 0.0362 = 0.0905 
(b — c) = 0.0543 — 0.0362 = 0.0181 


By the law of tangents 


b—c 
b 


B+C” b+e 


A  b=0.0548 C 


QUES. 424. 


or tan ae bie * tan 5) 
B-C 
log tan — log (b — c) + colog (b + c) 
+ log tan —;— £ ats Y 
log 0.0181 = 8.2577 — 10 10.0000 — a 
colog 0.0905 = 1.0434 log 0.0905 = 8.9566 — 10 
log tan 33°51’ = 9.8266-— 10 colog 0.0905 = 1.0434 
log tan =F a 19.1277 — 20 
BS = 7°39 
BOO BEC _ 139 + 33°51’ = 41°30 = B 
B- 


=o) = 33°51’ — 7°39’ = 26°12’ = C 


A + B + C = 112°18’ + 41°30’ + 26°12’ = 180° 


a sinA sin A 
To get a, on 8 or eel ial” a 


log a = log b + log sin A + colog sin B 


log 0.0543 = 8.7348 — 10 10.0000 — 10 
log sin 112°18’ = 9.9662— 10  logsin 41°30’ = 9.8213 — 10 
colog sin 41°30’ = 0.1787 _ colog sin 41°30’ = 0.1787 
log a = 18.8797 — 20 
a = 0.0758 ft. 
A-B 


Check by Mollweide’s equation, = = a 


(a — b) cos £ = ¢* sin 


2 
log (a — b) + log cos = log c + log sin a 
log 0.0215 = 8.3324 — 10 
log cos 18°6’ = 9.9885 — 10 
Sum = 18.3209 — 20 
log 0.0362 = 8.5587 — 10 
log sin 35°24’ = 9.7629 — 10 
Sum = 18.3216 — 20 


This is a fairly good check. 


425. How would the law of cosines be applied in the solution of the triangle of Ques. 424? 
b = 0.0543 ft., c = 0.0362 ft., A = 112°18’ 
a* = b? + c? — 2bc: cos A 
a? = (0.0543)? + (0.0362)? 
— 2(0.0543 - 0.0362 - cos 112°18’) 


log 0.0543 = 8.7348—10 

log (0.0543)? = 17.4696 — 20 
b? = (0.0543)?= 0.002949 
c? = (0.0362)?= 0.001310 
2 be-cos A= 0.001492 
a= 0.005751 


log 0.0362= 8.5587 
log (0.0362)?=17.1174—20 
(0.0362)?= 0.00131 


log 2= 0.3010 
log 0.0543= 8.7348—10 


log 0.0362= 8.5587—-10 
log 0.005751=17.7598—20 log cos 112°18’= 9.5792—10 


One-half of 17.7598—20= 8.8799—10 log 2be - cos A=27.1737 —30 
a= 0.07584 ft. 2bc- cos A= 0.001492 


This checks with Ques. 424. 


Note that cos A = cos 112°18' is negative. Therefore, — 2bc - cos A becomes 
positive and is added to b* + c. To find B, use the law of sines. 


; b 
or sin B = sin A+ 


sin A a 
log sin B = log sin A + log b + colog a 
log sin 112°18’ = 9.9662 — 10 10.0000 — 10 
log 0.0543 = 8.7348 — 10 log 0.0758 = 8.8797 — 10 
colog 0.0758 = 1.1203 colog 0.0758 = 1.1203 
log sin B = 19.8213 — 20 
B = 41°30’ 


This checks with Ques. 424. 
C = 180° — (A + B) = 180° — (112°18’ + 41°30’) 
= 26°12’ 


426. What is the procedure for the solution of a triangle under Case IV, given three sides a, b, c? 


The law of cosines may be used to find the angles. 
a? = b? + c? — 2bc: cos A 
from which we get 
—2bc- cos A = a? — b? — ¢? 


b? + c? — a? 
or cos A = — 
From b? = a? + c? — 2ac‘ cos B 

—2ac:cos B = b* —a’ -— ¢? 
cos B wee . 
7 2ac 
From c? = a? + b? — 2ab: cos C 
—2ab- cos C = c? — a? — Bb? 
C= a* + b? — ¢? 
cos G = ——p 5 — 


427. How can the above formulas be adapted so that they will be suitable for logarithmic 
computation? 


From the above question we have 
A = b2 + C2 _ a? 
cos = a 
Subtracting both sides from 1, we get 


+o a a — * + he 2 


1 — cos A = 1 — oF 2be 
a? — (b — cc)? 
~ 2be 
_ (a-b+c)a+b—oc) 
2be 
a ae 
But 1—cosA = 2 sin’ 5 
-~A (a@—b+c)(a+b—c) 
¥, ot i 
Now let 
a+b+c = 2s 
Then 


a+b+c—2b=2s—2b, or a—b+c = 2s —b) 

and 

a+b+ec-—2c =2s—2c, or a+b—c = 2s —c) 
A 2s — b) + 2(s — c) 


.. 2 sin? 9 be 
A_ [@-bis—0) 
or sin a> be 
Similarly, sing = «(SOS —@) 


2 
a * [(s — a)(s — b) 
And on = a 


These formulas may be used for logarithmic computation. 


428. What formulas result when the cosine formulas of Ques. 426 are added to one? 


b+ c?— a? 5? + 2bc + c? — a? 


1+cosA = ae be 
_ (6+ ¢)? — a? 
- 2be 
_(b+e+4a)(b+e~a) 
7 2be 
A 
But 1+cosA = 2 cos’ 5 
e 2 cos? 5 = etorjerens) 
Now let a+b+c= 2s 
Then 


a+b+c—2a=2s—2a, or b+c—a = 2(s —a) 
A _ 28: 2(s — a) 


. 2 cos? 5 Oho 
cos 4 = Ao 
Similarly, cos > - oe 
And cos £ = je 


These formulas may also be used for logarithmic computations. 


429. How do the above cosine formulas compare with the sine formulas of Ques. 427? 


For a complete solution of a triangle when the three sides are given, the set of 
sin ‘ formulas require six different logarithms while the set of cos ‘ formulas 


require seven different logarithms. 
430. What is a more convenient set of formulas for the solution of a triangle under Case IV? 

A The set of tan 3 formulas obtained by dividing the sin 4 by the cos ‘. formulas 
is more convenient for use in the solution of a triangle under Case IV. 


2 (s — b)(s — ¢) 
, ey vy. (s — b)(s — c) 
A~ 


s(s — a) ~ s(s—a) 


s(s — b) 


C sin 5 le ee 


s(s — c) 


431. What advantages has the tangent set over the others in the solution of a triangle under Case IV? 


The tangent set requires only four different logarithms. 
In addition, this set gives more accurate results than the 


cos => 
2 
90 deg. 


and sin 3 sets when the angles involved are very small or very near 


432. What auxiliary quantity is continuously used in the solution of a triangle under Case IV? 


sai J (s — a)(s — b)(s — ¢) is the auxiliary quantity for use with 
s 


the tan é set of formulas. 


r B r C r 


sa "EO s—v MP2s Re 


After log r is found, then the log tangents of the half angles are readily obtained. 


Then, tan é = 


433. What is the solution of the triangle whose sides are a = 15 feet, b = 17 feet, and c = 20 feet? 


To find A,B, C. 


2s =a+b+c=15+17 + 20 = 52 and 
log s = 1.4150 colog s = 8.5850 — 10 

(s — a) = ll log (s — a) = 1.0414 
(s — b) ) log (s — b) = 0.9542 
(s—c)= 6 log (s — c) = 0.7782 

colog (s — a) = 8.9586 — 10 

colog (s — b) = 9.0458 — 10 

colog (s — c) = 9.2218 — 10 


—_ [(s — a)(s — b)(s — c) 
8 


log (s — a) 1.0414 
log (s — b) 0.9542 
log (s — c) 0.7782 
colog s 8.5850 — 10 
21.3588 — 20 
log r = aca eames 


= 10,5794 — 10 


A r B r C 
tan > i as “Gy tanz = 
log r = 10.6794 — 10 
colog (s — a) = 8.9586 — 10 


log tan 4 = 19.6380 — 20 
é = 23°29'9” 

A = 46°58/18” 
log r = 10.6794 — 10 
colog (s — b) = 9.0458 — 10 
log tan = 19.7252 — 20 

z = 97°58'24"" 

B = 55°56'48” 
log r = 10.6794 — 10 
colog (s — c) = 9.2218 — 10 
log tan £ = 19.9012 — 20 


s = 26 


a Se 
(s — 


¢) 


. = 38°32'18” 
C = 77°4'36” 
A+B+C = 46°58/18” + 55°56’48” + 77°4'36” 
= 179°59’42” 


This is a fairly good check for four-place work. 


AREAS OF RIGHT TRIANGLES 


434, What is the expression for the area of a right triangle, given two legs a and b? 


Let K = the area of the triangle. 


B 


A b C 
QUES. 434. 
Then K=%> or 2K =a:b 


435. What is the expression for the area of a right triangle, given the hypotenuse c and an acute angle 
A? 


a=csinA,b=ccosA 
From Ques. 434 2K =a: b 


From Ques. 484 2K = a:b 
«2K =csinA:ccosA = c*sinA:cosA 


But sin A:cosA = sin 24 


or 4K = c* sin 2A 


c 
a 
QUES. 435. 
436. What is the expression for the area of a right triangle, given an angle A and the adjacent leg b? 
c 
a 


QUES. 436. 


a=b:tanA 
a:b 6?:-tanA 
a tan oe 


or 
2K = b*? tan A 


437. What is the expression for the area of a right triangle, given the hypotenuse c and a leg a? 


B 


A b C 


QUES. 437. 


V(c — a)(c + a) 


or 


o~ 
l 


K=%°=% (c — a){c + a) 


A REAS OF OBLIQUE TRIANGLES 


438. What is the expression for the area of an oblique triangle, given two sides c and b and the 
included angle A? 


y is a perpendicular to AC or AC produced. 
K = the area of the triangle. 


K = ; y or 2K=bD'y 

Now sin A = Y or y=csnAdA 
2K =b:csnA 
B B 
| 
| 

C a | a 

y 
| 

) a. 

A b C D A bb ¢ 
QUES. 438. 


The area of a triangle is seen to be equal to one-half the product of any two sides 
and the sine of the included angle. 


439. What is the expression for the area of an oblique triangle, given a side b and the three angles A, 
B, and C? 
By the laws of sines 


e sin? _ p.m 
i ap = Be Be 
By Ques. 438 OK = b- cain A 
“" OK = bb eS. gin A = jt SRS ERY 
sin B sin B 


QUES. 439. 
This gives the area of a triangle in terms of one side and the angles. 
440. What is the more complete form of the law of sines? 


The more complete form of the law of sines shows its relation to the radius of 
the circumscribed circle of the triangle. 


B B 


Vea 


> 


ZB acute LB obwne 


QUES. 440. 
R = radius of the circumscribed circle. 
AOD is a diameter from A through the center O 
ZB is either acute or obtuse. 
ZACD = 90° in either case. 
ZADC = ZB when B is acute and 180° — B when B is obtuse. 


; ; AC b 
sin ADC = sin B = 75 = op 


in either case, since _— sin (180° — B) = sin B 


b 
or —~—. = 2R 
sin B 
Similarly, when the diameter through O is drawn from C, we get 
a 
= 2K 
sin A 
And, if the diameter is drawn from B, we get 
Cc 
_“, = 2R 
sin C 
a b c 
=> =~ =2R 


which is the more complete form of the law of sines. 
441, What is the relation between the radius of the circumscribed circle and the area of the triangle? 


From Ques. 438 


K = me sin A 
And from Ques. 440 
, a 
sin A = OR 
be a abe 
. K= 5) oR = 4R 
abc 


or R= 


442. How would you find the area of an oblique triangle, given the three sides a, b, c? 


From Ques. 438 we know 
2K = be sinA 


This can be written in the form 


. A A 
2K = 2bc sin 5 * COS 5 


_ A A 
since sin A = 2sin>°cos> 
2 2 
Now sin A. J (s — 0s = ¢) from Ques. 427 
2 be 
™ = a8) from Ques. 428 
- “> — © 
4 or wom-.(@=e=4 =DIa €). [se —a) 
or K = vs(s — a)(s — b)(s — c) “He —¢) 
443. What is the relation between the radius of the inscribed circle of a triangle and the area of the 
triangle? 


The bisectors of angles A, B, and C determine the center of the circle O. r = 
the radius drawn from O perpendicular to each side. 


b 


QUES. 443. 


AABC = AAOB 
+ AAOC + ACOB 


x 
| 
bol 
+ 

is 
bol 
~ 

t. 
bol 


orr ==, the relation between the radius r and the area K. 
Now, if we substitute ~/§ (s — a) (s — b) (8 = c) for K as found above 


in Ques. 442, 
_ |(s — a)(s — b)(s — c) 
m= Jo ae —He= 9) 


This is the auxiliary quantity we used in the solution of a triangle under Case IV, 
Ques. 432. 
SOLUTION OF TRIANGLES BY MEANS OF A SLIDE RULE 


444. When may the slide rule be used in the solution of a triangle? 


The slide rule may be used in the solution of a triangle when the data will 
permit or when it is desired to check on the results obtained by using natural 
functions or logarithms. 


445. What is the procedure in the solution of a right triangle by means of the slide rule? 


Use the law of sines 


sn A sinB sinC 
Setting the rule for one of these ratios also sets it for the other ratios. 


QUES. 403. 


Example 
a. Check on the solution of the right triangle of Ques. 403. 
Given A = 38°24’, a = 162 ft. 
B = (90° — A) = 51°36’ 
a b ¢ 
sn A  sinB - sin 90° 
Scale A 162 b=205 c= 261 


Scale S sin 38°24’ sin 51°36’ 1 
Bring the hairline to 162 on A. 
Bring 38°24’ on S to the hairline. 
Move the hairline to 51°36’ on S. 
Read b = 205 on A. 
Move the hairline to right index of S. 
Read c = 261 on A. 
b. Check on the solution of the right triangle of Ques. 404. 


Given a = 64 ft., b = 86 ft. 
ten A = Sm 0,744, A = 36°40 
a a6” 
B = 90° — 36°40’ = 53°20’ 
64 86 c = 107 


SF, > — 


sin 36°40’ sin 53°20’ — l 


A b=86' C 
QUES. 404. 
c. Check on the solution of Ques. 405. 


Given c = 13.16, ZA = 29°32’, b = 21.82 


ZABD = 90° — 29°32’ = 60°28’ 
Seale A 13.16 h = 6.5 k = 11.45 


SS eee ES Oe rt—“— 


ScaleS 1 sin 29°32’ — sin 60°28’ 


QUES. 405. 


Bring the hairline to 13.16 on A. 

Bring the left index of S to the hairline. 
Move the hairline to 29°32’ on S. 

Read h = 6.5 0n A. 

Move the hairline to 60°28’ on S. 

Read k = 11.45 on A. 


b — k = 21.82 — 11.45 = 10.37 


C = 32°5! 
ZDBC = a0 — 32°5! = 57°55! 
6.5 

gin 325’ ~ 1 ~ 123 


446. What trigonometric formulas are useful in the solution of oblique triangles by means of the slide 
rule? 


a. The law of sines is useful when given 
1. two angles and a side, or 
2. two sides and the angle opposite one of them. 


Seale A a b c c 


Ss oo Se OS ae "se 


ScaleS  sinA sinB sinC sin (A +B) 


b. The law of tangents is useful when given two sides and the included angle. 
1. When the included angle C is greater than 90 deg., use 


a+b _ a—b 
tan¢(A +B) tan4(A — B) 
2. When the included angle C is less than 90 deg., then 4(A of B) is 
greater than 45 deg. and the tangent cannot be found on the rule. 


But tan $(A + B) = cot [90° — $(A + B)] 
1 
~ tan [90° — f(A + B)| 
and the above law of tangents may be written 
(a + b){tan (90° -#(A+B)]}_ ab 
l ~ tan 4(A — B) 
This formula together with the law of sines is used in the solution of the triangle. 


447. How well does the slide rule check the solution of Ques. 414? 


Given A = 49°16’, B= 67°42’, a= 369.4 
C = 180° — (49°16’ + 67°42’) = 63°2’ 
A 3604 — b=450 c= 434 
S ~ sin 49°16’ — sin 67°42’ 
B 


§3°2’ 


a=369.4 ft. 


QUES. 414. 


Set the proportion by moving the hairline to 369.4 on A and by bringing 
49°16’ on S to the hairline. Then move the hairline to 67°42’ and 63°2' on S 
successively and read b = 450, c = 434, respectively. 


448. How does the slide rule check the solution of the triangle of Ques. 418? 
Given a = 36.41, b = 46, A = 34°28’ 
46 c 


ill 
eo 
> 
~~ 
— 


Use the left half of the A-scale 


B 


a=36.41 ft, 


QUES. 418. 


Set up the proportion by moving the hairline to 36.41 on the left half of A and 


by bringing 34° 28’ on S to the hairline. Then move the hairline to 46 on A and 


read 
B, = 45°40’, B, = 180° — 45°40’ = 134°20’ 
Then C; = 180° — (A + B,) = 180° — (34°28’ + 45°40’) 
= 99°52’ 
C, = 180° — (A + B,) = 180° — (34°28’ + 134°20’) 
= 11°12’ 


Knowing C, and C,, merely move the hairline (in the above proportion setup) to 
the angle on S and read c, = 63.3, cy = 12.5. 
For sin 99° 52’ set the hairline to 80°8’ because 
sin 99°52’ = sin 80°8’. 
This is on the scale. 
449. How does the slide rule check the solution of the triangle of Ques. 424? 
Given b = 0.0543, c = 0.0362, A = 112°18' 
The included angle A is greater than 90 deg. 


Use D _ b+c _ b-—ec 


and the law of sines. 
B+C = 180° — 112°18’ = 67°42’, —~— = 33°51’ 


b+ c = 0.0543 + 0.0362 = 0.0905 
b —c = 0.0543 — 0.0362 = 0.0181 
D_ 0.0905 _ _ 0.0181 
T tan 4(B — C) 


A 6=0.0543 C 
QUES. 424. 


Set up the proportion by moving the hairline to 0.0905 on D and bringing 
33°51' on T to the hairline. Then move the hairline to 0.0181 on D and read 
7°38' on T: 


4(B —C) = 7°38" 
$(B + C) = 33°51’ 
“. B = 40°89’ = 41°29’ 
B+C = 67°42’ .«. C = 67°42’ — 41°29’ = 26°13’ 
S ~ sin 41°29’ ~ sin 112°18’(= sin 67°42’) 
Set up the proportion and read a = 0.076. 
450. How does the slide rule check the solution of Ques. 433? 
Given a = 15, b = 17, c= 20 
2s = 15 + 17 + 20 = 82, s = 26 
s-—a=ll, s—b=9, s—-c=6 


po eS _ 11-9°6 _ gag 
$ 26 


Use the second half of the A-scale with its own index (the middle index on the 
scale). 


A r 4.78 _ a 
Mie ee ii = 0.435, 9 = 23°30’, 
B r 4.78 B ‘4 

tans = sR = 7g = 0.582, 5 = 28, 
ae C _ 340907 
tan 5 =~. = -g = 0.798, 5 = 38°30, 
PROBLEMS 
1. Find b in the right triangle ABC, given 4B = 76°30’, a = 80 ft. Find the area. 
B 
: a 


A b C 


PROB. 1. 
2. Find ZB, a, and c in the right triangle ABC, given b = 42 ft., A = 46°37’. Find the area. 
c 
a 
PROB. 2. 


Without using logarithms, solve the following right triangles: 
3. a= 58, A = 31°52’ 
4, b = 22,6 = 72 
5. c = 108, J5 = 62°43! 
6.a=16,b=35 
7. a= 2.3, 5 = 38°26 
8. c = 0.48, A = 57°56’ 
Using logarithms, solve the following right triangles: 
9. a = 286.4, c = 592.7 
10. a = 48.77, A = 46°36’ 
11. a = 0.04629, b = 0.08735 
12. c = 0.4219, A = 83°26' 
13. c = 9,352, B= 42°18' 
14. a = 349.2, 6 = 716.8 


56° 


iT 


15. b = 841.6, A= 64°8' 
16. b = 47.39, c = 96.42 


17. Find b, c, and B, given a = 58.42, A = 74°39’, and C = 41°28’. Check the result. Find the area. 


B 
c 
A b C 
PROB. 17. 

Case I—Solve the following triangles and check the result of each: 

18.q = 28.42 A = 35°16’ B= aed 
19.6 = 6.395 A = 18°35’ C = 44°28’ 

20.¢ = 158.2 B = 24°52’ C= 11830 
21.a = 583.1 B = 76°21’ C = §2°25' 

22.6 = 3,268 A = 26°41’ B = 52°42’ 

23.¢ = 0.7632 A = 106°8’ B = 32°23’ 

24.4 = 4,236 A = 60°38’ C = 42°52’ 

25.6 = 71.77 B = 15°24’ C = 66°33’ 

26.¢ = 44,44 A = 138°52’ C = 16°27’ 


27. Solve the triangle when given b = 4.682, c = 14.72, and C= 116°24', and check the result by 
Mollweide’s equation. Find the area. 


PROB. 27. 
28. Solve the triangle when given a = 26.81, c = 38.42, and A = 43°28’. Check the result. Is there more 


than one solution? Find the area. 
Case II—Solve the following triangles and check the result: 


29.4 = 342.3 b = 262.7 B = 46°36’ 
30.4 = 0.4652 c = 0.2943 A = 73°28’ 
31.a = 45.89 b = 55.92 A = 54°41’ 
32.6 = 12.33 c = 5.776 B = 154°18' 
33.5 = 52.69 c = 67.53 B = 35°48’ 
34.q = 4.768 c = 4,235 C = 63°7’ 
35.4 = 914.3 b = 726.2 A = 144°58’ 
36.b = 7,593 c = 6,874 C = 58°22’ 
37.6 = 9.321 c = 12.273 C = 127°30’ 
38.4 = 438.6 b = 335.2 B = 49°19’ 
39.@¢ = 0.4691 ce = 0.2745 A = 71°37’ 
40.q = 45.79 b = 57.63 A = 54°42’ 
Al. 3 = 11.22 = §.431 B = 154°15’ 
Case III]—Solve the following triangles and check 

42.h = 492.2 = 672.3 A = 55°42’ 
43.6 = 8.317 c = 3.828 A = 28°14’ 
44.q = 92.86 b = 74.32 C = 52°29’ 
45.q = 268.1 b = 523.6 C = 144°34’ 
46.4 = §.165 c = 3.051 B = 122°6’ 
47.q = 438.9 b = 345.7 C = 65°58’ 
48.5 = 76. c = 42.36 A = 38°45’ 
49.qa = 30.28 b = 35.94 C = 27°30’ 
50.6 = 2,376 c = 4,248 A = 83°22’ 
5l.qg= 6.847 c = 12.48 B = 116°54’ 
Case IV—Solve the following triangles and check. Find the area in each case: 

52.a = 57.4 b = 36.98 c = 45.63 
53.a = 3,467 b = 2,783 c = 1,769 
54.a4 = 453.6 b = 537.2 c = 416.5 
55.4 = 9.353 b = 5.786 c = 5.887 
56. q@ = 12.84 b = 16.37 c = 24.82 
597.a = 27.86 b = 66.38 = 72.64 
58.q = 684.1 b = 932.3 c = 841.5 


Problems involving right triangles 

59. A mountain slope rises 760 ft. in , mile on the horizontal. What angle does the slope make with the 
horizontal? 

60. What angle does a stairway make with the floor if the steps have a tread of 9A; in. and a rise of 74 
in. ? 

61. What is the angle of elevation of the sun at the instant that a 68-ft. flag pole casts a shadow of 81 ft.? 

62. A rafter has a rise of 74 ft. in a run of 133 ft. What angle does the rafter make with the horizontal? 

63. If the pitch of a roof is defined as the ratio of the distance from the plate to the ridge to the width of 
the building, what is the angle between the rafters and the horizontal in roofs having a pitch of (a) ;. (b) 3, 


(4d }? 


yRidge 


YN 


\Plate 


PROB. 63. 


64. If a roadbed has a grade of 18 per cent, what is the angle of slope? 

65. A ladder 28 ft. long makes an angle of 15°30 ' with the wall of a building. How far down the wall will 
the top of the ladder fall if the foot of the ladder is drawn away 2 ft. 9 in.? 

66. A square platform is supported by four corner angle irons each 40 ft. long and 14 ft. apart at the base, 
forming a square. The legs make an angle of 81°15’ with the horizontal line joining diagonally opposite 
legs. What size platform will the legs support? 

67. If three rods each 6 ft. long have their ends tied together at the top and the other ends rest on the 
ground and are 3 ft. apart, what is the height of the tripod thus formed? 

68. What is the angle between the diagonal of a cube and one of the diagonals of a face of the cube? 

Problems involving oblique triangles 

69. Find the lengths of the diagonals and the area of a parallelogram whose sides are 32.4 ft. and 47.6 ft., 
and the distance between the long sides is 16 ft. 

70. Find the radius of the circumscribed circle of a triangle one of whose angles is 34°26 ' and whose 
opposite side is 22.47 ft. long. 

71. Find the radius of the inscribed circle of a triangle whose sides are 24, 30, and 36 ft. long. 

72. A tower C is observed at the same time through two telescopes mounted 380 ft. apart. The lines of 
sight make angles of 74°10’ and 82°52’, respectively, with the line joining the telescopes. What is the 
distance of the tower from the nearer telescope? 


74° LL "62" 


A 380’ B 
PROB. 72. 


73. The angles of elevation of the base and top of a flag pole on top of a building as measured from a 
point 85 ft. in front of the building are 38°29’ and 54°32’, respectively. What is the height of the flag pole? 


85" 


PROB. 73. 


74. Two streets meet at an angle of 65°38’. How much land is included in area ABC? 
! 
524/65 9g!\ a8 


A C 
PROB. 74. 


75. How much land is included in the triangular plot DEF? 
Note. —Additional problems on triangles will be found in the chapters on 
Applications of Plane Trigonometry. 


D 26 F 


PROB. 75. 


SECTION I 
APPLICATIONS OF PLANE TRIGONOMETRY 


CHAPTER X V 
SMALLANGLES 


451. What is the relation between the radius, arc, and radian measure of a central angle? 


Angle A (in radians) = : ™ mength of are 


The ratio of the length of arc to the radius gives the angle in radians. 
arc 8 
Then alee’ te and arcs=rA 


452. What approximation results in the above when angle A is small? 
For small angles arc s will be nearly equal to chord | 


i 
A 8 


QUES. 452. 
453. How far away is a bomber plane from an observer if it is known to be 150 feet long and to 


subtend an angle of 1 degree as seen from O? 


—_ chord, in linear units 
~ subtended angle, in radians 


The angle must be in radians in this relationship. 
180° = 7 radians 


Then 1° = aa radian = — radian 


Now r= = = 150 - 57.3 = 8,595 ft. approximately 


1 r 
150 ft. 
6) 


QUES. 453. 


454. What would be the error in feet per mile of r, if the chord is taken as the arc and the angle 
subtended is ( a) 1 degree, ( b) 5 degrees, (c) 10 degrees? 
If the chord / is used in place of the arc s, the error in feet per mile is about 


a.+ ft. for 1 deg. 
b.64 ft. for 5 deg. 
c.25 ft. for 10 deg. 
See Ques. 472. 
455. How would you find the approximate distance if the angle is given as ( a) n degrees, ( b) 1 minute, 


(c) m minutes? 


a. n deg. = oe 3 radians 

2 ie chord length _ chord length ° 57.3 _ Huranns 
Dal n 
57.3 


1 
b. 1 minute = 60 5737 3,440 radian 


r= Som Sah sags = chord length « 3,440 = distance 


ee 
c m minutes = 3,440 


ae chord length = chord length ° 3,440 _ Sedans 
m’ m’ 
3,440 


456. How far away is a railroad tower from an observer if it is known to be 25 feet high and to 
subtend an angle of 3°30’ at O, which is on a perpendicular bisector of the tower? 


chord: 57.38 25° 57.3 


= 409 ft., approximately 
Since 3°30" = 210° 
chord «3,440 25: 3,440 
fe oe — 310 = 409 ft. approximately 
3°30,_ 12.5 ft, 


12.5 ft. 


QUES. 456. 
A right-triangle solution using four-place logarithms gives r = 409.46 ft. 


457. What determines the degree of a railroad curve in the United States? 


——>— 100 ft. chord 


ie. 
\ Central angle 
v given in degrees 


QUES. 457. 


The curvature of railroad tracks is customarily expressed in degrees, and the 
degree of a curve is determined by the central angle subtended by a chord length 


of 100 ft. 


458. What is the radius for a 3-degree railroad curve? 


A 3-deg. curve is a curve on a circle in which a chord of 100 ft. will subtend a 


central angle of 3 deg. Since the 


curves generally used are of small central angles, the error is small if the chord is 


taken in place of the arc. 


Therefore, to get the radius of the curve, simply divide 5,730 by the number of 
degrees of the curve. 

To get the number of degrees of the curve, divide 5,730 by the number of feet 
in the radius. 


459. What angle will a target subtend at a gun 1,000 yards away if the diameter of the target is 1 
yard? 


Since the arc or chord is ;g99 part of the radius, the central angle subtended by 
a target 1 yd. in diameter 5 a gun 1,000 yd. away is 1 mil very nearly. 


460. What angle will the above target subtend if it is D yards in diameter? 


1000 y= 
—) D yds. 


QUES. 460. 


If at a distance of 1,000 yd. a 1-yd. target subtends an angle of 1 mil, then a 
target of D yd. will subtend an angle of D mils very nearly. This is quite accurate 
up to 100 mils or a 5.6-deg. angle. 

461. What angle in mils will a target D yards in diameter and r yards away subtend at the gun? 


If the angle is D mils for a target D yd. in diameter at 1,000 yd. distance, then 
D 


at r yd. distance the angle is _r_ mils very nearly. This is quite accurate up to 
1,000 


100 mils, or a 5.6-deg. angle. 
R 


O D 
M 


QUES. 461. 


diameter of target 
Mils subtended at gun = “range + 1,000 


_ diameter X 1,000 


range 
, D(yards) ; r — 
or M(mils) = —~;—— if R= r is in yards 
(mils) = 7000 (is in yards) 
462. What angle will a target 40 yards in diameter subtend when the range is 4,000 yards? 
D_ 40 , 
=> =-— = 10 mils 
R 4 
463. If a target 30 yards in diameter subtends an angle of 30 mils, what is the range? 
D_ 30 
=—=-— =] or r = 1,000 d. = range 


464. How does the exact angle A compare with the approximate angle as found by the above formula 
if the target is 200 yards and the range is 4,000 yards? 


_ A 100 


sin 9 => 4,000 = 0.0250 


= 1°26’, A = 2°52’ 


QUES. 464. 


From Ques. 41, 33’ = 1 mil. 


”. 50°33’ = 168.75’ = 2°48?’ approximately 
2°52’ — 2°482’ = 3} 
3.25 , 
172 = 0.019 = 1.9 per cent error in the approximate 


method 
465. What is meant by the parallax of a point due to a line segment? 


A 


7 
0 l 
p 
” B 
QUES. 465. 


Angle p is called the parallactic angle at target O or the 


parallax of O due to a line segment AB when the target is viewed from points A 
and B. Assume OB = OA = r. 


466. What is a range finder? 

A range finder is an instrument that gives the range to a target by means of the 
angle subtended at the target. Two images of the target are obtained at the ends 
of a tube of known length. By turning a milled head these images are made to 
coincide. The amount of turning depends on the parallactic angle, and this 
depends upon the range. 


467. If Z= 3 yards, what is the range for a parallax of ( a) 1 mil, ( b) 3 mils, (c) 10 mils, ( d) 15 mils? 
T 


Ya 
QUES. 467. 


R=-—-=-=8, or r = 8,000 yd. approximately 


; or r = 1,000 yd. approximately 
= 7, = 0.3, or fr = 300 yd. approximately 
d. R = +5 = 0.2, or 7 = 200 yd. approximately 


r 
where k= — 
1,000 
468. If 1 = 5 yards, what is the parallax for a range of (a) 1,000 yards, ( b) 1,500 yards, ( c) 2,000 
yards, ( d) 3,000 yards? 
l 65 
a R=- and =p = {= oils 
l 5 1 
b =~ =-- = 3s mils 
Oe Ts 3 
Ll 9§ l 
7. p= =- = 2=- mils 
Rk 2 2 
1 5 2 


469. Why must a correction be made when the direction of the center of the sun, moon, or one of the 
nearer planets is observed from the surface of the earth? 
To obtain the direction of a planet as it would be measured from the center of 
the earth, a correction must be made because astronomical tables give the 
positions of the bodies of the solar system as if each body were a point. 


QUES. 469-470. 


This difference of direction of a body as seen from the surface of the earth and 
from the center is called the parallactic angle or parallax of the body at the 
particular altitude. 

O = center of earth 

S = surface of earth 

P =a planet 

ZA = angle of elevation (altitude) of the planet’s center above horizontal SH 

p = parallactic angle = parallax = the difference of direction of P as seen from 
O and S at altitude 2A 

When the center of the planet is on the horizon HS, the parallactic angle 
becomes 2h, which is known as the horizontal parallax of the planet. 


470. What is the approximate horizontal parallax for the moon if the radius of the earth is 3,960 miles 
and the distance to the moon OP is 250,000 miles? 


From the above figure 


R 3,960 _ 
sinh = OF = 950,000 ~ / radian 


approximately, because, as will be shown, the sine of a small angle is very nearly 
equal to the angle in radians. 


3,960 


250,000 = 0.01584 radian 


Now, 1 radian = 2 = 57.3° 
“. 0.01584 - 57.3° = 0.9076° = 54.456’ = the approximate 
horizontal parallax of the moon 


471. Why is it that the sine and the tangent of a very small angle do not differ much from the value of 
the angle measured in radians? 


QUES. 471. 


From the figure it is seen that chord MN is less than arc MTN, which in turn is 
less than the tangent PQ. Taking half the length of each of these, we get 


y <arca <t 
Dividing by r, 


Now 4 = sin A, - = A radians, : =tanA (OT =7r) 
“. sin A < A (radian) < tan A 


Dividing by sin A or tan A, 


1 <inA <cosd (1) 
or 
46-45 a1 (2) 
ee S Go 
As A approaches 0 eg. or becomes very small, a approaches 1; the 


intermediate quantity =~ A. must also approach 1 and the reciprocal quantity —=+ an A 


must approach 1; sin A differs but slightly from A measured in radians. 
Equation (2) may be written 


1 2 tan A rs, 
cos A A 
When the angle is quite small, < approaches 1, sane 4 must approach 1, and tan 


A is very nearly equal to A in ane 


sin 2° = 0.0349 tan 2° = 0.0349 


2 
P . 
2 573 0.0349 radian 
It is thus seen that for small angles the sine, the tangent, and the angle in 
radians are very nearly alike in value, and any one may be replaced by either of 
the remaining two. 
If d is a small quantity, then 


sin A tan A 
A = 1-—-d, —j —i=« 
or sin A = A — Ad, tan A = A — Ad 


472. What is the approximate value of d when (a) A = 1°, (b) A = 5°, (c) A = 10°? 


a. A = 1°, sin 1° = 0.0174524, 1° = 0.0174533 radian, 
Ad = 0.0000009 = difference 


d = xobo0 approximately 
b. A = 5°, sin 5° = 0.0871557, 5° = 0.0872665 radian, 
Ad = 0.0001108 = difference 


d = ghp approximately 
c. A = 10°, sin 10° = 0.1736482, 


10° = 0.1745330 radian, 
Ad = 0.0008848 = difference 
d = xh» approximately 


473. What would be the error in figuring the approximate distance of an airplane 150 feet long if it is 
found to subtend an angle of 1 degree at the observation point? 


r= 150 - 57.3 = 8,595 ft. approximately 


For a 1 deg. angle, the error d = yydaq- Then, sees = 0.42975 ft. is the 
180 


error, neglecting the slight error in using 57.3 instead of ——.. 
T 


474. How can more accurate values be obtained for the functions of acute angles near 0 degrees? 

We have seen that when an angle A is very small, we may replace sin A and 
tan A by the value of A in radians to get more accurate values of the functions, 
1.., 

sin A = A radians 
tan A = A radians 
From this, 
1 
cones A > 
A radians 
1 


cot A = A radians 


cos A and sec A can be found as usual from the tables. 


Example 
If A = 2°12’, 
sin 2°12' = 0.0384, tan 2°12' = 0.0384, 2° 12’ = 0.0384 radian 
Without changing the first four figures of the result we may replace the sine or 
tangent of any angle between 0° and 2°12’ by the radian value of the angle. 


475. How can more accurate values be obtained for the functions of acute angles near 90 degrees? 


When an angle A is very near 90 deg., replace cos A and cot A by the radian 
value of the complement of that angle, i.e., 


cos A = sin (90° — A) = (90° — A) radians 


cot A = tan (90° — A) = (90° — A) radians 
From this, 
a: 
Bee * = (90° — A) radians 
tan A = . 


(90° — A) radians 
sin A and cosec A can be found as usual from the tables. 


Example 


If A = 87°48’, 

cos 87°48’ = sin (90° — 87°48’) = sin 2°12’ = 0.0384 

cot 87°48’ = tan (90° — 87°48’) = tan 2°12’ = 0.0384 
2°12’ = 0.0384 radian 


Without changing the first four significant figures of the result, we may 
replace the cosine or cotangent of any angle between 87°48' and 90° by the 
radian value of the complement of that angle. 


476. What are some of the equivalents that are useful in the calculation of small angles? 


1° = aa radian = 0.0174533 radian 
1’ = 0.0002909 radian 
1” = 0.00000485 radian 


al = 57,.29578° = 1 radian 


mw = 3.14159 
log 0.0174533 = 8.2419 — 10 
log 0.0002909 = 6.4637 — 10 
log 0.00000485 = 4.6857 — 10 
log 57.29578 = 1.7581 
log r = 0.4971 
477. What are the sine, tangent, and cotangent of 36 minutes? 
1’ = 0.0002909 radian 
36’ = 36: 0.0002909 = 0.0104724 radian = 0.01047 
radian 
“. sin 36’ = 0.01047 
tan 36’ = 0.01047 


id 
cot 36° = 001047 


Seven-place tables give sin 36’ = 0.0104718 and 
tan 36’ = 0.0104724. 


Ordinary interpolation from four-place tables gives sin 36’ = 0.0104 = tan 36’. 


= 95.51 


478. What are the cosine, cotangent, and tangent of 89°31'24"? 


A = 89°31'24” 
90° — 89°31'24” = 0°28'36’’ = 28.6’ = complement of A 
1’ = 0.0002909 radian 
28.6’ = 28.6 : 0.0002909 = 0.00831974 radian = 0.00832 


radian 

:. cos 89°3124”” = sin (90° — 89°31'24””) = sin 2836” 
= 0.00832 

cot 89°31/24” = tan (90° — 89°31’24””) = tan 28'36” 
= 0.00832 
° / jo ] —_ a See 
tan 89°31'24" = cot 89°31'24” ~ tan (90° — 80°31'24”) 
~ tan 28'36” ~ 0.00832 


tan 89°31'24” = 120.2 


Seven-place tables give sin 28'36” = 0.0083193 and tan 28'36” = 0.0083196. 
Interpolation from four-place tables gives 


sin 28’36”’ = 0.0083 = tan 28’36”. 
479. What angle will an 8-foot pole subtend at a distance of 1,432 feet? 
A 8 ft. 
1482 ft. 


QUES. 479. 


tan A = tos 
= zhy = 0.005587 


Replace tan A by A in radians. 


” A = 0.005587 radian 
But 1’ = 0.0002909 radian 


SL we 19.2! = 19/12" 


480. How can more accurate values be found for the logarithms of the functions of acute angles near ( 
a) 0 degrees, ( b) 90 degrees? 


1° = 0.017453 radian 
”. A° = 0.017453 - A radian 


a. Since we may replace sin A and tan A by A in radians for small angles near 
0 deg., then 


sin A° = 0.017453: A = tan A®° 
and log sin A° = log 0.017453 + log A = log tan A°® 
Finally, log sin A° = 8.2419 — 10 + log A = log tan A®° 


1 1 
tan A 0.017453: A 
. log cot A° = log 1 — log 0.017453 — log A 
0 — (8.2419 — 10) — log A 
10 — 8.2419 — log A 
1.7681 — log A 


log cosec A can be found from the reciprocal relation of sin A. log cos A is found 
as usual from the tables. 

b. Since we may replace cos A and cot A by the value in radians of the 
complement of A for angles near 90 deg., then, 


Then cot A = 


cos A° = sin (90° — A) = (90° — A) radians 
cot A° = tan (90° — A) = (90° — A) radians 
cos A° = 0.017453(90° — A) = cot A 
log cos A° = 8.2419 — 10 + log (90° — A) = log cot A 


ee a ce” oe 
Now tan A" = ot a = ian 0° A) ~ (O° — A) 
1 
~ 0.017453(90° — A) 
. log tan A° = log 1 — log 0.017453 — log (90° — A) 


0 — (8.2419 — 10) — log (90° — A) 
= 10 — 8.2419 — log (90° — A) 
= 1.7581 — log (90° — A) 


log sec A° can be found from the reciprocal relation of cos A. 


log sin A° can be found as usual from the tables. 
For all angles between O and 1.1 deg. and between 88.9 and 90 deg. these 
results are accurate to four decimal places. 


481. What is log tan 2'9.6”"? 
2'9.6’" = 2.16’ = 0.036° 
log tan 0.036° = 8.2419 — 10 + log 0.036 
= 8.2419 — 10 + 8.5563 — 10 
= 16.7982 — 20 
log tan 2’9.6’" = 6.7982 — 10 


A seven-place table gives 
log tan 0.036° = 6.7981768 — 10 = 6.7982 — 10. 


Ordinary interpolation gives log tan 0.036° = 6.7912 — 10 
482. What is log tan 89°54’36”? 


89°54'36”" = 89.91° 
log tan 89.91° = 1.7581 — log (90° — 89.91°) = 1.7581 
— log 0.09 
= 1.7581 — (8.9542 — 10) = 1.7581 + 10 


— 8.9542 
log tan 89.91° = 2.8039 


If we should wish to get tan 89.91°, merely look up the antilogarithm of 
2.8039 to get tan 89.91° = 636.7. 


483. What angle will a circular target 6 feet in diameter subtend at a distance of 3,000 feet? 


A 6 ft. 
3000 ft. 


QUES. 483. 


tan A = ap50 = shy = 0.002 
A = 0.002 radian 


0.002 
A =~ = 6.87’ of arc = 652.2” 
0.0002909 
484. How many feet will a railroad track rise in a mile if its inclination with the horizontal is 50 
minutes? 
' 
50 P 
5280 ft. 


QUES. 484. 


tan 50’ = 5,280 


z = 5,280 - tan 50’ 

0.0002909 radian 

50 - 0.0002909 = 0.014545 = 0.01455 radian 
= 0.01455 

= 5,280 + 0.01455 = 76.82 ft. 


PROBLEMS 


1. A bomber plane 175 ft. long subtends an angle of 2 deg. as seen by an observer at point O. How far is 
the plane from the observer? 
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PROB. 1. 


2. An aerial tower 130 ft. high subtends an angle of 2°30’ at an observation point O. How far away is the 
tower from O ? 
3. What is the radius of a 2-deg. railroad curve? 
4. If the radius of a railroad curve is 2,500 ft., what is the degree of curve? 
5. What angle in mils will a target 42 yd. in diameter subtend when the range is 3,000 yd.? 
6. If a target of 60 yd. subtends an angle of 12 mils, what is the range? 
7. How does the exact angle A compare with the approximate angle of a 90-yd. target at 4,500 yd.? 
8. What is the range for a parallax of (a) 2 mils, (b) 4 mils, (c) 6 mils, (d) 12 mils if the length of the 
object is 6 yd.? 
9. If the length of an object is 8 yd., what is the parallax for a range of (a) 800 yd., (b) 1,200 yd., (c) 
1,600 yd., (d) 3,200 yd.? 
10. What is the approximate horizontal parallax for a planet 1,600,000 miles from the earth with the 
radius of the earth taken as 4,000 miles? 
11. What would be the error in figuring the approximate distance of an aircraft carrier that is known to be 
850 ft. long if it is found to subtend an angle of 5 deg. at the observation point? 
12. What are the values of the sine, tangent, and cotangent of 42 minutes more accurate than the values 
found in the tables? 
13. What are the values of the cosine, cotangent, and tangent of 89° 16’12” more accurate than the values 
found in the tables? 
14. What angle will a 10-ft. flag pole subtend at a distance of 1,600 ft.? 
15. What is log tan 3'8.2"? 
16. What is the more accurate value of log tan 89°46'18"? 
17. What angle will a circular target 8 ft. in diameter subtend at a distance of 3,200 ft.? An accurate value 
is desired. 
18. How many feet will a railroad track rise in a mile if its inclination with the horizontal is 46 minutes? 
19. If a shell misses a target by an angle of 12 mils at a range of 4,800 yd., how many yards is it from the 
target to the dropped shell? 
20. An enemy pillbox subtends an angle of 24 mils from a certain position. On moving towards the 


pillbox 300 yd. the angle is observed to be 36 mils. How far away is the pillbox and how many yards is it in 
width? 

21. If the distance of an observed planet is taken to be 64,000,000 miles from the earth and it subtends an 
angle of 24'16” at the earth, what is the diameter of the planet? Use the functions of small angles. 

22. If the radius of the earth is taken to be 3,960 miles and it subtends an angle of 10 seconds at the sun, 
what is the distance of the sun from the earth? 

23. If a flag pole 30 ft. high subtends an angle of 50 mils, how far away from the pole is the observer? 

24. How many yards high is a pillbox if at 3,500 yd. it subtends an angle of 12 mils? 

25. If you are 5,000 yd. away from two stations A and B and if the angular distance between the points is 
25 mils, what is the distance between A and B? 

26. How far from shore is a ship if by means of a sextant an observer on the ship finds that on shore an 
aerial tower 180 ft. high subtends an angle of 3 deg. ? 

27. A plane is flying at 275 m.p.h. After 3 hr. the navigator finds that he has made an error of 1.5 deg. in 
setting his course. How far off his desired course is he? 

28. A navigator from his bridge 32 ft. above sea level observes the angle of elevation of a light on a 
lighthouse tower to be 2°8’. If the tower is known to be 180 ft. high, how far is the ship from the tower? 

29. If the diameter of the moon is taken as 2,160 miles and its distance from the earth is 250,000 miles, 
what angle in minutes does it subtend at the earth? 

30. If a ship is 650 ft. long and subtends an angle of 25 mils when viewed broadside, what is its distance 
from the observer? 

31. If an enemy entrenchment is known to be 100 yd. to the right of a landmark that is 2,200 yd. from a 
gun, through what horizontal angle must the gun be deflected to hit the target? 

32. If 1 = 3 yd., what range would correspond to a parallax of (a) 3| mil, (b) 2 mils, (c) 4 mils, (d) 6 mils, 


(e) 8 mils? 


Range 
O— l 


PROB. 32. 
33. If 1 = 5 yd., what parallax corresponds to a range of (a) 500 yd., (b) 1,000 yd., (c) 1,500 yd., (d) 2,000 


yd., (e) 10,000 yd.? 
34. Find the horizontal parallax h for planet P if r = 60,000,000 miles. 


PROB. 34. 


35. Find sin 25’ to four significant figures. 

36. Find tan 2’45” to four significant figures. 

37. Find cot 3’30” to four significant figures. 

38. Find to the nearest second the angle whose sine is ate. 


39. Find tan 4 (0.0006) to the nearest second. 
40. Find sin 6'30" to four significant figures. 


41. Find sin-4 (0.003) to the nearest second. 

42. If the bull’s-eye of a target is 1.1 in. in radius, what angle to the nearest second will it subtend at a 
point 125 yd. in front of it? 

43. At what height is an airplane if its 82-ft. wing span subtends an angle of 36 mils at a point on the 
ground directly beneath the plane? 

44. If a range finder is 16 ft. long, what is the range of an object when the rays of light coming from the 
object to the ends of the finder make an angle of 44 minutes between them? 

45. What is the diameter of the moon, to three significant figures, if it subtends an angle of 32 minutes at 
a point on the earth 250,000 miles away? 

46. What angle will a 160-ft. target subtend at an airplane 8,600 ft. directly over it? 

47. If an object subtends 10 mils at 6,400 yd. distance, how many mils will it subtend at 8,400 yd.? 

48. How many mils would a |} in.-diameter disk subtend at an observer’s eye 15 yd. away? 


49. If a certain angle-measuring instrument is known to have a maximum error of 4 mils, what error in 
yards would this cause in the position of a point at 2,000 yd. distance? 

50. How long is an objective if it subtends an angle of 30 mils at an airplane 2 miles directly above the 
objective? 

51. If you aim a shell at the middle of a 200-yd. target from a distance of 12,000 yd., how much angular 
deviation may the shell have and still hit the target? 


CHAPTER X VI 
PERIODIC FUNCTIONS 


485. What are some examples in nature of motions that are recurrent? 

Familiar recurrent motions found in nature are sound waves, water waves, 
alternating electric current, motion in machines as that of a piston rod, vibrations 
of a piano string, vibrations of a pendulum, motion of tides, breathing 
movements, heartbeats. 

486. What is a periodic curve? 


A periodic curve is one that repeats or recurs in form like the sine curve. 


487. What is a periodic function? 


A periodic function is one from which a periodic curve is obtained. 


488. What is meant by the cycle of a periodic curve? 

A cycle is the least repeating part of a periodic curve. 

The sine curve does not start to repeat itself until it reaches 360 deg. One 
cycle is then from 0 to 360 deg. This also applies for the cosine curve. But, for y 
= tan A, the curve does not start repeating itself until it reaches 180 deg. 

489. What is meant by the period of a periodic function? 


The period of a periodic function is the change in value of the variable 
required to complete a cycle. For y = sin A, the period is 2m radians, because a 
change in angle A of 2 7 is required to complete a cycle. This applies for the 


Cosine curve. For the tangent curve the period is 7 radians. 


490. What is the period of (a) y = sin nA, (b) y = cos nA,(c) y = tan nA? 


For y = sin A, A must equal 27 radians to complete a cycle before the curve 
Starts repeating itself. 


a. For y = sin nA, therefore, A must equal a to complete a cycle, and a is the 
period. 
b. For y = cos nA, the period is r. 
: Tv 
c. For y = tan nA, the period = 7 


491. What is the period of (a) y = sin 2A, (b) y= sin 3 A, (c) y = cos 4 A, (d) y = tan3 A? 


a. A cycle is completed when A = #. 


The period = 1 radians. 


b. A cycle is completed when A = 2. 
The period = 2m yadians. 
3 
2r 


c. A cycle is completed when A = = 


The period = 5 radians. 


d. Acycle is completed when A = 5 


The period = ; radians. 


492. How may y = sin nA be made to have any desired period? 

By giving appropriate values to n, any desired period can be obtained. 

For a period of & radian, divide 2* by > and n becomes 12; or there are 12 cycles 
in 2 m radians. Then, y = sin 12A. 

For a period of 60 deg. or 3 divide 2x by} and n becomes 6; or there are six 


cycles in 2 m radians. Then, y = sin 6A. 


493. What is meant by the periodicity factor? 


The number n, as in y = sin nA, is called the periodicity factor. 
To plot y = sin nA requires a definite value of n, as, say, 3. 


494. What is meant by the amplitude of a periodic function? 


The amplitude of a periodic function is the greatest absolute value of the 
ordinates of the function. 

For y = sin A, there is no value of y greater than 1. Then, 1 is the amplitude. 

For y = cos A, there is no value of y greater than 1 (1 = amplitude). 

For y = tan A, the amplitude is unlimited. 


495. What is the amplitude of (a) y = a sin A, (b) y = 4 sin A? 

a. The greatest value of y for y = sin A is 1. The greatest value of y for y =a 
sin A is a. Therefore, a is the amplitude. 

b. The greatest value of y for y = 4 sin A is 4. Therefore, 4 is the amplitude. 
496. What is known as the amplitude factor? 

The number a, in y= a sin A, is called the amplitude factor. 
497. How can a function of any amplitude and any desired period be obtained? 

By appropriate choice of the amplitude and periodicity factors any desired 
function having these desired characteristics can be obtained. 


498. What is the meaning of the introduction of a time element in the sine graph? 


In the standard sine graph y = sin x x and y are measurements of distances or 


lengths. This sine graph may be used to represent forms or shapes such as waves 
generated by vibrating strings. 

But, if y is a linear distance and x the time in seconds, the sine graph may be 
used to represent periodic oscillations such as the projection of a rotating crank, 
alternating current, vibrating springs, sound waves, etc. 

499. What is meant by the expression “A wheel rotates at the rate of 20 revolutions per minute”? 


The expression “ A wheel rotates at the rate of 20 r.p.m.” means that, if the 
rate of rotation remains constant during a minute, a given radius of the wheel 
turns through an angle of 20 - 360° = 7,200° in that minute. 


500. What is rate of rotation generally known as, and what is its symbol? 
Rate of rotation means “angular speed,” which is represented by the Greek 
letter @ (omega). 


501. What are some of the equivalent expressions for the statement “The rate of rotation or angular 
speed is 20 revolutions per minute”? 


Some equivalent expressions for @ = 20 r.p.m. are 
w = 20 r.p.m. X 60 min. = 1,200 revolutions/hr. 
w = 20 r.p.m. X yg min. = 4 revolutions/sec. 
w = 20 r.p.m. X 360 deg. = 7,200 deg./min. 
w = 20 r.p.m. X 2m (radians) = 407 radians/min. 
w = 20 r.p.m. X 2r X ey = 4m radian/sec. 


The form of expression for any given angular speed depends on the unit of 
angle and the unit of time. 


502. What is angular displacement? 

Angular displacement = angular speed x time 

or A = ot 

This means that the angle A through which a radius of a wheel turns in t units 
of time is ot. 


Example 
If the angular speed @ is 3 radians/sec. and t = 10 sec, 
then 
ts = 10r 


angle A = angular displacement = = - 10 3 radians. 


4 


If @ = 180 deg./min. and t = 10 min., then 
A= 180 - 10 = 1,800 deg. 

503. What is the relation of linear velocity to angular velocity? 
The length of an arc = radius = angle (in radians) 
ors=rA 
Dividing both sides by t, 

A 


pmey 


504. What is the linear velocity or speed of a point on the surface of a 6-foot wheel if it is rotating with 
a uniform angular speed of 3« radians per second? How far will the point travel in 12 seconds? 


v= TW 


& 


Here r= 3 ft., w = 3m radians/sec. 
. v = linear velocity = 3° 3x = 9n ft./sec. 
= 28.27 ft./sec. 
Linear displacement = linear velocity X time 
= Or: 12 = 1087 ft. 
= 339.29 ft, 


506. What is the angular speed if a point is moving with a uniform speed of 30 feet per second in a 
circle of radius= 6 feet? 


v = 7TH, or w=- 


. w = 32 = 65 radians/sec. 

506. How can a function be built up to represent exactly or approximately any periodic phenomenon? 

By the proper choice and combination of sines and cosines a function can be 
built up to represent any periodic phenomenon. 
507. Why cannot the periodic functions of tangent, cotangent, secant, and cosecant be used to 

represent periodic happenings? 

These functions become infinite for certain values of the angle, and periodic 
motions do not have values that become infinite. A mathematical expression 
must represent the actual motion or occurrence. 


508. How would you plot a curve showing the relation of the projection of a point on a vertical 
diameter and that of its uniform circular motion? 


Assume that point P moves around a vertical circle of radius = 4 ft. in a 
counterclockwise direction. 

Assume that point P starts at A where t = 0 and moves with an angular 
velocity of 1 revolution in 10 sec. 

One revolution = 360 deg. in 10 sec; therefore, in 1 sec, 44 = 36 deg. = 
0.6283 radian. 

Divide the circumference into 10 equal parts and project point P onto the 
vertical diameter to points V, V5, etc 


On a horizontal line OX lay off 10 equal spaces, one for each second of time. 


QUES. 508. 

At each point lay off the corresponding projection on the vertical diameter, 
OV, at point 1, OV, at point 2, etc 

The curve is periodic and repeats itself for each revolution. 
509. How would you write an equation for the above curve? 

0.6283 radian = angle turned through each second 

0.62832 = angle turned through in t sec. 
y = OV= OP : sin 0.62832 = projection on the vertical diameter 
Here the radius OP = 4 ft. Then, 

y = 4sin 0.6283t 

This is the equation for a sine graph. 


510. What would be the equation of the curve if the horizontal projection of each point is laid off as 
an ordinate of the curve? 


If the horizontal projection of each point is laid off as an ordinate, the equation 
is 
y = 4 cos 0.6283t 


This is the equation for a cosine graph. This graph is of the same form as the 
sine curve with the y axis moved a distance to the right, represented by an 
angular movement of 90 deg. 


511. What would be the general expression for each of the above curves? 
Let r = radius of the circle 
@ = speed = radians/sec. = angle turned through per second 
@ - t = angle tured through in t sec. 


Then y = r sin wt = equation of the curve for vertical projections 
and y = r cos wt = equation of curve for horizontal projections 


512. What is meant by the angle of lag? 

If the time is counted from some other instant than the x axis, then the motion 
is represented by y = r sin (@t + B) where B is the angle that OP makes with the 
x axis at the instant from which t is counted. This angle B is called the angle of 
lag. 


513. How do you plot the curve for the motion of a 4-foot crank rotating at the rate of 4 revolutions 
per second and having an angle of lag of 60 degrees or s radians? 


Draw a circle of 4 ft. radius. Represent or lay off the part of a second 
necessary for 1 revolution to some suitable scale. 

When t = 0, OP starts at OP,, making an angle of 60 deg. with the x axis. 

OP turns through 1,440 deg. in 1 sec, which is o. 

This is equivalent to 


0.025 - 1,440 deg. = 36 deg. = 0.6283 radian in 0.025 sec. 
Now lay off a point for every 0.025 sec. or 36 deg. on the x axis. 
Any other convenient fraction of a second could have been chosen. 
Start with the initial position OP, at 60 deg., lay off intervals of 36 deg. on the 


circumference, project the 


t=time in seconds 


QUES. 513. 
points on the vertical axis as OV,, OV,,0V>, etc., and plot the corresponding 


ordinate for the time interval. 
At time ¢t, the angle of OP with the x axis is wt + B. 


OV =y=OP sin (wt+B) =the projection on the 
vertical axis 
Now OP 


@ 


radius = 4 ft. 
1,440°/sec. = speed = 8r radians/sec. 


T 


B = 60° = 3 radians 


” OV = 4sin (1,440 + 60°) or 4sin (sr + 5) 
1,440° + 360° = 4. 


The cycle will repeat itself four times each second, or the frequency is 4. 


514. What is the expression for frequency of a periodic function? 


Frequency = angular velocity (in degrees) + 360 deg. 

= cycles/unit time 
Frequency = angular velocity (in radians) + 2r 

= cycles/unit time 


2) 
or i? 5 


If the velocity is 10 r.p.s., then 


f= a = 10 cycles/sec. 


515. What is the expression for the period of a periodic function? 


The period is the time required for one cycle. This is the reciprocal of the 
frequency. 


T= i = period (w = angular velocity) 


If the velocity is 10 r.p.s., then the 


a 
10°2r ~ 10° 


516. How does the frequency vary with the velocity for the sine-function time graph? 


period = 


The frequency of a sine graph varies directly as the value of the velocity co, 
which is the coefficient of t in the angle ot. 


Example 


a. For y = r sin $t, the angle wi = 41, andw = 4. 


> i oo oe 
f= ee 0.05305 


b. For y=r sin #t, the angle wt = $t, and w = 4. 
The angle here is four times that for (a). 


The frequency is four times that for (a). 
4+0.05305 = 0.2122 


c. For y=r sin , the angle wt = #, and w = §. 
The angle here is seven times that for (a). 


The frequency is seven times that for (a). 


7 + 0.05305 = 0.3713 


517. What are the periods for the above example? 
The period is the reciprocal of the frequency. 


Period = —- = 6m = 18.8496 
es 

», Period ahi - > = 4.7124 
_" 

_ Period = 7 = F = 2.6928 
or 


518. What is sometimes called the frequency factor? 


The quantity co is sometimes called the frequency factor. 
519. In the periodic curve y = r- sin (n@> + B), what does a change in each of the three arbitrary 
constants r, n, and B signify? 
A change in r means a change in the amplitude of the curve, everything else 


remaining the same. 
A change in n means a change in the period of the curve, everything else 


remaining the same. 
A change in B merely moves the curve from left to right or right to left 


without a change in shape. B is the angle of lag. 


520. What are (a) the amplitude, ( b) the wave length, and (c) the phase (angle of lag) of y = 1.25: sin 
(44-3)? 

a. The sine function cannot exceed the value 1; this means sin (4A — 3) 

cannot exceed 1; therefore, y = 1.25, or the maximum value of y is 1.25, which is 


then the amplitude. 
b. Every time the sine curve crosses the x axis, the curve has completed 4 


wave (or cycle), starting from the 


Y 
1.6 = 25 es (4A—3) 


AAA 


rs 


>! 


1,0 


y 
0.5 


Amplitude 
1.25 
\ 


-—<--+------ 
= 


“ 


Angle,\in satin y 
‘ 4 


QUES. 520. 


point where it had previously crossed the x axis. This means that the sine of the 
angle is zero when y = 0. This will occur when the angle (4A — 3) is an integral 


multiple of 1, i.e., 


sin (4A — 3) = 0 if (4A —3) =m'r 
(where m is any whole number including zero) 


_mtt+3 


or A= me radians 
Letting m = 0, 1, 2, 3, etc., we get the successive points of crossing the x axis, 
giving 
Ao = d, 
i a T+ 3 
: 4 
Ay = +38, 
, 4 
ar +3 


These values in degrees are approximately Ay = 43°, A; = 88.2°, Ay =132.9°, A3 
= 178.2°, etc. 

The wave length is the distance between alternate crossing points, as from Ag 
to Ao. 


2r+3 3 £2 


Wave length =————— _ _— — = — = @ yadians. This is one-fourth the 
+ 4 4 2 


wave length of the fundamental sine wave y = sin A. The wave length is 
synonymous with the period of the periodic function. In the general case, 


y=r:sin (nA + B), 


: . a ; 
the period or wave length is — radians. 
n 


c. The phase or angle of lag marks the beginning of the first complete wave or 
cycle. 

Here, the phase = Ay = 2 radian. 

In the general case, y =r - sin (nA + B), the 


B 
phase = — - 


521. What are (a) the amplitude, ( b) the wave length, and (c) the phase of y = 2 sin (24 + 5)? 


a. The amplitude is 2 because the maximum value of sin (2A + 5) is 1. 
b. To get the wave length or cycle, set (2A + 5) = mz. 


Then, A = me. Now, let m = 0, 1, 2, etc., getting 
— 5 2r — 5 
Ay = — 3, A, =*5 ’ A, =~ ete. 
Then, Wave length = A, — Ay = a? ~ (- ;) = 7 


c. Phase or angle of lag = Ay = — $ radians 


522. What is known as simple harmonic motion? 


When a point moves uniformly around a circle, its projected position along a 
diameter will move back and forth past a middle position with variable speed. 
This latter motion is known as simple harmonic motion. 

When ZA is zero, P and its projection P’ are together at M. If 4A increases 
uniformly, P moves around the circle with uniform speed, but P’ will move along 
MN with variable speed, slowly at first, then faster until it reaches O, at which 
point its speed is greatest; then more slowly until it reaches N, where it will 
come to rest and start back toward M. 


Simple harmonic 
motion along MN 


QUES. 522. 


523. What are the elements of simple harmonic motion? 


The elements of simple harmonic motion are 

a. Displacement = distance of P’ from its middle position O. 

Displacement = d =r cos A in the figure for Ques. 522. 

b. Amplitude of vibration = the maximum value of displacement = r (when 
Z.A= 0 in the above figure). 

c. Phase of vibration = the angle at which displacement d reaches its greatest 
value when the angle A is measured from some other fixed radius OM’ in place 
of OM in the figure to the left. 


Phase angle B in 
simple harmonic motion 


QUES. 523. 


The displacement d is still measured on OM. 
d=rcos (A+B) 

d is greatest when cos (A + B) = 1, i.e., when A+ B= 0 and A=—B. 
— B= phase of vibration 


524. How do we know that simple harmonic motion is represented graphically by a simple wave 
curve? 


Assume that angular speed of radius OP is in 
radians/sec. = @ 
and t = time in seconds since P was at M'’ (in the figure of Ques. 523). 
Then, ZA = at 
and d =r - cos (wt + B) = the equation for the motion 
This equation, we know, represents a simple wave curve. 


525. How would you describe the motion of point P when d = 3 cos t? 

d = displacement = 3 cos (1t) 

When t = 0, cos 0 = 1 and d = 3 = amplitude = greatest value of displacement 
= radius in this case. 

When t = 0, ZA = 0 and the phase angle is 0, which is the angle at which d 
reaches its greatest value. In this case 

ZA=ot=1t, andw=1 


Therefore, the angular speed of radius OP is 1 radian/sec. 


526. How would you describe the motion of point P when d = 4 cos mt? 
4A=o@t=nt 

In this case 
..@ = mradians/sec. = angular speed 


When 47t = 0, then d = 4 cos mt becomes d = 4, which is the amplitude or 
maximum displacement. 


When t = 0, ZA = 0, which is the phase angle or the angle at which the 
displacement is greatest. 


527. How is the motion of point P described when d = 8 cos (2 at+ 30°)? 


(2nt + 30°) = (2. + *) 


wt 


w (2. + *) radians/sec. = angular speed of the radius 


When (27t + 30°) = 0, then 

d = 8 = amplitude = greatest value of displacement. 

When (27t + 30°) = 0, 2mt = —30°. 

Then —30° = phase angle of vibration = angle at maximum displacement. 
528. How can you make a graph of y = sin (A + B) from the standard y = sin Az graph? 


Let us assume that we have a standard graph 


y = sin A, (1) 
Here the variable angle is A i plotted on the x axis with the origin at O, 


a 3 


Axis for y=sin A, 
Axis for y=sin (A+B) 


QUES. 528. 


Let Ai = A + B where A is a variable angle and B is a constant angle = the 
angle of lag or phase angle. 

Substituting this in Eq. (1), we get y = sin (A + B). 

Therefore, it is seen that to get a graph of y = sin (A + B) from a standard sine 
graph y = sin A; we merely shift the origin a distance represented by angle B to 


the right if B is positive and to the left if B is negative. 


529. How can you get a cosine graph from a standard sine graph? 


i 28 == 


5 in the above, we get 


y = sin(A + B) = sin(4 +5) = sin(A + 90°) = cos A 


since the cosine of an angle is the sine of its complement. 
Therefore, to get the cosine graph from a standard sine graph merely shift the 


origin or y axis a distance represented by an angle of 90 deg. or 9 radians to the 


right. 
It is seen that the two graphs are similar except for this shift of the y axis. 


530. How can you make a graph of y = sin nA from the standard sine graph y = sin Az, assuming n as 


positive? 


if 


QUES. 530. 


Let us assume the standard sine graph y = sin A, where A, is the variable 


angle plotted on the x axis to some suitable scale. Now, if we let A; = nA, we get 
y = sin nA by substitution 


And, in this curve, each distance representing A is seas. 


nr 
This means that the distances representing angles A, in the standard graph are 
changed in the ratio 1: n without changing the lengths of the ordinates. 


Example 


a. For n greater than 1 
If n = 2, then A, = 2 - A and distance A is $ as long asAj. 


If n = 3, then A, = 3 - A and distance A is -+ as long as A). 


The curve is shortened in each case in the ratio 1: n. 
b. For n less than 1 
fin = 4) then A i= 4 * and distance A is twice as long as Aj. 


lin = $) then A i= 4 and distance A is three times as long as Aj. 
The curve is stretched in each cas6 in the ratio 1: n. 


Angles in radians 
QUES. 530. 


Thus, to get the graph of y = sin nA from a standard graph y = sin A; merely 


change the scale of the abscissas of the standard graph by a multiple of — « i.e., 
nN ’ 


multiply the abscissa values by a multiple of —. 
n 


The values of y for y = sin 2A form one positive and one negative wave, while 
A varies from 0 to 180 deg. 


531. How can you make a graph of y = sin (nA + B) from the standard graph y = sin A7? 
To change a standard sine graph to a graph of 


y = sin nA, 


we multiply the abscissa scale of the standard graph by 1 a: 
nm 


Angles in radians 


QUES. 531. 


Now to get a graph of y = sin (nA + B) shift the y axis or origin to (B, O ) on 
the new scale or tof —» ( } on the original scale. 


This is shown by the figure, which is a graph of 
y = sin nA, 


with origin at 04. 
Let 


i 


=A+ 
Then y = sin a + 2) - sin (nA + B) 
by substitution 


We have shifted the origin O, of the graph y = sin n, to O, a distance 
represented by B The graph of sin (nA + B) thus starts at O and continues to 


the right. 
If B is positive, shift in the positive direction of x (to the right). 
If B is negative, shift in the negative direction of x (to the left). 


532. How can you make a graph of y = r sin (nA + B) from the standard graph y = sin Aj? 


The constant r changes the height of the wave in the ratio r:l. 


QUES. 532. 
Change the horizontal scale of the standard graph by multiplying it by 1 to 
n 
get y= sin nA. 
| - . B 
Now shift the origin to (B, O) measured on this new scale or to | —» OQ 
n 


measured on the old scale, to get 


y = sin (nA + B). 


Finally, change the y scale by multiplying its units by r to get the graph of y = 
rsin (nA + B). 


533. How can you convert a standard sine graph 


y =sinA 
into one to represent a time sine graph y = r - sin wt? 


Both the standard sine graph and the time sine graph have the sine of the angle 
plotted on the y axis, with the 


difference that the angle in the standard graph is expressed as A and the angle in 
the time graph is expressed as ot. 

Now, since the sine of the angle is multiplied by r in the time graph, multiply 
the y scale of the standard graph by r to convert to the desired time graph. 

Angles A are represented on the x axis of the standard sine graph. 

But angle A = wt = speed x time in the time sine graph. 


A angle 


.t=== 
w speed 
Time is represented on the x axis of the time sine graph. 


Thus, to convert the x-axis scale of a standard graph to a time graph, divide 
the angle scale of the standard graph by o. 


Example 


16 208 


; 80 365 4.0 
New ¢ scale for time sine graph 


QUES. 533. 


Convert a standard sine graph y = sin A into one to represent y = 0.3 sin 2t. 


Here r = 0.3, A 


no} > il 


a. Multiply the units of the y axis of the standard graph by 0.3 to get the scale 
for the required time graph. 

b. Divide the angle units of the x axis of the standard graph by 2 to get the 
time scale for the time graph. 


534. How can you convert a standard sine graph y = sin A into one to represent a time sine graph 
y = 7 sin (wf + B) 

having an angle of lag B? 

An angle of lag B is positive or negative according as it is measured in a 
counterclockwise or clockwise direction from the positive end of the x axis. 

Here, as above, the y scale of the standard sine graph is multiplied by r to 
convert to the desired time-graph scale. 

Angles A are represented on the x axis of the standard graph. But ZA = (ot + 


B) in this case. 
A B 


Solving fort, we gett=# = — — — 
69) Ww 
where @ is the angular speed. 
Thus, to convert the x-axis scale of a standard graph to a time graph for this 
case, first locate the origin by measuring B on the original A scale, if B is given 


in angular measure, or by measuring — on the new scale if B is given in time 


units. B is measured to the right if positive and to the left if negative. Then 
divide the original A units by co for the new t scale and continue from this 
origin. 

Example 

Convert a standard sine graph into one to represent y = 0.5 sin (2t — 1.4). 

Here r = 0.5, @ = 2, and A = (2t — 1.4) = (at - B) Solving for t, we get t = 
t=— 
69) 
Since B is negative in (@t — B), move the origin of the 


+ B the new time scale. 
WwW 


standard graph to the left a distance represented by B radians on the standard- 


graph scale, or a distance represented by — on the new time scale. 


w 
The new time scale starts at the new origin and is made up of two parts, the 


constant time — and the variable time —. 
Ww w 
A A 
w 2 


4 0.6 
1.2 i 

HP ylas Standard sine graph 

704-14 10.8 

B o.3f rad. +0.¢ 

= 0.2 0 
JAK \t- ) O1b, 2 2 |\ :, - 
kB A (radian scale) 
And seco 
2.0 3.0 4.0 5.0 


Time scale - seconds 
QUES. 534. 


The radian units are divided by 2 to get the time units in seconds. The measure 
of 1 radian = the measure of 4 sec. 


Multiply the y scale by 0.5 to get the new y scale. 


535. If the varying intensity of an alternating current is represented by the sine function i = 15 sin 
(400 t), how frequently will the current alternate? 
t is the elapsed time in seconds and 400t is the number of radians in the phase 
angle. 
The instantaneous value i of the alternating current starts at zero, rises to a 
positive maximum intensity of 1.5 units when sin (400t) becomes 1, then 
decreases to 


zero and reverses, decreases to a minimum negative intensity, and then increases 
to zero when the cycle is completed. This means that there is a complete cycle or 
oscillation of i when the angle has reached the value 271. 


-. Ie = 4008 
or 
_ 0.0314 


' D 


= 0.0157 sec. 


7=15 sin (400f) 


©. 


Pa Tene eas 0.0157 Pee ee 


QUES. 535. 


A complete oscillation requires 0.0157 sec. 


In 1 sec, therefore, there are = 63.7 or 60 cycles, approximately. 


1 
0.0157 
Therefore, there are 120 alternations/sec, approximately. 


536. How are more complex and compound periodic oscillations or wave graphs expressed and how 
are they plotted? 


More complex and compound periodic motions are usually made up of more 
complex periodic sine functions, cosine functions, or a combination of both. The 
compound curves are known as oscillographs and are found in alternating- 
current electricity, sound vibrations, vibrations of the heart, and other similar 
vibrating phenomena. 

Oscillographs can be represented by equations of the form 


y=asinnA + bsinmA 
or more general equations of the form 


y = a, sin (nA + B,) + a, sin (2nA + B.) + °° * 
+ b; cos (nA + B,) + 6 cos (2nA + Bo) + eee 


The fundamental tone of a string instrument may be expressed by y = a, sin 
(nA + B,), while the overtones or harmonics are represented by y = ay sin (2nA + 
B>), y = a3 sin (3nA + Bs), y = a, sin (4nA + B,), etc. 

In a compound periodic function each sine function is plotted separately to the 
same scale and the corresponding ordinates are added to get the resulting graph. 


537. What are damped oscillations or vibrations? 


Many natural phenomena follow a sine or a cosine oscillation or vibration 
with gradually decreasing amplitude. Such phenomena include a vibrating 
pendulum, a violin string, and a tuning fork and are known as damped 
vibrations, The amplitude finally becomes zero and the vibrating body comes to 
rest. The decreasing value of the 


y=a sin (nx+B) 


y=aé”™ gin (nx +B) 


QUES. 537. 


amplitude a follows an exponential law and is usually represented by ae“. The 
general equation takes the form 


y = ae™ sin (nx + B) 
The term €~* is known as the die-away factor where b is a measure of the 
resistance. The period remains approximately the same. 
To plot the graph, it is most convenient to plot €°* and a sin (nx + B) 


separately and then to multiply the corresponding ordinates together to get the 
final y value. 


PROBLEMS 


1. What is the period of (a) Yy _ sin 4 (b) y = sin g (c) y =sin 4A ? 


T T 
2. How many cycles are there in 360 deg. of a sine function that has a period of (a) == (b) = 


4 5 


y (c) 27, 
(d) 47, (e) Bai 
1, (¢C)——= 7 
10 
3. What is the amplitude of (a) y a 3 sin A, (b) y=5 sin A, (c) y = } sin 3A, (d) 


y = 2.6 sin 4 


4. What is the equation of a sine function that has a period of cad and an amplitude of 3.5? 


Tv 
5. If the angular speed w is — radian/sec. and t = 6 sec, what is the angular displacement in radians? 


6. If co is 300 deg./min. and t = 5 min., what is the angular displacement in degrees? 
7. If a 3-ft.-diameter flywheel rotates at a uniform speed of 47 radians/sec., how fast will a point on its 
rim travel? How far will the point travel in 8 sec? 
8. What is the angular speed of a point moving with a uniform speed of 50 ft./sec in a circle with a 
radius of 8 ft.? 
9. What is the equation of the curve generated (a) by the vertical projection of a point moving with an 
angular velocity of 20 rp.m. around a circle with a radius of 6 ft., (b) by the horizontal projection? 
10. What are the equations for the above when there is an angle of lag of 30deg.? 
11. If the angular velocity of a rotating crank is 1,200 r.p.m., what is the frequency of the periodic 
motion, and what is the period? 
What are the frequency and the period of each of the following? 


. € 
es =r sin § 


13.y=rsint 
14.y=rsin 2t 


; i . 
I. y = 5 sin 4t 
16.y = Ir sin V/3t 
17. What are the amplitude, wave length, and phase angle of y= 2.4 sin (= — 0.2 5) 


18. What are the amplitude, wave length, and phase angle of y= E sin (3 A +. 2) ? 
19. How would you describe the motion as to amplitude, phase angle, and angular speed of a point P 


2 


20. What are the angular speed, amplitude, and phase angle of the simple harmonic motion described by 


the displacement q == /5 cos 3rt’ 


21. What are the angular speed, amplitude, and phase angle of the motion described by the displacement 
d= 6 cos (4nt + 60°) ? 
22. What must be done to make a graph of y = sin (A -+ 30°) from a standard sine graph? 


moving around a circle when the displacement d = 5) cos =? 


23. How would you make a graph of y = sin 4A from a standard sine graph? 
24. What must be done to make a graph of y = sin (5A + 60°) from a standard sine graph? 


25. How would you make a graph of y — 6 sin (G4 -f- 4 5°) from a standard sine 


graph? 

26. How would you convert a standard sine graph into one to represent a time sine graph y = 0.6 sin 4t? 

27. How would you convert a standard sine graph into one to represent a time sine graph y = 0.375 sin 
(2.5t— 1.1)? 

28. If the varying intensity of an alternating current is represented by the sine function i = 25 sin (2500), 
how frequently will the current alternate? 


29. What are the amplitude, angle of lag, and period of y= 4 sin (2 A 4 *) ? 


Compare each of the following with the standard y = sin A curve by drawing to the same scale and on the 
same axes: 

30. y=3 sin (A-1) 

31. y=4sin QA—5) 

32. y = 3.5 sin (2A + 5) 

33. y = 2.5 sin (3A — 30°) 

Describe the motion of a point on the circle when the displacement d in simple harmonic motion is 
described by 

34.d=3 cost 

35. d= 1.5 cos 2t 

36. d = 2.5 cos mt 

37. d = 2.5 cos 2nt 

38. d=5 cos (mt + 30°) 

39. d=5 cos (2mt + 30°) 


40. = +/3 cos Ei _ 60°) 


sd = 3 €08 (#:-1) 


42. What are the period and amplitude of y= 6 sin 5A + *) 


Give the period of each of the following: 
43. y = cos 4A 
44, y = tan 3A 


45-y = cosec a8 


CHAPTER X VII 
VECTORS AND VECTOR QUANTITIES 


538. What is a scalar? 


A scalar is a quantity that is completely determined by its magnitude, which is 
its only characteristic. 

Mass, weight, money, fluid and solid measures, heat, etc., are examples of 
scalar quantities. 


539. What is a vector? 

A vector is a quantity that has two characteristics, magnitude and direction. It 
is represented by a line of a definite length in a definite direction. The direction 
is indicated by an arrow on the line, which makes a definite angle with some 
reference line. 

540. What are some examples of vectors? 


Velocity, force, acceleration, and electric current are some examples of vector 
quantities. 


North West 0 
40° 
East 
C South 0 
QUES. 540. 


OA is a vector showing both the speed and direction of motion of a ship 
traveling at 12 knots in a direction E. 30° N. O is the initial point, and A is the 
terminal point. 

OC is a vector showing an airplane traveling at 250 m.p.h. in a direction S. 
40° W. 

OP is a vector representing a pull of 60 lb. on a rope attached to a stone boat 
at O and at 25 deg. with the horizontal. 


541. What is meant by a component of a vector? 


A component of a vector is a projection of a vector on any desired line drawn 
through the initial point of the vector. 


QUES. 541. 


c is the vector. 
b is the component of the vector on line AC. 
a is the component of the vector on line BC. 


542. Using the x-y frame of coordinates, how would you express ( a) the components, (b) the length, 
(c) the angle of the vector? 


QUES. 542. 


a. | cos A = x component = x 

1 sin A = y component = y 

b. P =x? +y 

t= Vz? + y? = length of vector 


cetan!A = z = angle of vector 


543. How do you find the sum of two vectors ( a) graphically, ( b) algebraically? 


a. Parallelogram method 
The first vector F, is laid off to scale from O in the given direction. 


The second vector F’, is laid off to scale also from O in the given direction. 
On F, and F, as sides draw a parallelogram. Diagonal | is the sum of vectors 
F, and F>. 


b. Triangle method 
Lay off vector F, from O in the given direction. 


From the end of F, lay off F, in the given direction. 


Connect the starting point O with the final point, forming a triangle. The 
closing line / is the sum of the two vectors F’, and F>. 


Parallelogram Method 
= Triangle Method 


QUES. 543. 
1 = sum of vectors F; and F, = V(a + 6)? + (c + d)? 


(a + b) = sum of the z components 
(c + d) = sum of the y components 


a=F,cosC b = F, cos D 
c=F,sinC d=F,sinD 


544. How do you find the difference of two vectors? 


Parallelogram method 
To subtract vector F, from vector F, reverse vector F, and then add it 


vectorially to F, by completing the parallelogram. I’ is a vector representing the 
sum of vectors F; and —F), which is equal to F, — Fp. 
Triangle method 
Connect the ends of the two vectors F, and F, laid off from the same point O. 
l' = F, — Fp = the vector difference 
If F_ and F, are adjacent sides drawn from the common point O and a 


parallelogram is completed, one diagonal ! 


Triangle Method 


U=F-F, 
Me 
{=F +f, 


QUES. 544. 


is the vector sum of F, and F, and the other diagonal I’ is the vector difference of 
F, and F> 


545. What is meant by the resultant of two vectors? 

Vector OB = R is the resultant of vectors OA and OA’ when they start from the 
same initial point O. 

Vector OB = R is the sum of vectors OA and AB that are placed end to end. 


QUES. 545-546. 


546. What is the parallelogram law? 

Resultant vector OB = R, in above figure, is the diagonal of a parallelogram 
constructed on OA and AB or on OA and OA’ as sides. This is called the 
parallelogram law. 

547. How is a vector generally indicated? 

A vector is generally given as (I, A) where | is the length of the vector and A is 
the angle it makes with a chosen initial line. A vector is often indicated by a dot 
under 
its symbol. | = F, + Fy means the vector sum of F, and F>, not their algebraic 
sum. 

548. How do you get the resultant of more than two vectors graphically? 

To find the resultant of F,, F5, and F3, first get the resultant R’ of F, and F,; 
then get the resultant of R’ and F3, which will be R”. This process can be 
continued with additional vectors. 


QUES. 548. 


549. If an airplane flies 500 miles in the direction E.30°N., then 800 miles in the direction E.70°N., 
how far and in what direction is the plane from its starting point? 


QUES. 549. 


500 cos 30° = 433, 
800 cos 70° = 273.6 
500 sin 30° = 250, 
= 800 sin 70° = 743.76 
(a + b) = 706.6, 
(c + d) = 993.76 
[= 706.6? + 993.76? = 1,219 miles 


Qe G8 
Il 


_(c+d) _ 993.8 _ 
tan A = aon 706.6 = 1.1406 
A = §4°35’ 


The direction of | is N.35°25’ E. 


550. What are the direction and speed relative to the ground of an airplane traveling at 150 miles per 
hour when heading E.60°N. against a wind blowing at 50 miles per hour in direction N.30°W.? 


QUES. 550. 


In 1 hr. from start at O, if there were no wind, the plane would reach A. The 
wind acting alone would carry the plane from O to C. Under the action of both 
vectors the plane follows path OB along the diagonal of the parallelogram and in 
1 hr. arrives at B. 

Vector R = the resultant of V,; and V5. Find the resultant components of R. 


Consider components to the of O as positive and to the left of O as negative. 
150 cos 60° = 75 = x component of V;, to the right of O 
—50 cos 60° = —25 = x component of V;, to the left of O 

75 — 25 = 50 = resultant component of R to the 
right of O 
150 sin 60° = 150+ 0.866 = 129.9 = y component of V, 


50 sin 60° = 50° 0.866 = 43.3 = y component of V, 
129.9 + 43.3 = 173.2 = resultant y component 
R = V(50)? + (173.2)? = 180.2 m.p.h. 
173.2 
tan R = ae 3.464 


or R makes an angle of 73°54’ with the horizontal ground. 


551. How would you find the resultant of any number of coplanar vectors algebraically? 


Resolve each vector into an x component and a y component. 
X component = magnitude of vector x cosine of angle of vector with x axis 


y component = magnitude of vector x sine of angle of vector with x axis 

All angles are assumed to be measured in a counterclockwise direction. 

Find the algebraic sum of the x components, considering the direction to the 
right as positive. 

Find the algebraic sum of the y components, considering the up direction as 
positive. 


Resultant 


= (sum of z components)? + (sum of y components)? 


sum of y components 
sum of x components 
of the angle the resultant makes with the horizontal 


Direction of resultant = = tangent 


552. How far and in what direction is a surveyor from his starting point if he starts from A and runs 
the following lines? 


AB = 410 feet, N.64°E. 
BC = 170 feet, N.32°W. 
CD = 680 feet, S.86°W. 
DE = 346 feet, S.24°W. 
EF = 400 feet, S.60°E. 


s 


QUES. 552. 


Calculate the north-south components of each vector. Find the algebraic sum. 
A component is positive when the end point of its vector lies to the north of its 
initial point; otherwise, negative. 

Calculate the east-west components of each vector. Find the algebraic sum. A 
component is positive when the end point of the vector lies to the east of the 
initial point of the vector. 


Resultant distance to the start 


algebraic sum of 
N.-S. components 


Direction of resultant 


= arc tan 


) +( 


algebraic sum of \? 
E.-W. components 


algebraic sum of N.-S. components 
algebraic sum of E.-W. components 


AB | 410 cos 64° 


=410°0.4384 = 


580 sin 4° 
= 580 - 0.0698 = 
40.48 


345 cos 24° 
=345-0.9135 = 
315.16 


410 sin 64° 
=410- 0.8988 = 
368.51 


400 sin 60° 
=400° 0.866 = 
346.40 


E, 714.91 


170 sin 32° 
=170-0,5299 = 


—_— eee |) | 


179.74’ 
BC | 170 cos 32° 
=170:0,848 = 
144.16’ 
cD 
DE 
EF 
Sum N. 323.90’ 
Difference 


R = V (231.74)? + (94.09)? = 250.1 ft. = distance 


231.74 


Direction = are tan 94.09” 


Therefore, S.22°6'W. is the direction of AF. 


553. What is the resulting effective current if two alternating current vectors are to be added, one of 
an effective current of 10 effective amperes, the other of 6 effective amperes? The 10-ampere 


current is leading the other by 50 degrees. 


of F from A 


angle = 67°54’ 


QUES. 553. 
a = 6 cos 50° = 6+ 0.6428 = 3.86 
= 6: 0.766 = 4.6 
R = vV (13.86)? + (4.6)? = 14.6 amp. 


554. What is the voltage across the open ends of two alternator coils connected at O when each of the 
coils is generating an electromotive force of 140 volts and they differ in phase by 90 degrees? 


R 140? + 140? 
R = 198 volts 


o 

il 
o> 

™ 
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QUES. 554. 


555. A 100-pound weight is suspended by two ropes, AO making an angle of 30 degrees with the 
ceiling and BO making an angle of 60 degrees. What is the tension in each rope? 


Using the triangle method, start from point O and lay off vector R = 100 Ib. 
From the end of that lay off vector 
T,, making an angle of 60 deg. with the horizontal. Vector T, must meet T, and 


make an angle of 30 deg. with the horizontal at O because the system is in 
equilibrium. When this is done, measure tensions T, and T> to the same scale 


that was used in laying off vector R, or calculate the 


100 Ib. 


Triangle method 
QUES. 555. 
tensions from the triangle which in this case is a right triangle. 
T, = 100 cos 30° = 100 - 0.866 = 86.6 Ib. 
T> = 100 sin 30° = 100 - 0.5 = 50 Ib. 
The more general method is to use the relation for a system in equilibrium; 


i.e., the sum of the horizontal components must equal 0 and the sum of the 
vertical components must equal 0. 


2H = 0, T, cos 60° — T, cos 30° = 0 


1p, - En, = 0, T,=V3T, 
=V=0, isin 60° + 7, sin 30° = 100 
V8 r,4)7, = 10 

VS. 50,4174 = 100 

2T,= 100, TT: = 50)b. 

Then, T; = V3°50 = 86.6 lb. 


556. What single force is equivalent to the forces of 80 pounds and 20 pounds that act at a point in per 
pendicular directions, and what is the direction of the resultant? 


B C 
20 Ib. 
a 
A 80 lb. D 
QUES. 556. 


R? = (20)? + (80)? = 400 + 6,400 = 6,800 
R = 82.43 lb. = resultant 
tan A = #8 =0.25, A = 14°2’ 


557. If only the resultant is given, how many sets of com ponents can be formed? 


There may be innumerable sets of vectors that will have the given vector as a 
resultant. All that is necessary is to vary the directions of the sides to make a 
new parallelogram with the given resultant as the diagonal. 

The most useful case is the one in which the component vectors are at right 
angles, thus forming a rectangle with the given resultant as the diagonal. 


558. What is meant by the resolved parts of a force? 


V 


ee a 
A H D 


QUES. 558. 
When a force is broken up into components, it is said to be resolved. 
R = the force to be resolved 
H = Rcos A = horizontal component 
V= R sin A= vertical component 


559. Of what importance is the case of perpendicular components? 


A force has no effect in a direction perpendicular to itself. In the above, V has 
no effect on H, and H has no effect on V. 

H= Rcos Ais the total effect of R in direction AD. 

V=Rsin A is the total effect of R in direction AB. 


560. What is the law for the resolved parts of a system of forces in equilibrium? 


The law for the resolved parts of a system of forces in equilibrium states that 
the total resolved parts in any direction must be equal to zero, or }‘H = 0 and ¥'V 
= 0. » means “ sum of.” This refers to a horizontal and vertical direction. In 
addition, the resolved parts of the system in equilibrium must balance in any 
direction. 


561. What friction force will just keep a 100-pound weight from sliding down a plane inclined 30 
degrees to the horizontal? 


QUES. 561. 


F = 100 sin 30° = 100 - 0.5 = 50 Ib. = the force required to counterbalance the 
resolved part of the weight that tends to slide it down the plane. 

The resolved part down the plane is balanced by the friction force, which acts 
in the opposite direction to it. 


562. What is the pressure of the body at right angles to the plane in the above? 
P = 100 cos 30° = 100 - 0.866 = 86.6 lb. = the resolved part of the weight in 
that direction = the pressure of the body against the plane. 


563. If a 100-pound body is resting on level ground and it is acted on by a force of 30 pounds at an 
angle of 20 degrees to the horizontal, what would be the force of friction between the body and 
the ground if the body does not move, and what would be the pressure between the body and the 
ground? 


F 


100 Ib. 


QUES. 563. 

H = 30 cos 20° = 30 - 0.9397 = 28.19 lb. = the horizontal component of the 

force that must be balanced by the force of friction F' in the opposite direction. 
de F = 28, 19 lb. 

V = 30 sin 20° = 30 - 0.342 = 10.26 lb. = the vertical component of the force 
acting up 
..100 — 10.26 = 89.74 lb. = the pressure between the body and the ground 
564. How would you arrive at the effective force that drives a sailboat forward? 


Direction of sailing is DG. 

Direction of wind is HO. 

Direction of the sail is SOL. 

The pressure of the wind W is resolved along the sail and at right angles to it. 


OL = W -cos A = component along the sail 


This has little effect on the motion of the boat. 


HL = W: sin A = component perpendicular to the sail 


This is the effective force on the sail. 

Let FO = HL and resolve FO into EO perpendicular to DG and CO along DG. 
EO has no effect along DG but merely tends to push the boat sideways and is 
largely counterbalanced by water pressure on the keel. 


S 


QUES. 564. 


CO = FO:sin B 
But FO=W-:sinA 


*. CO=W:snA-:‘sinB 
This is the effective force driving the boat forward. Air pressure on the other side 
of the sail due to the forward motion of the boat is neglected, although actually it 
isa 
factor in eventually preventing any further increase in speed. 


565. If a projectile is shot from a gun with a speed of v feet per second at an angle of A degrees with 
the horizontal, how far will it travel in time t ( a) in a horizontal direction, ( b) in a vertical 
direction, air resistance neglected? 


veos A 
QUES. 565. 


a. v cos A = horizontal speed 
x=vcosA°:t 
= horizontal distance traveled at any time t 


b. v sin A = vertical speed due to action of the gun 
v sin A - t= vertical distance of rise due to the gun 


2 
all = vertical distance of fall due to pull of gravity acting for t sec. (g = 32.2 


ft./sec.*) 


2 
y=uv sin A: t — i net vertical distance of rise 


x and y are the coordinates in feet of the projectile in time t. 


566. If the initial speed due to the gun is v = 1,000 feet per second and angle A = 27°, (a) what are the 
values of the coordinates for t = 0, 5, 10, 15, 20, 25 seconds, and ( b) what type of curve is the path 
of the projectile? 


y 
5000 
4000 
Y so00 
2000 
1000 
Ce eae 


Path of projectile is a parabola 
QUES. 566. 


z=vcosA:t = 1,000-0.891:¢ = 89lt 


= ‘ 2 
y=vsinA‘t— a = 1,000 - 0.454 -¢ 32.2 
= 454¢ — 16.1%? 


a. Whent = 0,2 = 0, y = 0. 
When t = 1 sec., 


x = 891-1 = 891 ft. 
y = 454-1 — 16.1- (1)? = 438 ft. 
When ¢ = 5 sec., 
x = 891-5 = 4,455 ft. 
y = 454-5 — 16.1: (5)? = 1,868 ft. 
When ¢ = 10 sec., 
xz = 891-10 = 8,910 ft. 
y = 454-10 — 16.1 + (10)? = 2,930 ft. 
When ¢ = 15 sec., 


891-15 = 13,365 ft. 
= 454-15 — 16.1: (15)? = 3,188 ft. 


When ¢ = 20 sec., 
z = 891-20 = 17,820 ft. 


© 8 
| 


y = 454+ 20 — 16.1 (20)? = 2,640 ft. 
When ¢t = 25 sec., 

x = 891-25 = 22,275 ft. 

y = 454-25 — 16.1 - (25)? = 1,288 ft. 


b. The path of the projectile is a parabola. 


567. How can you find (a) the coordinates of the highest point reached by the projectile, (b) the time 
of flight, (c) the range for the above? 


vsin A 


a. It will take ¢{’ = ————— sec. to reach the highest point because the 


initial vertical speed is reduced at the rate of 


g ft. each second. Then, 


Bai 
2 aly sin A cos A 


_ (, 000)? - 0.454 - 0.891 


x’ =t':veosA = 


32.2 
az’ = 12,563 ft. 
‘\2 9 
y= t'-vsin A — 2 oan“ os in A) — g g(ean*) 
, _ (vsin A)? — (vsin A)? _ w sin A)? _ (1, 00 * 0.454)? 
' g 2g 29 64.4 
= 3,201 ft. 


b. The descending part of the parabola is symmetrical with the ascending part. 


2V sin A _ 2! 1,000 - 0.454 
: : : saad Ae ett A sre 
. Time of flight = 2¢ = — 35 9 
c. Range = 2x'= 2t'v cos A = 2 - 12,563 = 25,126 ft. 


PROBLEMS 


1. Find the sum of vectors Fz, F, and F3, graphically (a) by the parallelogram method, (b) by the 
triangle method. 


30 Ib. 


45 lb. 


PROB. 1. 


Find the sum of each pair of vectors by drawing the figures to scale: 
2. (30 Ib., 140°) and (45 lb., 200°) 
3. (50 Ib., 250°) and (70 lb., 130°) 
4. (130 lb., 38°) and (60 lb., 66°) 
5. (110 Ib., 70°) and (60 Ib., 160°) 
6. (50 Ib., 250°) and (70 Ib., 40°) 
7. (130 lb., 38°) and (160 lb., 132°) 
8. (240 lb., —30°) and (140 Ib., 60°) 
9. (100 Ib., 330°) and (110 Ib., 255°) 
10. Does the sum of any pair of the above vectors differ from the resultant? 
11. Subtract vector Tp from Ty. 


PROB. 11. 


12. What are the horizontal and vertical components of a force of 60 lb. acting at 48 deg. with the 
horizontal? What horizontal and vertical forces are required to balance the 60-lb. force? 

13. A 100-lb. weight is just about being pulled along the ground by a force of 40 Ib. acting at 22 deg. with 
the horizontal. What are the friction force and the pressure between the body and the ground? 

14. Subtract the force of 110 lb. from the force of 130 lb. with which it makes an angle of 100 deg. (a) by 
the parallelogram method, (b) by the triangle method. 


110 Ib. 


100 


130 lb. 


PROB. 14. 


15. A force of 1,000 lb. acts at an angle of 130 deg. with a force of 800 lb. What single force will keep 
them in equilibrium? 

16. If two forces 60 lb. and 70 Ib. have a resultant of 85 lb., what angle must the two forces make with 
each other? 


17. If two forces 100 lb. and 200 lb. act at a point in directions making an angle of 70 deg. with each 
other, what is the resultant force? In what direction must another force be applied to keep the system in 
equilibrium? 


18. Find the resultant of vectors M1, M9, M3, and Mz graphically. 


M; 
120 lb. 


PROB. 18. 


Find the resultant of each of the following systems of coplanar forces acting at a point: 
19. (150 Ib., 32°), (170 Ib., 64°) 


20. (40 Ib., 42°), (30 lb., 67°), (55 Ib., 110°) 
21. (80 Ib., 70°), (65 Ib., 140°), (90 lb., 240°), (50 Ib., 350°) 


22. A 300-lb. weight is suspended by two ropes, AO making an angle of 50 deg. with the ceiling and BO 
making an angle of 70 deg. What is the tension in each rope? 


A 


AW 
300 Ibs. 


PROB. 22. 


23. What single force is equivalent to the forces of 120 lb. and 50 Ib. that act at a point at which their 


lines of action form an angle of 75 deg.? What is the direction of the resultant? 

24. Two forces 80 Ib. and 60 Ib. act at a point. What is the magnitude of the resultant if they act (a) in the 
same direction, (b) in opposite directions, (c) at right angles to each other, (d) at 60 deg. with each other? 

25. If a force of 120 Ib. acts at an angle of 30 deg. with the horizontal, what are its components along and 
at right angles to (a) a 60-deg. line with the horizontal, (b) a 15-deg. line with the horizontal? 

26. If a wire ACB can withstand a breaking tension of 650 lb., what is the smallest angle x that can be 
made by pulling on the ends of the 


Ho 


A. B 
C 


50 lbs. 


PROB. 26. 


wire so as to bring it as nearly horizontal as possible when a weight of 50 Ib. is 
attached to the mid-point? 


27. If a casting weighing 3,000 lb. that is to be hoisted vertically up to a platform is suspended by ropes 
making angles of 130 and 146 deg. with the vertical, what is the tension in each of the ropes? 


PROB. 27. 


28. A piano weighing 500 lb. is being hoisted up a building 31 ft. high. A man pulls on a guide rope 5 ft. 
from the ground. If at the position shown the piano is 4 ft. away from the building, what is the pull exerted 
by the man? 


PROB. 28. 


29. If an airplane flies 1,200 miles in a direction E.60°N., then 1,000 miles in a direction E.75°N., how 
far and in what direction is the plane from its starting point? 

30. What are the direction and speed relative to the ground of a plane flying at 200 m.p.h. and heading 
E.40°N. with a wind blowing at 60 m.p.h. in a direction N.40°W.? 

31. An airplane is traveling due north at 225 m.p.h. while a wind is blowing at 40 m.p.h. from direction 
50 deg. east of north. What are its speed with reference to the ground and the actual direction of flight? 

32. A 50-lb. weight is resting on a plane inclined 25 deg. to the horizontal. What is the force of friction 
that is preventing the weight from sliding down? What is the pressure of the weight perpendicular to the 
plane? 

33. A body weighing 250 Ib. is resting on level ground, and a force of 75 lb. pulls on it in a direction 25 
deg. with the horizontal. If the body does not move, what is the force of friction between the body and the 
ground? What is the pressure between the body and the ground? 

34. An 80-lb. body is placed on an inclined plane and does not slide off. If the friction force between the 
body and the plane is 35 Ib., at what angle is the plane inclined to the horizontal, and what is the pressure of 
the body at right angles to the plane? 

35. If a body weighing 150 Ib. rests on a horizontal plane and it is acted upon by a force of 40 lb. at an 
angle of 21 deg. with the horizontal, what is the friction force that exists if the body does not move, and 
what is the pressure between the body and the ground? 

36. If an automobile weighing 3,200 lb. is standing on a hill that has a slope of 23 per cent, what is the 
force tending to make the car run downhill? 

37. If an automobile weighing 3,100 lb. is standing on a slope inclined 18 deg. to the horizontal, what are 
the components of its weight acting parallel and perpendicular to the slope? 

38. It is desired to haul a 300-lb. body up a plane, inclined 21 deg. with the horizontal by means of a cord 
and pulley as shown. It is known that the friction force to be overcome is 30 lb. What pull must be exerted? 


PROB. 38. 


39. If you wish to haul a body up a smooth inclined plane and you have a rope that will withstand 350 Ib., 
how heavy a body can you handle if the plane is inclined 30 deg. with the horizontal? Could you handle this 
heavy body with the same rope if you increased or decreased the slope? Which? To what slope? 

40. A boat is being pulled by two teams of horses from opposite paths on the banks of a canal. If each 
team exerts a pull of 2,000 Ib. and if the angle between the cables is 26 deg., what is the resultant pull on the 
boat? 

41. If you had a 12-ft. plank and you could exert a pushing force of 90 lb., would you be able to roll a 
barrel weighing 275 lb. up to and through a doorway 3 ft. from the ground? What is the shortest plank that 
can be used? 

42. If a belt inclined 30 deg. with the horizontal travels 75 ft./min., what is the vertical component of the 
velocity? If the height of the lift is 18 ft., how long will it take to travel that height? 

43. Calculate the latitude and departure of each line where latitude is the north or south component of a 
line and departure is the east or west component. 


AB N.75°24’E. 378.3 ft. 
BC S.17°42’E. 339.2 ft. 
CD §,2°16’W. 372.8 ft. 
DE N.42°6’W. 245.6 ft. 


44. How far and in what direction is a surveyor from his starting point if he starts from A and runs the 
following lines? 


AB = 560 ft., N.59°E. BC = 185 ft., N.36°W. 
CD = 630 ft., 8.72°W. DE = 416 ft., $.32°W. 
EF = 425 ft., S.48°E. 


45. If a balloon that can rise 225 ft./min. in still air encounters a horizontal air current moving at 25 
ft./min., what will be its resulting velocity and how much will its direction vary from the vertical? 

46. A wind makes an angle of 30 deg. with the sails of a boat and is pressing against the sails with a force 
of 30 Ib./sq. ft. At what angle to the desired direction of the boat must you set the sails to get an effective 
pressure of 20 lb./sq. ft. driving the boat forward? 

47. If a projectile is fired from a gun at a speed of 1,600 ft./sec. at an angle of 30 deg. with the horizontal, 
what are (a) the coordinates of the highest point reached by the projectile, (b) the time of flight, (c) the 
range? 

48. A ship sails 30 miles S.68°E., then 50 miles N.54°, then 70 miles N.40°E. What are the distance and 
direction of the ship from the starting point? 

49. A boat that can travel at 12 m.p.h. in still water is crossing a river in which the current flows at 2 
m.p.h. What will be its actual speed and in what direction will it travel? 

50. A ship is sailing due west at 10 knots and a current of 2 knots is flowing in a direction 40 deg. west of 


south. What are the actual course and speed of the ship? 

51. What are the direction and speed of a current that changes the direction and speed of a ship traveling 
due west at 11 knots to 84 deg. west of south and 12 knots? 

52. A ferry boat whose speed in still water is 8 m.p.h. has to cross a river flowing at 3 m.p.h. At what 
angle with the bank should the boat be steered if it is desired to cross in a straight line at right angles to the 
bank, and what is the actual speed of the boat? 

53. An ocean liner is traveling at 16 m.p.h. due east. If you were to walk across the deck at 4 m.p.h. ina 
direction 30 deg. with the south side of the boat, what would be your actual speed and direction of motion 
with respect to the earth? 

54. In what direction should a torpedo tube be pointed if it is desired to hit a target 30 deg. off the 
direction of travel of the destroyer when the tube velocity of the torpedo is 75 m.p.h. and the destroyer is 
moving at 24 m.p.h.? 

55. If a man, capable of rowing 5 m.p.h. in still water, rows directly across a river flowing at 3 m.p.h., in 
what direction will he actually move? If the river is 2,000 ft. wide, how far downstream will he be taken and 
what is the actual speed of the boat? 

56. If the angle between two forces 52 lb. and 93 Ib. is 46 deg., what is the resultant force? 

57. Find the angles that three forces 30, 36, and 44 lb. make with each other if they are in equilibrium. 

57. If an alternating current of 20 effective amp. is leading another of 12 effective amp. by 60 deg., what 
is the resulting effective current? 

59. What is the voltage across the open ends of two alternator coils connected at O when one of the coils 
is generating an e.m.f. of 125 volts and the other 160 volts when they differ in phase by 135 deg.? 


— 
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PROB. 59. 


CHAPTER X VIII 


DISTANCE—ANGULAR MEASUREMENT- 
SURVEYING 


568. What is meant by (a) angle of elevation, ( b) angle of depression? 


a. When an observed object is above a horizontal plane through the eye, the 
angle of elevation is the angle between the line of sight and the horizontal plane. 


B 
B 
A 
Angle of elevation Angle of depression 
Object B observed Object A observed 
from A from B 


QUES. 568. 


b. When the object is below that horizontal plane, the angle is called the angle 
of depression. 


569. If you are up in an airplane 2,000 feet above the earth, how far can you see on the surface of the 
earth, and what is the dip of the horizon? 


Assume R = radius of earth = 3,960 miles. 
(AB)? = (R +h)? — R? = 2Rh+ h? 
AB = V2Rh + h? 


Since h is generally small compared with R, then 


AB = a/ QRh approximately 


_ [2+3,960., : 
AB = 5,280 ‘h= h approximately 


= V¥- 2,000 —— = 54.77 miles 


QUES. 569. 


The distance of the horizon is therefore 54.77 miles (from that height). The dip 
of the horizon is angle A, which can _ be found from 


AB 54.77 
tan. = = 3.060 
= 0.0138 = 0.0138 radian 
0.0138 , 
‘ 0.0002909 = 47.44 min. 
A = 0°47'26” = dip of the horizon 


Set up at A and measure 4A = angle of elevation. 
Measure length AB = c on level ground. 


QUES. 570. 


Set up at B and measure 4B’ = angle of elevation 


Let BD =s 
Then ; = cot B’ 
and a! = cot A 
Subtract Eq. (1) from Eq. (2), getting 
<7 2 _ F = cot A — cotB, or ; 
sh : 


~ eot A — cot B’ 


(1) 
(2) 


= cotA — cot B’ 


571. How can a formula be obtained for the height of an inaccessible object that would be suitable for 


logarithmic calculation? 


QUES. 571. 


We have c, ZA, and ZB’. 
Get m, a, and finally h in terms of c and & A and B’. 


m=csinA from right AABE 
a= (PSA) from right ABEC 
_._ _esin A 
‘+ @ = sin (B’ — A) 
h=a‘sin B, from right ABCD 
csin A 


sian sin (B’ — A) "sin B 
log h = log c + log sin A + log sin B’ 
+ colog sin (B’ — A) 


572. How can you obtain the height of an inaccessible object when it is impossible to approach or 
recede from the object on account of obstacles such as a river, marsh, or trees? 


Set up at A and measure 4A = angle of elevation. 
Lay off a distance AD = s perpendicular to AB. 
Set up at D and measure 2D = angle of elevation. 


Now find AB and DB in terms of h and the known angles. 


AB=hecotA, and DB=hcotD 
heot A cotA 


cos B ~heotD cot D 


From this B' can be obtained. Now 
AB = s cot B’ 
h= ABtan A = scot B’:tan A 


C 


QUES. 572. 


All parts are known. Then, 


log h = log s + log cot B’ + log tan A 


If s = 400’, A = 36°, D = 23° 
, _ cot 36° 
then cos B’ = cot 23° 


log cot 36° = 10.13874 — 10 
log cot 23° = 0.37215 
log cos B’ = 9.76659 — 10 
B’ = 54°15’ 
log h = log 400 + log cot 54°15’ + log tan 36° 
log 400 = 2.60206 
log cot B’ = 9.85727 — 10 
log tan 36° = 9.86127 — 10 
log h = 22.32060 — 20 
h = 209.21 ft. 


573. How can you find the width of a river? 


Set up transit at A and sight across on some point B on shore. 
Turn off 90 deg. along AC setting a stake at some point C. Measure AC. 


QUES. 573. 
Set up at C and measure 2C. 
Then, 


= tan C, or c=btand 


aI 0 


If b = 212 ft. and C = 43°, 


Then c = 212 tan 48° = 212: 0.9325 
c = 197.69 ft. = width of river 


574. How would you measure the height of a building by means of an angle mirror? 


Move the instrument I away from the building such a distance b that ZBIA 
becomes a right angle. 


B 


QUES. 574. 


Measure distance b and the height of the instrument above the ground, a. Then 


e 2D b? 
— or += — 
a a 


x +a = height of building 
If a= bit. and b = 25 ft. 


2 
then Z= er = 125 ft. 
125 + 5 = 130 ft. = height of building 


575. How would you find the width of a river by use of an angle mirror? 


Move instrument J so that a right angle is formed at J with points A and B. 
Measure lengths a and b. Then 


b? , 
= width of river 


8 
II 


QUES. 575. 
576. What are (a) a clinometer and ( b) a hypsometer? 


a. A clinometer is an instrument used for measuring angles of elevation and 
depression of distant objects. 


QUES. 576. 


The object is brought in line with the instrument’s line of sight by turning the 
latter on its axis. In the simple clinometer a plumb-bob string indicates the angle 
turned, which is read on a scale on the clinometer. 

b. When the chart, attached to the chnometer, gives not only angles but sines, 
cosines, and tangents directly, then the instrument is called a hypsometer. 


577. How would you find the distance between two inaccessible points C and D across a river? 
Measure a base line AB =s, laid out on level ground. 


Set up transit at A and measure 4A and A’. 


Set up transit at B and measure 4B and BP’. 
By the law of sines 


$s 7 _ s‘sinB _: ne - 
sn D~ snB ”"* sinD’ ZD = 180° — (A’ + B) 
8 p s* sin B’ 


ZC 


sin “sin B” ? = “sin” eee 


QUES. 577. 
To find d use the law of cosines in AADC. 


d? = n®? + p? — 2np: cos (A’ — A) 


This method is generally used in military tactics and engineering construction. 


578. What is triangulation? 

Triangulation means the determination and solution of a series of triangles all 
stemming from an accurately laid-out base line. 

When the series of triangles are elaborate and are carried forward a 
considerable distance, a final line is accurately measured as a check on the 
calculated value. 

579. What is the distance m if the base line d = 130 feet and the angles are measured or determined as 
shown? 


Using the law of sines, 
130 se _ 130° sin 21° 
sin 34°. sin2l°’ °~ sin 34° 


log 180 = 2.1139 
log sin 21° = 9.5543 — 10 
11.6682 — 10 
log sin 34° = 9.7476 — 10 
loge = 1.9206 
e = 83.30 ft. 
C 
_ 
ee 


Mh, 
A  d=130 ft. E 


QUES. 579. 


Using the law of cosines, 


e? + d? — 2ed- cos 125° 
(83.30)? + (130)? — 2+ 83.30 180 - (—0.5736) 
= 6,939 + 16,900 + 12,423 = 36,262 


q? 


q = 190.43 ft. 
q  c¢ _ 190.43 « sin 94° 
sin 54° sing4”  °~ gin 54° 
log 190.48 = 2.2797 
log cos 4° = 9.9989 — 10 
12.2786 — 10 
log sin 54° = 9.9080 — 10 
log c = 2.3708 
c = 234.7 ft. 
Using the law of sines, 
c ™m _ 234.7 + sin 50° 
sin66° sind” ~~ sin6e ” 
ZC = 180° — (50° + 64°) = 66° 
log 234.7 = 2.3706 
log sin 50° = 9.8843 — 10 
12.2549 — 10 
log sin 66° = 9.9607 — 10 
logm = 2.2942 
m = 196.9 ft. 


580. In what way does geodetic surveying differ from plane surveying? 

The curvature of the earth can be neglected in plane surveying because 
distances are usually small. 

In geodetic surveying the distances are much greater and the curvature of the 
earth must be considered. 


581. What is meant by running a traverse? 


Running a traverse means the location of a series of stations by running a 
sequence of connected lines having definite lengths and directions. 


582. What are two types of traverse? 


a. An open traverse locates definite stations, as B, C, D, and E proceeding 
away from the starting point A. 


210.8 ft.. 


Open traverse 


QUES. 582. 


b. In a closed traverse the final and original stations coincide and the figure 
formed is that of a closed polygon, as of Ques. 579. 


583. What is the procedure in running a geodetic survey? 


A base line AB about 3 to 5 miles long is first established and measured within 
an accuracy of about 0.1 in. per mile. A convenient station C is then chosen. In 
running a 


D J K M 


QUES. 583. 


geodetic survey it is advisable to choose such stations so that the angles formed 
will not be too acute; otherwise, errors will be introduced in calculation from the 
sides and the angles. 


Angles A and B are carefully measured and AC and CB are computed. 

Then station E is chosen, angles B’ and C are measured, and CE and BE are 
computed. 

Next, station F is chosen, angles B" and E are measured, and EF and BF are 
computed. 

This process is continued until LM is computed and also measured carefully as 
a check on the accuracy of the preceding work. 


584. What is a meridian? 


A meridian is a great circle of the earth passing through the north and south 
geographic poles where all meridians meet. A great circle is one whose plane 
passes through the center of the sphere. 


585. What is the distinction between the true north and the magnetic north? 


True north is a direction toward the north geographic pole and is fixed. 
Magnetic north is a direction indicated by the needle of a magnetic compass and 
deviates from the true north by a variable quantity. This quantity varies by a 
small amount from year to year. Magnetic north is located in the northern part of 
Canada. 


586. What is meant by the bearing of a line? 


The bearing of a line is the angle that it makes with the meridian or true north- 
south line. Thus the bearing of a line cannot be greater than 90 deg. 


N A 


QUES. 586. 


The bearing of OA is N.33°E. 
The bearing of OB is S.55°E. 


The bearing of OC is S.50°E. 
The bearing of OD is N.30°E. 


587. What is meant by the azimuth of a line? 


N 
140 
O 
A 
QUES. 587. 


The azimuth of a line is the direction that the line makes with the north 
meridian. It is always measured in a clockwise direction in a horizontal plane. It 
is called the true bearing of the line. The azimuth of OA is 140 deg. 


588. How is the position of a point described or determined in surveying? 


The position of a point is determined by giving its bearing and distance with 
respect to a given observation point. 


QUES. 588. 
The bearing of B from A is 58 deg. A is the observation point. 


The bearing of A from B is 238 deg. B is the observation point. 

The angle is measured at the observation point. The distance between the 
points in this case is 200 ft. 

The bearing is given as an azimuth in dealing with points. 


589. What is meant by azimuth difference? 


An azimuth difference is the angle between two lines referred to a common 
north line (meridian) in a horizontal plane. 


N 
A 


QUES. 589. 


The azimuth of OA is 24 deg.; of OB, 52 deg. 
The azimuth difference is 52 deg. — 24 deg. = 28 deg. 


590. What method do the Army and Navy of the U. S. use in stating a bearing? 


Here a bearing is stated by the angle measured clockwise from the due-north 
direction. No letters are used, only angles. Compasses in the services are 
graduated in degrees from 0 to 360 deg. Here N.E. = 45°, S.E. = 135°, S.W. = 
225°, N.W. = 315°, E. = 90°, S. = 180°, W. = 270°, N. = 0°. 


591. What are (a) latitude, ( b) departure, and ( c) distance? 


. Latitude 


B 


QUES. 591. 


a. Latitude is the north or south component of a line (the perpendicular). 
b. Departure is the east or west component of a line (shadow). 
c. The distance is the line connecting the two points O and A. 


592. How are the latitude and de parture calculated when the bearings are magnetic bearings? 


S 


QUES. 592. 


ZA = the bearing. 


Latitude = distance x cosine of bearing (A) 
Departure = distance x sine of bearing (A) 
593. How are the distance and bearing of a closing line of a closed survey determined? 


Distance of closing line 


= V (resultant latitude)? + (resultant departure)? 
Bearing of closing line = tangent of closing line 

_ departure of closing line 

~ latitude of closing line’ 


594. How can a surveyor check on the accuracy of his measurements in a closed survey? 


In a closed survey the sum of the latitudes of all lines run should be zero, and 
the sum of all the departures should be zero. If there is a difference, it is called 
the error in latitude or departure, and the difference in the closing line 


= (difference in latitude)? + (difference in depa 


595. What are the latitude, departure, length, and bearing of the closing line for the following survey? 


OA = 246 feet, S.4°30’E. 

AB = 160 feet, N.48°20’W. 
BC = 114 feet, $.13°18’W. 
CD = 218 feet, N.26°64’W. 
DE = 281 feet, N.64°17’E. 


For magnetic bearings 
Latitude = distance x cos (bearing) 
Departure = distance x sin (bearing) 


Latitude 
OA 245:cos 4°30’ 
AB 160 : cos 48°20’ 


245 - 0.9969 = 244.24’8. 
160 - 0.6648 = 106.37’N. 
BC 114 + cos 13°18’ = 114+ 0.9732 = 110.94’S. 
CD 218 - cos 26°54’ = 218: 0.8918 = 194.41’N. 
DE ~~ 281° cos 54°17’ = 281 - 0.5838 = 164.05’N. 


Departure 


OA 245:sin 4°30’ = 245’: 0.0785 = 19.23’E. 

AB 160 « sin 48°20’ = 160’ - 0.7470 = 119.52’W. 
BC 114+ sin 18°18’ = 114’ - 0.2300 = 26.22’W. 
CD ~~ 218+ sin 26°54’ = 218’: 0.4524 = 98.62’W. 
DE ~~ 281° sin 54°17’ = 281’: 0.8119 = 228.14’E. 


Latitude Departure 

N. + Ss. - 
OA 244.24 
AB} 106.37 119.52 
BC 110.94 26 . 22 
CD} 194.41 98 . 62 
DE| 164.05 228.14 

Sum | 464.83 355.18 247 .37 244.36 

355.18 244.36 

EO| 109.65 N. = difference of 3.01 E. = difference of 
latitude departure 


Distance HO = closing line 
= V (109.65)? + (3.01)? = V12,023 + 9 = V12,032 
= 109.7 ft. 
a resulting departure 
Bearing of closing line = are tan Geeraieanicers a ) 


3.0 
= 09.65 = 0.0274 


Bearing = N.1°34’E. 


QUES. 595. 


596. How would you find the direction of a new road that is to have a grade g going up a steep hill 
having a slope s? 
Assume that the hill slopes up on line BC at an angle s with the horizontal, 
and we want to lay out a road on that hill to have a grade angle g. What angle d 
must the road make with line BC? 


cos d = DB (1) 
But EC = CB: sins 
EC 
or CB = 7 ag (2) 
Also, FD = EC = DB ‘sing 
or DB = Be. (3) 
sin g 
Now, substitute Eqs. (2) and (3) in Eq. (1). 
EC 
_ sins _ sing 
cos d = EC sa 
sin g 


This gives the angle that the road must make with the direction of the hill in 
terms of the desired grade angle of the road and the slope of the hill. 

Any one of the three angles can be found, given the other two. Thus a 6 per 
cent grade for a road on a hill 


~ 
ad / i: 
Sh 
Slope of hill=s i B 
Grade of road=angle g 
Direction of 
road=angle d 
QUES. 596. 


sloping 30 deg. will require that the road make an angle of 83°8/ with the 
direction of the hill. 


sin 3°26’ 0.0598 
cos d = “ae on 0.1196 
d = 83°8’ 
A 6 per cent grade means tan ~! 0.06 or 3°26’. 


597. How would you arrive at the governing points in staking out a road widening around a curve? 


The curve at the inner edge is to be a true arc of a circle tangent to the edge of 
the straight portion and must start before point B of the original curve is reached. 

We must know the radius of the original curve r, the central angle, A, and the 
distance a, which is the amount of widening desired, a is generally assumed to 
be from 3 to 10 ft., depending upon the radius r. If we lay off distance a, we 
arrive at point M, the mid-point of the turn. 

Produce the tangents to intersect at P. 


ae i il \r \ 
“Ls tf aA A\ 
¥ N! M| 2 2 
Py Tel AVO AV\/0' 
a 2/ 27 
Sy r 
SA ‘ /R 
B* A / 
C 
QUES. 597. 


Set up the transit at O, turn off deflection or center angle BOD, and determine 
points B and D. Now we must find b. 


A OP 
sec 5 = OP =r+b 
_#t+d A _ 
ea rsecy =r +b 
b= rsecS 1 


Now we must find R, the radius of the turn. 


=", oP =a+b+R 


-stits, RseeS =a+b+R 


sec A 
2 

A 

ec 9 


a+b = Rsecs — R= R(sec 5 ~ 1) 


2 
i ene 
pe Oth . oth STD 
. — A — Eee 
sec 5 — | 1 — cos > 1 — cos > 
A 
COS 5 
A A 
t=rtan> T= tans 


Having found R, set up the instrument at O ' and turn off — to the left and right 


to obtain points C and E, the points of tangency for the arc of the turn CME. 


598. How would you find the area that is added in widening the road at the curve? 


In the above the area added is CBNDEMC, which is CPEO' minus BPDNB 
minus CMEO'; or the area is the area of the two right triangles formed by the 
tangents T minus the area above the original curve minus the area of the sector 
of radius R. 


CPEO’ = 2-e- Dp = RT 
BPDNB = area of two right triangles formed by tangents ¢ 
minus area of sector of radiusr = rt — — ert 
—— 
CMEO _ 360° rk? 


.. The area added = CBNDEMC 
= RT- (x _ — art) _ — ‘wR? 
= RT — rt — 27 (RY 1 
= RT — rt - 2 (R+1r)(R 1) 


599. What would be the area added to the road in rounding off the curve if r = 400 feet, a = 4 feet, and 
the central angle A = 110°? 


A . 
3 

A . 
b rset > — 1 = 400 « sec 55° — 400 
697.36 — 400 = 297.36 ft. 


A . 
_ (+) cosy (4 + 297.36)0.5736 _ 172.86 


A 1 — 0.5736 ~ 0.4264 
1 - COs > 
= 405.39 ft. 
{=r tan 4 = 400 - 1.4281 = 571.24 ft. 
T=R- tan 4 = 405.39 - 1.4281 = 578.94 ft. 


Area of widening = RT — rt — an (R + r)(R — 1) 
= 405.39 - 578.94 — 400 - 571.24 
— Heat (405.39 + 400)(405.39 — 400) 
= 234,696 — 228,496 — 4,167 
= 2,033 sq. ft. 
PROBLEMS 


1. If you are up in an airplane 5,000 ft. above the earth, how far can you see on the surface of the earth 
and what is the dip of the horizon? 
2. What is the height of the hill if angle A is found to be 32°, angle B is 48°, and distance c = 60 ft.? 


PROB. 2. 


PROB. 3. 
4. What is the width of the river if b = 300 ft., ZA = 55°, ZC = 90° (as determined with a transit) ? 


A b C 


5. If the point of observation is 5.5 ft. off the ground, a, and an angle mirror is moved a distance b = 50 


PROB. 4. 


ft. from the building, what is the height of the building? 


B 


Building 


I 


5.5 ft.—a 


DAS G SHESIPWBny. 


PROB. 5. 


6. By an angle mirror with a right angle formed at I, length a is measured to be 20 ft. and b = 50 ft. 
What is the width of the river x? 


PROB. 6. 


7. What is the distance d between two inaccessible points C and D if base line s = 300 ft., ZA = 33°, ZA 
"= 115°, 2B =37°, ZB'= 108°? 


PROB. 7. 


8. What is the distance m if base line d = 200 ft. and the angles are measured or determined as shown in 
the figure? 


A d=200ft E 


PROB. 8. 


9. What are the latitude, departure, length, and bearing of the closing line for the following survey? 
OA = 356 ft., 8.46°E. 
AB = 271 ft., N.58°36’W. 
BC = 225 ft., §.23°34’W. 
CD = 329 ft., N.37°10’W. 
DE = 392 ft., N.64°33’E. 


10. It is desired to locate a new road having a 4 per cent grade on a hill having a slope of 23 deg. What 
angle should the new road make with the direction of the hill? 

11. What is the area added to a road in rounding off a curve if r = 370 ft., a = 3.5 ft., and the central angle 
A= 133°? 


PROB. 11. 


12. Find the width of a river BD if a line AC is laid out to be 350 ft. and a transit measures angles A and 
C to be 54°22’ and 79°10’, respectively? 


“i 350 ft. 


PROB. 12. 


13. Two lookout stations A and B 8 miles apart and running east and west in a forest report a fire to 
headquarters. Station A reports smoke rising at N.32°E., and station B reports the same smoke in direction 
N.8°W. What is the distance from A to the fire? 


A 8 miles B 
PROB. 13. 


14. A ship at A observes two beacons at B and (7, which are known to be 16 miles apart. The bearing of B 
is observed to be N.26°30’E. and the bearing of C to be N.38°14’W. Now, if the bearing of C from B is 
known to be S.81°31’W., what is the distance of the ship from each of the beacons? 


PROB. 14. 


15. The angle of elevation of the top of a radio tower is 14°17’. If its height is known to be 200 ft., how 
far away is the observer from the tower? Give the answer to the nearest foot. 

16. If the angle of depression of a point at the same level with the base of a tower is 62°28.6' and if the 
tower is 250 ft. high, what is the length of cable required to reach from the top of the tower to the point? 

17. What is the distance AB between two points on opposite sides of a river if AC is perpendicular to AB 
and is 230 ft. and 4C is observed to be 73°42.8'? 


73 42,8 
Gc 


PROB. 17. 


18. The angle of elevation of the top of a flag pole on top of a building is observed from the top of 
another building as 9°28' and the angle of depression of the base is 7°43’. The distance between the two 
buildings is 310 ft. What is the length of the pole? 


PROB. 18. 


19. To determine the ceiling over an airport a searchlight on the ground is focused on a cloud directly 
above the field and a clinometer 750 ft. away gives the angle of elevation of the same point as 42 deg. What 
is the ceiling? 

20. What is the height of the cliff if from A and B the angles of elevation are 36°18’ and 42°29’, 
respectively, and AB is 280 ft.? 


PROB. 20. 


21. The angle between two railroad tracks intersecting at O is 63°52'. Two trains leave O at the same 
time, one on each track, and average 34 and 42 m.p.h., respectively. At the end of 20 min. what will be the 
distance between the trains? 


—_—> 
42 mi./hr. 
PROB. 21. 


22. It is desired to obtain the length of BC, which cannot be measured because of an obstruction. AB is 
measured to be 438.7 ft., AC is 654.8 ft., and ZA = 71°24’. 


PROB. 22. 


23. Points A and B cannot be seen from each other because of an obstruction. Locate points C and D from 


" 


which B can be seen. AC is 


p62 ft.--- 


2) 


----—-478,1 ft.------- 


| 


D 


PROB. 23. 


measured to be 346.2 ft., AD = 473.1 ft., and angles C and D are 68°21.4' and 
57°36’, respectively. What is the length of AB? 


CHAPTER XIX 
NAVIGATION 


600. In what respect does aerial navigation differ from sea navigation? 

Because of the high speed involved in aerial navigation, calculation methods 
give way to the more rapid graphical methods of determining positions. Also, the 
data involved in aerial navigation are only approximate, and graphical methods 
are thus fully adequate. 

Wind velocity, which is not of considerable importance in sea navigation, 
becomes an effective factor in aerial navigation and must be taken into account. 


601. What are (a) heading, ( b) track, (c) air speed, ( d) ground speed, and ( e) angle of drift in aerial 
navigation? 


QUES. 601. 


a. The heading is the direction in which the plane is pointed. In the figure the 
heading is 73 deg. 

b. The track is the direction in which the plane actually travels. This is the 
diagonal of the parallelogram, or the closing line of the triangle with the wind 
vector and the heading vector as the sides. 

c. Air speed means the speed of the plane in calm air. Here the air speed is 175 


m.p.h. 
d. Ground speed means the actual speed of the plane 


with reference to the ground. Here it is represented by vector OC 

e. The angle of drift is the angle between the heading and the track. Here it is 
the angle between OA and OC. 
602. What are (a) the track, ( b) angle of drift, and (c) true course of a plane heading 73 degrees with 


an air speed of 175 miles per hour against a wind of 50 miles per hour from 160 degrees 
direction? 


By the law of cosines, in AOCB 
(OC)? = (175)? + (50)? — 2+ 175 50 - cos 87° 
= 30,625 + 2,500 — 915 = 32,210 
OC = V2,210 = 180 m.p.h. = track 
N 


QUES. 602. 


By the law of sines, 


sinC _ sin 87° 


50 180 
; 50: sin 87° 50- 0.9986 
sin C = 180 a ies 0.2774 


ZC = 16°6’ or 16° approximately. This is the angle of 
drift. 


Now 16° + ZC, = heading = 73° 
“.4C, = 73° — 16° = 57° = true course of track = azimuth of track 


In practice, this problem is solved rapidly by graphical methods by plotting the 
vectors of the triangle of velocities accurately to scale, and the value of the track, 
angle of drift, and the true course are read from the drawing. 


603. Where is the magnetic compass generally used? 

The magnetic compass is used mostly in aviation, military reconnaissance, 
and forestry. In navigation, the gyrocompass, the radio compass, and the sun 
compass are now in more prevalent use. 


604. What is meant by the course of a plane or ship? 

Course means the angular direction of the motion. It is the angle between the 
direction in which the ship is sailing and the meridian passing through the ship’s 
position. The course is therefore given by the bearing of the line along which the 
plane or ship is traveling. The distance sailed is independent of the course. 


605. When does the course of the ship correspond to a compass bearing? 


When the course is measured from the nearer part of the meridian so as to be 
an acute angle, then it corresponds to a compass bearing. 


Nearer part 
of meridian 


W 


QUES. 605. 


606. What is meant by bearing off the bow? 


Bearing off the bow is the angle between the line from the ship to the object 
and the course or direction in which the ship is sailing. 


S 


QUES. 606. 


607. At what bearing off the bow is the object on the beam? 
The object is on the beam when the bearing off the bow is 90 deg. In the 


figure, when the ship has reached A, the bearing off the bow will be 90 deg. and 
thus on the beam. 


608. What distance must a ship A sail along AB due east before it passes an island J, if when at A the 
bearing off the bow of I is observed to be 36 deg. and the range of I is 2 miles? 


QUES. 608. 


At B the bearing off the bow will be 90 deg. and the island J will be on the 
beam. 

AB = distance sailed = 2 cos 36° 

AB = 2 - 0.809 = 1.618 = 1.62 miles 


609. How is a ship’s course usually given? 
A ship’s course is given either as a compass bearing or as an angle between 
the north-pointing meridian and 


the line of travel measured clockwise. The latter simpler and is more generally 
used in modern practice. 
610. What is meant by reciprocal courses? 


Traveling from B to A is the reciprocal of the course from A to B. The 
reciprocal of a given course therefore differs from that course by 180 deg. 


216 


35 


QUES. 610. 
215 deg. — 35 deg. = 180 deg. 
611. How does the United States Navy designate courses? 
If a ship travels from A to B, its course is designated as Cjs59°. If it travels from 
B to A, its course is designated as C339°. 
330 deg. — 150 deg. = 180 deg. These are reciprocal courses. 


150° 


830° 
QUES. 611. 


612. If a ship travels 28 miles on course AB, C59°, then 18 miles on course BC, C196°, what is the 
distance of C from A and how far north and east is C from A? 


b? = a? + c? — 2ac: cos (52° + 74°) 
b? = (18)? + (28)?.— 2° 18 + 28( —0.5878) 
b? = 324 + 784 + 592.5 = 1,700.5 
b = 41.24 miles = distance from A to C 
To find ZC use the law of sines. 
28 41,24 , 28 - sin 126° 
mC aie?” ™° =a 
log 28 = 1.44716 7 
log cos 36° = 9.90796 — 10 [sin 126° = sin (90° + 36°) 
11.35512 — 10 = cos 36°] 
log 41.24 = 1.61532 
log sin C = 9.73980 — 10 
ZC = 33°19’ 


QUES. 612. 
Now, the bearing of C from A = 4A, = 180°— (74° + 33°19") = 72°41’. 


DB = 28: cos 38° = 28 - 0.7880 = 22.06 miles 


DA = 28: sin 38° = 28: 0.6157 = 17.24 miles 
BE = 18: cos 16° = 18+ 0.9613 = 17.3 miles 
EC = 18: sin 16° = 18: 0.2756 = 4.96 miles 
DA — EC = 17.24 — 4.96 = 12.28 miles north of point A 
DB + BE = 22.06 + 17.3 = 39.36 miles east of point A 


613. What is meant by dead reckoning? 


Dead reckoning is an estimate, graphically or by computation, of the position 
of a ship from a knowledge of the distance and direction traveled by the ship 
from its last known position. This is necessary when out of sight of land and 
when the making of celestial observations is impossible. Winds, ocean currents 
and variation in speed and steering are among the possible sources of error that 
make dead reckoning an approximate determination of position. Also, the 
curvature of the earth limits dead reckoning to short distances. 


614. What is meant by a fix and what data are needed in “making a fix”? 

Because of dangers from shore and other obstructions to navigation, in 
coastwise navigation especially, it is essential to know the position of a ship at 
all times. The position of the ship is called a fix. The position is determined and 
fixed on a chart. 


The direction (course) the ship is sailing, obtained from a compass, the speed 
of the ship, and the bearings of fixed points as lighthouses, beacons, buoys, radio 
stations, and other established landmarks are necessary in “ making a fix.” 


615. What is the cross-bearings method of making a fix? 


The compass bearings of two known landmarks are taken. The true bearings 
or azimuths can be drawn upon a chart. These cross bearings will intersect at a 
point that is the fix that represents the position of the ship on the map. 

If three cross bearings are taken, a small triangle of error is formed because 
the three lines usually do not intersect at a point. The fix is somewhere within 
the small triangle. 
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QUES. 615. 


616. How can a fix be made when only one established landmark is available? 


A range finder is used to measure the distance of the landmark from the ship, 
and a sextant is used to measure the bearing. 
If the bearing of station C from O is C395. and the range is 4 miles, then CO 


drawn on the chart through C making 


Station 


QUES. 616. 


an angle of 122 deg. with the meridian through C and 4 miles out will fix the 
position of the ship. 

(302 deg. — 180 deg. = 122 deg.) 
617. What is the two-point-bearing method of making a fix? 

When only one established landmark is available, bearings are taken on that 
from two different positions of the ship. 


QUES. 617. 


The true bearing of R is shown as 324 deg. from the first position of the ship 
O. 

From the second position O, the true bearing is shown as 297 deg. 

T he position of O has previously been fixed on the chart; the direction of the 
ship and the distance traveled OO, are known. The new position O, can now be 
fixed. 

RO,, the new range, can be computed, if desired from the law of sines. 


a = nee (RO is known) 


618. What is the difference between the polar and the equatorial diameters of the earth? 

The polar diameter = 6,860 nautical miles, approximately. 

The equatorial diameter = 6,884 nautical miles, approximately. 

This difference is due to the fact that the earth is an oblate spheroid and 
consequently is somewhat flattened at the poles. 


619. What is a meridian and where is zero meridian? 


A meridian is a great circle through the north and south poles. 
The meridian passing through the observatory at Greenwich, England, has 


been chosen as the prime or zero meridian from which all other meridians are 
measured east and west for a maximum of 180 deg. The 180th meridian is 
directly opposite the prime meridian on the other side of the earth. 


620. What is the equator? 


The equator is a great circle equidistant from the geographic north and south 
poles and cutting all meridians at right angles. The plane of the equator is 
therefore perpendicular to the planes of the meridians. 


621. What are parallels of latitude? 
Parallels of latitude are all small circles whose planes are parallel to the plane 
of the equator. The equator is 


zero latitude. The small circles become smaller as they recede from the equator, 
and the latitude is increased to 90 deg. north latitude at the north pole and 90 
deg. south latitude at the south pole. 
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QUES. 619-622. 


622. How is the equator divided? 

The equator is divided into degrees of arc both toward the east and west from 
the point where the zero meridian crosses it to a maximum of 180 deg. east and 
west. 


623. How is any position on the earth’s surface located? 


Any point on the surface of the earth may be located by giving the number of 
degrees north or south of the equator, called latitude, and the number of degrees 
east or west of Greenwich, called longitude. 


624, What is the unit of length used in navigation? 

The unit of length in navigation is a nautical mile, which is equal to the length 
of an arc of 1 minute on a great circle (the equator or any meridian). A nautical 
mile = 1.15 x an ordinary mile, approximately. A nautical mile = 6,080.2 ft. (A 
knot is 1 nautical mile per hour.) 

If a ship travels 1°30’ along the equator, it 90 nautical miles because 1°30' = 
90’, and 1' equator = 1 nautical mile. 

If a ship sails along a meridian from latitude 34°N. to latitude 41°N., then 41° 
— 34° = 7° = 7 - 60’ = 420’ = 420 nautical miles, the distance sailed. 


625. What is the result of projecting the terrestrial sphere upon the plane of any meridian? 


The great circle of the equator projects as a diameter WE. 
The small circles of latitude project as parallel horizontal lines. 
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QUES. 625. 


Meridian NWSE projects as a circle. 

The meridian perpendicular to the plane of the circle projects as a diameter NS 
perpendicular to the equator. 

All the other meridians project as ellipses. 


626. What is meant by the difference of latitude between two points? 


The difference of latitude between two points is the arc of a meridian included 
between the parallels of latitude passing through the two points. This is a 
constant arc no matter on what meridian it is measured. 


627. What is meant by the departure between two meridians? 


The departure between two meridians is the arc of a parallel of latitude 
included between the meridians. This arc depends on the parallel on which it is 
measured because the parallels of latitude decrease in size away from the equator 
to the poles, becoming zero at the poles. Only at the equator is the departure 
equal to the number of minutes of longitude between two meridians. The 
departure between two meridians decreases as the latitude in which it is 
measured increases. 


628. What is meant by the difference of longitude between two places? 


The difference of longitude between two places is the angle at the pole 
between the two meridians passing through the two places. This is measured by 
the arc subtended on the equator. 


629. How would you find the number of nautical miles n traversed by a ship that changed its 
longitude m minutes along a circle of latitude L;? 


The ship sails from B to C along a parallel of latitude L, BO,O is a right 
triangle with the right angle at Oj. 


ae = cos L, 
or O,B = OB: cos L, = OD: cos L; 
Multiply both sides by 2n, getting 
2r-O,B = 2x: OD: cos L; (1) 
Now 22: 0,B = circumference of circle of latitude L, 


and 2mr-OD = circumference of equator circle 


Therefore, Eq. (1) states that the circumference of the circle at latitude L, = the 


circumference of the equator circle times the cosine of the latitude. This means 
that, to find the length of 1 minute of arc on a circle of any latitude, 


S 


QUES. 629. 


simply multiply the length of 1 minute of arc along the equator by the cosine of 
the latitude. 

Since 1 minute of arc along the equator = 1 nautical mile, then 1 minute of arc 
along latitude L, = 1 cos L, nautical mile. 

For a change of longitude of m minutes (measured on the equator) we get n = 
m - cos L, = nautical miles along latitude L,. 


Example 
If the ship, in sailing from B to C at latitude 35°N., changes 3 deg. in 
longitude, then 


n= 3°: 60: cos 35° = 180 - 0.8192 = 147.5 nautical miles = the distance it sails 
at latitude 35°N. = the departure. 


630. In what direction should a ship be headed if it is desired to sail from A in latitude 44°N., 
longitude 69°W, to B in latitude 47°N., longitude 66°W.? 
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QUES. 630. 


Theoretically, ABC is a spherical triangle with the sides as arcs of circles, but 
practically, since the distances involved are small, it may be considered as a 
plane right triangle with the right angle at C. The intersection of a north and 
south arc with an east and west arc forms the right angle at C. 
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QUES. 630. 


B and C are on the same great circle. 


BC = 47° — 44° = 3° = 180' = 180 nautical miles 
A and C are on the same latitude circle 44°N. 


AC = (69° — 66°) - 60 cos 44° = 180’ + 0.7193 = 129.5 
nautical miles 


180 
tan A= [29.5 = 1.39 


ZA = 54°20’ or 54° practically 
The ship should be headed N.36°E. 


631. What is a rhumb line? 

A rhumb line is the path of a ship sailing a fixed course, cutting all meridians 
at the same angle. The only time a rhumb line coincides with a great-circle track 
between two 


points is during sailing north or south along a meridian or sailing east or west 
along the equator. The rhumb line is in general not the shortest path. 


632. What is meant by plane sailing? 

Plane sailing is a branch of navigation in which the earth’s surface is regarded 
as a plane. In other words, the surface of the sea under consideration is assumed 
flat. The approximate results obtained hold only for short voyages. 


633. How are the relationships between course, distance, change of latitude, and departure 
represented in plane sailing? 


The distance, departure, and difference of latitude of two places are 
considered straight lines in a plane forming a right triangle known as the triangle 
of plane sailing. 
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QUES. 633. 


In sailing along rhumb line AB, the departure = AC, the difference in latitude 
= CB, the distance sailed = AB, and the course from A to B is as shown between 
AB and the meridian. 


634. What is the change in latitude and departure of a ship that sails 210 miles on a course C41 9°? 
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QUES. 634. 


AB = difference in latitude 
= BC: cos 68° = 210 -0.3746 
= 78.67 miles south of B 
AC = departure = BC : sin 68° 
210 - 0.9272 = 194.71 
miles east of B 


635. What are the course of a ship and the distance traveled if it starts at A at latitude 28°N. and sails 
toward C at latitude 32°N.¢ given C 120 miles east of A? 


Lat.=32N 


QUES. 635. 


Change of latitude 
= (32 deg. — 28 deg.) = 4 deg. 
= 4-60’ = 240’ = 240 miles 
Departure = 120 miles 
tan A = $228 = 0.5 
A = 26°34’= course 


Distance AC = AB: sec A = 240 - 1.1181 = 268.34 miles 


636. What are the departure and the course of a ship that sails 260 nautical miles on a course from 
latitude 23°16 'N. to latitude 26°43 'N.? 
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QUES. 636. 
Latitude difference = (26°43' - 23°16’) = 3°27’ 


| 


-_ Diff 


—_- 


= 207 min. = 207 miles 
Departure = vV (260)? — (207)? 
= V67,600 — 42,849 = 24,751 = 157.3 miles 
207 
tan A = 157.3 = 1.316 
A = 52°55’ 
“. Course = N.37°5’E. 


637. What is meant by parallel sailing? 


In parallel sailing the ship sails due east or due west along a parallel of 
latitude. The distance sailed is the departure made. 


638. How would you find the difference in longitude between two positions in parallel sailing? 

The difference in longitude is the angle between the two meridians passing 
through the positions and conveniently measured by the arc of the equator 
between the two meridians. 


ag 


Wl 


QUES. 638. 
O,C perpendicular to OO,, forming right triangle OO,C. 


1, = 210 _ OC 
ee oe ™ OC OA 
(OC = OA = radius of the earth) 


oe _ from theainiter £O.0D ond OAB 
CD 


CD 
~coolL= 75 or AB= = CD: sec L 
‘' AB cos L; : 
But AB = difference in longitude between positions C and D. Distance CD 


departure between positions C and D. Therefore, difference in longitude 
departure x secant of the latitude. 


But 


639. In what position will a ship be if it sails 150 miles due east from a position of latitude 41°32'N., 
longitude 71°20'W.? 


Latitude = 41°32/N, 
Departure = 150 miles 
Difference in longitude = 150: sec 41°32’ = 150 - 1.336 
= 200.4 nautical miles 
Now 200 miles = 200’ (on the equator) = 3°20’ 
. New longitude = 71°20’W. — 3°20’ = 68°W. 


640. What is the new longitude of a ship if it sails in latitude 35° due east for a distance of 210 miles 
from 20°W. longitude? 


Difference in longitude = departure x sec (latitude) 
Difference in longitude = departure X sec (latitude) 
= 210° sec 35° = 210° 1.221 
‘= 2567 miles 
= 256’ going east = 4°16’ 
New longitude = 20°W. — 4°16’ = 15°44’W. 
641. What is meant by middle-latitude sailing? 


Middle-latitude sailing considers that the ship usually sails on a course that is 
not due east or west but oblique, so that the latitude changes. The departure 
between two places is here measured along the parallel of latitude that lies 
midway between the parallels of the two places involved. Here the middle 
latitude takes account (approximately) of the convergence of the meridians. The 
two stations must be on the same side of the equator. 
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QUES. 641. 


When a ship sails on a rhumb line from a point A to a point s, both the latitude 
and the longitude change. Middle-latitude sailing uses the latitude midway 
between 


the original and final latitudes for relating departure and change of longitude. 
Thus mm’ is taken as equal to the departure for the voyage from A to B. 

This type of sailing should not be used in very high latitudes because the error 
in this approximation increases as the latitude increases. It is also not used where 
the distance sailed is great. 


642. What is the rule for middle-latitude sailing? 


Difference in longitude = departure x sec (middle latitude) This is in addition to 
the methods of plane sailing. 

The relations between the other quantities, as distance, course, and difference 
of latitude, are obtained from the right triangle as in plane sailing. 


643. What would be the new position of a ship if it sailed 460 miles from a position 35°S., 25°W., and 
followed a course C590? 
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QUES. 643. 
Difference in latitude 
=460 cos 50° 
= 460 - 0.6428 = 296 miles 
_ 296' 


= 4°56’ going north 


New latitude = 35° — 4°56’ = 30°4’S. 


Mid-latitude = oe = 32°32’ 
Difference in longitude = departure X sec (mid- 
latitude) 
Departure = 460 sin 50° = 460 - 0.7660 
= 352.36 miles 


.. Difference in longitude = 352.36 sec 32°32’ 
= 352.36 : 1.186 = 418’ = 6°58’ 
New longitude = 25° — 6°58’ = 18°2’W. 


644. What are the rhumb-line course and distance from 40°N., 20°W. to 44°N., 16°W.? 


Mid-latitude = ais = 42° 
Difference in latitude = 44° — 40° = 4° = 240’ going 
north 
Difference in longitude = 20° — 15° = 5° = 300’ going 
east 


Departure = difference in longitude X cosine 
(mid-latitude) (Ques. 629) 
= 300 cos 42° = 300 - 0.7431 


= 223 miles 
departure 
tan A = difference in latitude 
223 
= 540 = 0.9292 


ZA = 42°54’ = course 
Distance = difference in latitude K sec A 
= 240: 1.3651 = 328 miles 


B Departure BER. 15° W 


Diff. Lat. 


QUES. 644. 


645. What are the course, the distance, and the longitude reached if a ship leaves latitude 41°’10'N., 
longitude 71°28'W., and sails until the departure is 220 miles and the latitude is 44°24'N.? 


QUES. 645. 


Mid-latitude 
° / ©) / 
_ 44°24 a 10 = 49°47’ 
Difference in longitude = departure X sec (mid-latitude) 
= 220 sec 42°47’ = 220 - 1.363 
= 300 miles = 300’ = 5 deg. 
.. Longitude reached = 71°28’ — 5° = 66°28’W. 
Difference in latitude from A to B = 44°24’ — 41°10’ 
= 3°14’ = 194’ 
= 194 nautical miles 
Distance = (194)? + (220)? = 37,636 + 48,400 
= V 86,036 = 293 nautical miles 
tan A =4$4 = 0.8818 
A = 41°24’ 
“. Course = N.48°36’E. 
646. What is meant by traverse sailing? 


A ship sailing short distances on several different courses in succession is said 
to make a traverse. This is called traverse sailing. 


The principles of plane sailing and mid-latitude sailing are applied to each 
course. The independent results of each course are combined to get the final 
values for the final position. 


PROBLEMS 
1. What are the track, angle of drift, and true course of a plane heading 62 deg. with an air speed of 200 
m.p.h. against a wind of 40 m.p.h. from 135 deg. direction? 
Find the ground speed and direction of a plane for each of the following conditions: 


Air Speed, Wind Velocity, 

m.p.h. Heading m.p.h. Direction 
2. 160 8.64°W. 26 N.80°W. 
3. 250 N.32°E. 24 N.72°E. 
4. 230 8.41°E. 28 N.48°W. 
5. 130 N.62°E. 30 N.43°W. 
6. 175 N.45°E. 20 N.35°W. 
7. 210 S.55°E. 35 N.70°W. 


8. What distance must a ship A sail along AB due east before it passes a lighthouse L if when at A the 
bearing off the bow of L is observed to be 43 deg. and the range is 5 miles? 


PROB. 8. 


9. If a ship sails 40 miles on course AB, Cgge, then 25 miles on course BC, C139°, what is the distance 
of C from A and how far north and east is C from A ? 


PROB. 9. 


10. The true bearing of a tower T is observed as 300 deg. from position O of a ship, and the range is 
observed to be 5 miles. The ship sails along C7ge for 8 miles; another bearing is taken on T and is found to 


be 268 deg. What is the new range TO,? 


PROB. 10. 


11. How many nautical miles is a ship said to travel if it sails (a) 2° 15’ along the equator, (b) along a 
meridian from 42°N. to 45°42’N.? 

12. What is the distinction between the departure between two meridians and the difference in longitude? 

13. If a ship, in sailing between two points A and B along a parallel of latitude 42°N., changes 2°40’ in 
longitude, how many nautical miles does it sail? What is the departure? 

14. In what direction should a ship be headed if it is desired to sail from a point A in latitude 36°N., 
longitude 73°W., to a point B in latitude 40°N., longitude 70°W.? 

15. What are the change in latitude and departure of a ship that sails 150 miles on a course C4540? 


16. What are the course and the distance traveled if a ship starts at a point A in latitude 37°N. and sails 
toward point C in latitude 42°N., given C 150 miles east of A? 

17. What are the departure and course of a ship that sails 285 nautical miles on a course from latitude 
34°28'N. to latitude 38°47'N.? 

18. What is the rule for finding the difference in longitude in parallel sailing? 

19. In what position will a ship be if it sails 210 miles due east from latitude 43°29'N., longitude 
72°8'W.? 


20. What is the new longitude of a ship if it sails from longitude 71°W. and sails due east for a distance of 
180 miles? 
21. If a ship sails 325 miles from a position 27°S., 30°W., and follows a course Cg5e, what is the new 


location of the ship, using the method of mid-latitude sailing? 

22. By the method of mid-latitude sailing, determine the rhumb-line course and distance from 16°N., 
45°W. to 21°N., 40°W. 

23. What are the course, distance, and longitude reached if a ship leaves latitude 43°26'N., longitude 
72°48'W. and sails until the departure is 186 miles and the latitude is 47°57'N.? 

24. When a ship is at A, the navigator observes the bearing off the port bow of a signal tower to be 37 
deg. and the range to be 4 miles. How far must the ship sail before it passes the tower? 


Tower 


PROB. 24. 


25. A ship is sailing at 12 knots (a knot is 1 nautical mile per hour) along AB) and at A the bearing off the 


bow of tower T is found to be 20 deg. Twenty minutes later at C the bearing has changed to 40 deg. What is 
the distance of T from C, and how far must the ship sail before passing the tower? 


A C B 
PROB. 25. 


26. What are the change in latitude and the departure made when a ship sails 225 miles on C1 440°? 


27. What are the course and distance from A to C if A is in latitude 42°N., C is in latitude 45°N., and C is 
112 miles east of A? 


112 mi, 


A 


PROB. 27. 


28. What is the difference in longitude between two places on the equator 460 miles apart? What would 
be the difference in longitude for the same distance between two points in latitude 55°N.? 

29. What is the new position of a ship that sails 280 miles due north from32°N., 52°W.? 

30. What is the new latitude of a ship that sails 800 miles due north from 12°18'S.? 

31. What are the difference of latitude and the departure made by a ship that sails 175 miles on a course 
C52°? 

32. If two points on the equator are 1,000 miles apart, how far apart are two points due north of these 
points but in latitude 38°N.? 

33. What are the difference of latitude and the departure made by a ship that sails 206 miles on a course 
N.8°E.? 

34. How far is a ship from the north pole when it is in latitude 40°30'N.? 

35. What is the change in longitude in sailing 400 miles along a parallel of latitude 48°S.? 

36. What are the course and the distance made by a ship that makes a departure of 210 miles to the east 
and changes latitude 3°30' to the north? 

37. What is the distance along the parallel from 34°S., 25°W. to 34°S., 10°E.? 

38. Starting from 35°N., 60°W., a ship sails 400 miles on course C7ge. What is the new position? 


39. What are the rhumb-line course and distance from 40°S., 70°W. to 37°S., 66°W. (using mid-latitude 
sailing)? 

40. What are the latitude and longitude reached by a ship sailing 350 miles on a course 218 deg. from 
39°16'N., 28°25'W.? 

41. What are the course and distance of a ship sailing from 49°36’N., 8°35'W. to 46°34’N., 4°35'W.? 

42. What is the new position of a ship that sails 380 miles from 28°N., 38°45'W. in a direction S.62°W.? 


CHAPTER XX 
MISCELLANEOUS PROBLEMS 


647. How can you find the area of the segment of a circle? 


A segment is a part of a circle cut off by a chord. 
Area of segment CDBC = area of sector OBDC — area of AOBC 


QUES. 647. 


Now, 


Area of sector 


TA A (A is in radians) 
and 

Area of triangle 

-% ‘CE (CE 1 OB) 


But, ae = and CE=r-‘snA 
2 
. Area of triangle mt ‘r:sinA = 5 ‘sin A 
Then 
as _ 8 
Area of segment = 9 °4 —9 sind = 9 (A — sin A) 


648. What are (a) the length of the chord, ( b) the length of the arc, and (c) the area of the segment if 
in a circle whose radius is 16 inches a chord is drawn 8 inches from the center? 


QUES. 648. 


BE = Vie? — 82 = 13.86 


. BC = length of chord = 27.72 in. 
b. As OD = 4: OC, then ZC = 30° and 5 = 60°, 


» A = 120° = a radians = 2.0944 radians 
1 = length of are BEC = rA = 16° 2.0944 = 33.51 in. 


2 
c. Area of segment BECB 5 (A — sin A) 


=e (2.0944 — sin 120°) 


128(2.0944 — 0.866) 
128 - 1.2284 = 157.24 sq. in. 


649. How do you find the length of an uncrossed or open belt connecting two pulleys? 


QUES. 649. 


a = distance between the two tangent points to the two pulleys. 

R and r are the respective radii of the two pulleys. 

d = distance between the centers of pulley shafts S and S’. 

A = angle between the tangent to the belt and the line connecting the centers. 


L = length of belt = arc b + arc c + 2a 


Arc b = 2rA 
Arc c = 2nR — 2RA = 2R(r — A) 
a=d:sinA 


 L = 2rA + 2R@ — A) + 2d:sin A 
L = 2[R@ — A) +rA +d°sin A] 
mera 


ZA may be found from 4 = — d 


ZA must be in radians. 


650. How do you find the length of a crossed belt connecting two pulleys? 


QUES. 650. 


R and r are the respective radii of the two pulleys. 
d = distance between the centers of the pulley shafts S and S’. 
a = distance between the tangent points to the pulleys. 
A= angle between the tangent to the belt and the line connecting the centers. 
L = length of belt = arc b + arcc + 2a 
Arc b = 2ar — 2rA = 2r(m— A) 
Arc c = 21 R—2RA = 2R(m—- A) 
a=d-sinA 
DL = 2r(m—A) + 2R(m—A) + 2d: sinA 
= (2r + 2R)(m—A) + 2d: sinA 
= 2[((R+r)(m-A)+d- sin A] 


R+r 
a 


ZA may be found fromegg A = 


ZA must be in radians. 


651. What is the length of an open belt connecting two pulleys 3 feet and] 4 feet in diameter, 


respectively, and 10 feet apart? 


Here R = 14 ft.r = 2 f{t., and d = 10 ft. 
L = 2|R@ — A) +rA+d°‘sin A] 
R-r 15-0.75 0.75 = 0.075 


A = 85°42’ = 1.496 radians 
L = 2[1.5(3.1416 — 1.496) + 0.75 - 1.496 
+ 10+ sin 85°42] 
= 2(1.5° 1.65 + 1.122 + 9.97) = 2° 13.57 
= 27.14 ft. 
652. What is the length of a crossed belt connecting the above pulleys? 
L = 2|(R +7r)(r — A) + d°<sin A] 
R=1.5, r= 0.7, d= 10 
cos A = att a eee To = 0.225 
A = 77° = 1.344 radians 
L = 2[(1.5 + 0.75)(3.1416 — 1.344) + 10+ 0.9744] 
= 2(4.04 + 9.74) = 2-13.78 = 27.56 ft. 
The crossed belt is longer by 0.4 ft., or 4i3 in. 
653. What is a spiral or a helix? 


A spiral or a helix is a curve formed by a line drawn around a cylinder so that 
it advances a certain distance along the cylinder for each revolution. 


hk RE-> 


QUES. 653. 


Example 

If we were to draw two inclined parallel lines SP and QR on a rectangular 
piece of paper and then roll the paper to form a cylinder, the lines SP and QR 
would connect and form a spiral as shown to the right, running from S to R. 
654. What is meant by the lead of a spiral, and how is it usually given? 

The lead of a spiral is the advance along the cylinder for each turn of the 
spiral. This is usually given in inches per turn. A 4-in. spiral is one that advances 
4 in. per turn. 


R 
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QUES. 654-655. 


655. What is meant by the angle of a spiral, and how is it obtained? 


The angle of a spiral is the angle that a spiral makes with an element of the 
cylinder. 
ZS is the angle of the spiral. 


QP circumference of the cylinder 


To find the angle of the spiral for spiral gears, use the pitch circumference. 
656. What is the angle of the spiral in a twist drill having a 1-inch diameter and a lead of 8.67 inches? 
g= circumference m‘1 3.1416 _ 0.3604 
SC ae ee 
ZS = 19°55’ 
657. What is the angle of a spiral thread on a double-threaded worm having a pitch diameter oft 


inches and three threads in 2 inches? 


The lead here is 3 -2= $ in. 


— circumference a c = 3.1416 « 4.25 -4 


= 10.0138 
ZS = 84°17.8’ 
658. What is the law for reflected light? 


When a ray of light strikes a polished surface, it is reflected according to the 
law that states that the angle of incidence is equal to the angle of reflection. 


Polished 
surface 


QUES. 658. 


The incident ray is AO. The reflected ray is OA’. BO is perpendicular to the 


polished surface at O. 

Zi = angle of incidence = 4r = angle of reflection 
659. What is the path of a ray of light in air? 

Light travels in a straight line in a homogeneous medium such as air. 
660. When is a ray of light refracted? 


A ray of light is bent or refracted when it passes from one transparent 
ijnedium to another that is more or less dense. The incident and refracted rays 
and the normal to the boundary at the point of refraction lie in the same plane. 


A 


QUES. 660. 


Ray AO passes through air and meets a denser material in the surface of glass 
at O. It is refracted toward the perpendicular VV’ along OO' until it meets the 
other surface of the glass where it passes into the less dense air at O' and is again 
refracted, this time away from the perpendicular VV’. Experiment shows that if 
the two surfaces of the glass are parallel, the direction of O'A’ is the same as that 
of AO. 


661. What is meant by the index of refraction? 


The ratio es : of the sines of the angles of incidence and refraction that the 


sin 7 


ray makes with the normal in the first and second media, respectively, is equal to 
the ratio of the velocities of the light in the two media. This ratio is constant for 
light of any given wave length and is called the index of refraction of the second 
medium with respect to 


the first. This constant is simply called the index of refraction of the second 
medium when the first medium is air. 
; ’ . Sint 7 
Experiment shows that for any given kind of glass the, ratio — = n- 
sin Tr 


constant. 

This is called the index of refraction of glass with respect to air or simply the 
index of refraction of that particular glass. The constant means that a change in 
the angle of incidence causes such a change in the angle of refraction that the 
ratio of the sines remains constant. 


sin 1 
sin r 


index of refraction of air with respect to glass? 


662. If — is the index of refraction of glass with respect to air, how do you obtain the 


The index of refraction of air with respect to glass is the reciprocal of that of 
glass with respect to air. 
If the index of refraction of glass with respect to air is n, then the index of 


refraction of air with respect to glass is —. This applies for any other two 


transparent substances. 
663. What is the approximate index of refraction ( a) for water, ( b) for crown glass? 
a. For a ray of light passing from air to water, % = 4 approximately. 
b. For a ray of light passing from air to crown glass, 7 = 3 approximately. 
664. If the angle of incidence is 21°15’ and n = 1.146, what is the angle of refraction? 
_ sind . sind _ sin 21°15’ 
a as or snr = ae et 
log sin 21°15’ = 9.5593 — 10 
log 1.146 = 0.0593 
log sin r = 9.5000 — 10 
r = 18°26.1’ 


665. In engineering practice, when may intensity of fluid pressure be assumed to be uniform? 


The intensity of fluid pressure may be assumed to be uniform without 
impairing necessary precision 

a. when a surface under liquid pressure is an elementary area, i.e., very small. 

b. when all parts of a surface are subjected to such a high intensity of liquid 
pressure that the assumption of a uniform pressure will not introduce an 
appreciable error. Examples of this case are water pipes under pressure, some 
steam boilers, gates, valves, and many liquid receptacles. The effective pressure 
either on the center of gravity of the area or on the lowest point is usually 
assumed as the uniform intensity. 

c. when gas or a vapor is pressing against the surface as in the case of a 
compressed-air reservoir. 


666. When is the intensity of pressure of an immersed surface uniform? 


When all points of an immersed surface are at the same distance from the free 
surface, the intensity of pressure is uniform over the entire immersed Surface. 
This occurs when a plane immersed surface is parallel to the free surface. 


Free surface . 


\ { 
h ft. h ft. ft. 


-occc- 


QUES. 666. 


M is an irregular plane surface of area = A lying in a horizontal plane h ft. 
below the free surface of the water. The total normal pressure 

P = intensity of pressure x area = pA. 

IfA=5sq. ft., h = 10 ft., 


then, 
p = 10- 62.4 = 624 lb./sq. ft. = intensity of pressure and 
P= 624 - 5 = 3,120 lb. = total normal pressure 


(Fresh water is assumed to weigh 62.4 lb./cu. ft.) 


667. What is the rule for the component in any direction of the total pressure on an immersed surface 
subjected to uniform intensity of pressure? 
The total component in any direction equals the intensity of pressure 


multiplied by the area of the projection of the surface on a plane perpendicular 
to the given direction. 


Vertical 
projection 
of area 


A:cos B 


Horizontal 
projection 
of area 

QUES. 667. 


An irregular plane surface MN of area = A is subjected on one side to a 
uniform intensity of pressure = p. 

P = total normal pressure = p- A 

P makes an angle of 90 deg. — B with the horizontal, and, since the intensity 
of pressure is uniform, the point of application of P is at the center of gravity of 
plane MN. 

H = horizontal component of P = P cos (90° — B) 

=P sin B=pA: sinB 

A sin B = the vertical projection of the area 

... H = intensity of pressure x vertical projection of the area 

V = vertical component of P = P sin (90° — B) 


=Pcos B= pA: cos B 
A cos B = horizontal projection of the area. 
.. V= intensity of pressure x horizontal projection of the area 


Example 
Find the horizontal and vertical components if 


A = 30 sq. ft., 
p = 50 lb./sq. ft., and ZB = 60°. 


P = total normal pressure on the surface = pA = 50° 30 
= 1,500 lb. 
A: cos 60° = 30-4 = 15 sq. ft. = horizontal projection 
of area 
A -sin 60° = 30° cdl = 25.98 or 26 sq. ft. 


= vertical projection of area. 


H = total horizontal component = 50 - 26 = 1,300 lb. 
V = total vertical component = 50 - 15 = 750 Ib. 


668. What is the total axial water pressure on the curved surface COD (a) parallel to axis XX, ( b) at 
right angles to XX along YY for a 90-degree bend? 


(180~-B) 


Y 


QUES. 668. 


A = area of pipe = mr? = projection of surface COD in a direction perpendicular 
to XX = projection of surface EDO in a direction perpendicular to YY 
P = total pressure parallel to XX = pmr? = total pressure parallel to YY 


669. How do you find the resultant of the axial thrusts on a bend making an angle of B degrees? 


The resultant that may replace the two equal total pressures P is the force R 
along the bisector of 7B 


QUES. 669. 


B B 
R= P-cos 5 + P* cos 5 


B 
= 2P * cos 5 


Example 
Find the resultant thrust on a pipe bend, given 


p = 120 lb./sq. in., 


D = diameter = 20 in., and ZB = 120°. 
The area of the pipe = A = 314.2 sq. in. 
P = total pressure = 120+ 314.2 = 37,700 lb. 
(The last figure is rounded off) 
R = 2° 37,700 cos 60° = 75,400 + 0.5 = 37,700 lb. 


It is seen that for a 60-deg. bend the resultant thrust is equal to the total 
pressure in the pipe. 


670. How do you find the total normal pressure on any immersed plane surface? 


Free surface 


QUES. 670-671. 


On an immersed plane surface not parallel to the free surface of the liquid, the 
intensity of pressure is proportional to the head or distance below the free 
surface at any point and thus has a different value for every part of the immersed 
surface. 

It can be shown that the magnitude of the total normal pressure on any 
immersed plane surface is equal to the intensity of pressure at its center of 
gravity multiplied by the area of the surface. 


Example 


What is the total normal pressure on a vertical wall having 30 ft. of water on 
one side? It is customary to consider a strip 1 ft. long in computations for dams, 


retaining walls, and similar structures. If the structure is homogeneous and 
symmetrical, this calculation can then be applied to the entire structure by 
multiplication. 

A 1-ft. strip here has an area of 30 - 1 = 30 sq. ft. 

The center of gravity (c.g.) of the 1-ft. strip under water is on the center line of 
the strip halfway down from the surface of the water, or 32 = 15 ft 


Then, p, = 15 - 62.4 = 936 lb./sq. ft. = the intensity of pressure at c.g. 
and, P = 936 - 30 = 28,080 Ib. = total normal pressure 


671. How do you find the direction and point of application of the total normal pressure or of its 
components? 


The total normal pressure P is always perpendicular to the surface and toward 
it. 
The point of application of the total normal pressure or of its components’ is 


* 


: ; 0 ; ; 
on the immersed surface at a distance —— below the center of gravity. This 
c 
distance is measured parallel to the immersed surface. 


ken? 


Yo = Ye + on 


c 
= distance from free surface to point of application of P 


y, = the distance from the free surface to the c.g. measured parallel to the 
immersed surface 


ky = radius of gyration about an axis through the c.g. 


kj? =<, where I = moment of inertia of the area A about an axis through the e.g. 


parallel to the line of action of P 


Example 


In the example for the above question, 
y, = 15 ft. = distance to c.g. of immersed surface 


Now, fora rectangle 


where b = breadth and d = depth of section. 
I bd | d? 
12 bd 12 


ws gp, ots OE ae, ag ee 2 


Free surface 


—= 


= 

° 
. 

{ 

! 


QUES. 671. 


The distance to the point of application of P is seen to be two-thirds the way 
down from the free surface for a rectangular immersed surface. 
Yp = % - 30 = 20 ft. down = point of application of P 


672. What is the total normal pressure P, and where is its point of application in the case of a masonry 
dam with a vertical upstream face and 40 feet of water as shown? 


QUES. 672. 


Consider a strip 1 ft. long. 

30 - 1 = 30 sq. ft. = area of the strip of immersed surface 

ye=10 + 32 = 258 
= distance to c.g. from the free surface and parallel to the immersed surface 
P. = 25 - 62.4 = 1,560 lb./sq. ft. 


= intensity of pressure at c.g. 
P = 1,560 - 30 = 46,800 Ib. 


ko? qe 30? 
Y= Ueto. = 25 + iggy, = © +t 19.05 
= 28 ft. = point of application of P 


673. What is the total normal pressure P on a vertical gate covering a 3-foot circular pipe under a 40- 
foot head, neglecting atmospheric pressure, and where is P applied? 


i ! 
7. | 
- ! 
| . 
>> 3 
a | 

' 
ii 
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| a | 
' 
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QUES. 673. 


A = 7.069 sq. ft. = area of pipe with a 3-ft. diameter 
y. = 40 — 1.5 = 38.5 ft. = distance to c.g. of pipe 
De = 38.5 * 62.4 = 2,402 lb./sq. ft. 

= intensity of pressure at c.g. 
P = 2,402 : 7.069 = 16,980 lb. = total pressure 


2 
Yo = 38.5 += 


for a circle, where r = radius 


. Yp = 38.5 + 0.015 = 38.515 ft. 
= point of application of P 


674, What would result in the above if the gate were closed rapidly? 


If a complete vacuum should be produced in the pipe by a very rapid closing 
of the gate and withdrawal of water, the effective head would be increased by the 
head due to atmospheric pressure, which is 34 ft. 


Then 38.5 + 34 = 72.5 ft. = total head on c.g. of gate = y, 
and 72.5 - 62.4 = 4,524 Ib./sq. ft. = intensity of pressure = p, 
P=4,524 - 7.069 = 31,980 lb. = total pressure 


(1.5)? 
=72.5 + 
4+ 72.5 
If uniform intensity of pressure were assumed, the point of application would 
be at the center of gravity or 


Yp = 38.5, 


— 34 = 38.5 + 0.0064 = 38.5064 ft. 


a negligible difference from that previously found. 
The larger the area and the nearer the water surface, the more y, (point of 


application) differs from y, (distance to c.g.). 


675. What is the total normal pressure P, and where is the point of application of P on a gate inclined 
60 degrees with the horizontal and covering a circular opening that is 7 feet in diameter, given y, 


= 16 feet? 


Neglect atmospheric pressure. 
The area of the opening is an ellipse in which one semiaxis is b = r = 3.5 ft. 
and the other semiaxis is 


d = ——~5 = ~—,, = 3.5° 1.155 = 4.0425 ft. 


The area of the aontee is 


rr? 


me ee 38.48 * 1.155 


44.44 sq. ft. 


h, = head on c.g. = y, sin 60° 
= 16° 0.866 = 13.86 ft. 
13.86 : 62.4 = 865 lb./sq. ft. 
intensity of pressure at c.g. 
”. P = 865: 44.44 = 38,440 lb. = total normal pressure 
H = 38,440 sin 60° (= 0.866) = 33,290 lb. 
= horizontal component of P 
V = 38,440 cos 60° (= 4) = 19,220 lb. 
= vertical component of P 


Water surface Fie k 
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A ANNNNANNANANNNN RANE 
Ik V/ N// / 4% Ui 


QUES. 675. 
The point of application of P is on a vertical through the c.g. of the opening 
2 


and pict_ below it. 
c 


ko for the ellipse is d y and 


ko _ at 
Yo = 4Ye 
Then, yp = 16+ Boe! 16 + 0.255 = 16.255 ft. 


the point of application of P 


676. What are the total normal pressure on each face and the resultant pressure on a wall if water 
stands 24 feet 


deep on one side and 12 feet on the other, where the wall is 10 feet long and 30 feet high? Where is the 
resultant pressure applied? 


! 


i: 


ea | 
~----12'----7 


) 


& 
ot 
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= wetted area, left face = 24:10 = 240 sq. ft. 


P, = total normal pressure on A; 
A, = wetted area, right face = 12-10 = 120 sq. ft. 
P, = total normal pressure on A, 


Then, h,, = 12 ft. = distance to c.g., left face 
Pi = 12° 62.4 = 7507 |b./sq. ft. 
= intensity of pressure, left face 
P, = 750 + 240 = 180,000 lb. 
= total normal pressure, left face 
Yp, = $° 24 = 16 ft. below water surface, left face 
= point of application of P; 
h., = 6 ft. = distance to c.g., right face 
po = 6° 62.4 = 375- lb./sq. ft. 
= intensity of pressure, right face 
P, = 375+ 120 = 45,000 lb. 
= total normal pressure, right face 
Yp, = #° 12 = 8 ft. below water surface, right face 
= point of application of P, 
Resultant 
P = P, — P, = 180,000 — 45,000 = 135,000 lb., 
since P, and P, are parallel opposite forces. P acts on the left face. 


To find the point of application of P, take moments about the water surface of 
the left face. 


_ 180,000 - 16 — 45,000-20 1,980,000 


Ye = ~~~ 780,000 — 45,000  ~ 135,000 
= 14.67 ft. below the water surface on the left face 
PROBLEMS 


1. A chord is drawn 10 ft. from the center of a circle whose diameter is 40 ft. What are the length of the 
chord, the length of the smaller arc, and the area of the smaller segment thus cut off? 

2. What is the area of the segment of a circle, of radius 20 in., that has a central angle of 82°30 '? 

3. How many gallons of water are there in a horizontal tank 14 ft. long, with a 36-in. radius, when it is 


filled to a depth of 30 in.? (231 cu. in. = 1 gal.) 

4. A horizontal cylindrical fuel-oil tank of 4-ft. diameter is 50 ft. long. Find the volume for each foot in 
depth. 

5. Compare the length of a crossed belt with that of an open belt to connect two pulleys 2 ft. and 1 ft. in 
diameter, respectively, and 11 ft. apart. 

6. Find the length of an open belt, given R = 20 in., r = 10 in., distance apart = 14 ft. Compare with the 
approximate rule: Add twice the distance between the centers of the shafts to half the sum of the 
circumferences of the two pulleys. 

7. Find the length of a crossed belt for the pulleys of Prob. 6. 

8. What is the angle of a spiral in a 1 4 in.-diameter twist drill having a lead of 6.38 in.? 


9. What is the angle of a spiral thread on a double-threaded worm having a pitch diameter of 34 in. 


and three threads in 2 in. ? 

10. Your line of sight makes an angle of 30 deg. with a mirror while your eye is 30 in. in front of a mirror. 
If an object appears to be 40 in. back of the mirror, what are the distance and direction of the object from 
your eye? 

11. If a ray of light strikes a certain glass so that the angle of incidence is 58°32.5’ and if the index of 
refraction of the glass for that light is 1.583, what is the angle of refraction of the light? 

12. What would be the index of refraction of a liquid if a beam of light enters the liquid with an angle of 
incidence of 41°18.6' and is refracted at 29°7.3'? 


13. How much is a ray of light offset if it passes through a sheet of glass 3 in. thick with an angle of 


incidence of 56°24’? 
14. If the index of refraction is 4 , what is the inclination of a rod to the surface of the water in which it 


is partially immersed if the image in the water appears inclined at an angle of 38 deg. with the surface? 

15. A board 20 sq. ft. in area is connected to a post, which holds it in a horizontal position 15 ft. below 
the surface of a lake. What is the total pressure on the underside of the board? 

16. Find the horizontal and vertical components on an area of 80 sq. ft. that is inclined 30 deg. with the 
horizontal while it is subjected to a uniform fluid pressure of 60 Ib./sq. in. 

17. Find the resultant thrust on a 30-in.-diameter bent pipe subjected to a pressure of 180 Ib./sq. in. The 
axes of the pipe make an angle of 105 deg. 

18. Find the total normal pressure P on a vertical wall having 48 ft. of water on one side. Locate the point 
of application of P. 

19. Find the total normal pressure P on a masonry dam 42 ft. high having a vertical upstream face that is 
under 50 ft. of water. Locate the point of application of P. 


20. Find the total normal pressure P on a gate covering a 43-f. circular pipe under a 52-ft. head of 


water. Where is P applied? 

21. What would be the total normal pressure and where would it be applied if the gate in Prob. 20 were 
closed very rapidly? 

22. A gate is inclined 50 deg. with the horizontal and covers a circular opening 6 ft. in diameter. The 
distance from the water surface to the c.g. of the gate is 20 ft. What is the total normal pressure P on the 
gate and where is P applied? 

23. What is the total normal pressure on each face of a wall 40 ft. high and 8 ft. long when water stands 
33 ft. on one side and 15 ft on the other? What is the resultant pressure and where is it applied? 


CHAPTER X XI 


POLAR COORDINATES—COMPLEX NUMBERS— 
DE MOIVRE’S THEOREM—SERIES 


A. PoLar CoorDINATES 


677. What are polar coordinates? 


Polar coordinates are a system of coordinates in a plane that defines the 
position of a point with reference to a fixed 


F, 


QUES. 677. 
line called the initial line and a fixed point on this line called the origin or pole. 
Example 
OX = initial line (OX = positive direction) 
O = pole 
OP = r = radius vector 
ZA = vectorial angle 
P = point in plane 


P is fixed by coordinates (r, A). 
The polar coordinates of P, are (r, A;); of Po, (7, A>). 


678. When are r and 4A positive and when negative? 
ZA is positive when it is measured counterclockwise from OX and negative 
when measured clockwise. 
P, (— 6,225") 
° 
P (6,46) 


QUES. 678. 


r is positive when it is measured from O along the terminal side of 4A and 
negative when measured from O along the terminal side of 4A produced back 
from O. 

Example 

a. (6, 45°) and (—6, 225°) coincide. 

b. (4, -60°) and (—4, 120°) coincide. 

679. How are polar and rectangular coordinates related? 

Let O = origin, OX = initial line, and OX and OY the axes of a rectangular 
system of coordinates. 


Then x=rcosA 
y=rsindA 
r= Vi ty 

—~1¥ 

x 


A = tan 


QUES. 679. 


680. What is meant by the polar equation of a curve? 
When r and A are related by an equation, the point (r, A) is restricted to a 
curve, and the equation is called the polar equation of the curve. 


r=sin A 


“A 
= 
QUES. 680. 


Example 
r = sin A is the polar equation of a circle with radius = 4.. For a series of 
values of A, the corresponding values of r are found, and the points are plotted. 
681. How do you transform x24 y2 = 16 into an equation in polar coordinates? 


z =rcos A and y = rsin A are substituted in 


xz? + y? = 16. 
r? cos? A +r’ sin? A = 16, 
or r?(cos? A + sin? A) = 16 


r’=16 sand r= +4 
This is the graph of a circle with the center at the origin or pole and with radius = 
A. 


682. How do you transform r2 cos 2 A = 4 into an equation in rectangular coordinates? 
cos 2A = 1 — 2 sin? A 


Substitute this in r? cos 2A = 4, getting 


r?(1 — 2 sin? A) = 4 


Now y=rsinA or sin A = 


2 2 Dy)? 
“. (1 — 2 sin? A) = ac - 2-H) = 1(7 =") 


Butea 25> 
Then r? — 2y* Sixt + y? — 29° =x Sy 
Therefore, r? cos 2A = 4 is transformed into x? — y? = 4. 


B. CompLex NuMBERS 


683. What is a real number? 


Any number, rational, irrational, an integer, or a fraction, whether positive or 
negative, is a real number. 


684. What is known as the unit of imaginaries? 


In order to get a solution of an equation such as 
z?7+1=0, 
there must be some number whose square is — 1. This number is 4/ — ], This is 
represented by i and is known as the unit of imaginaries. 
685. What is the definition of i? 
iis defined by i? = —1. 
686. How are powers of i readily found? 


We have 


t=4 by definition of an exponent 


and v= —|l 
by definition of the unit of imaginaries 
so that e= 42-4 = (—l)+t = -1 
and a4 = (1%)? = (—1)? = 1 
q5 = (47)?-¢ me leg md 
{¢ = (7%) = (<1)? = —1 
i} = (2)8-4 = (-1):i= -i 


i8 = (i2)4 = (—1)4 

We see that there is a definite recurring cycle of four different values for the 
integral powers of i. 

All even powers of i are either +1 or —1. If the power is exactly divisible by 4, 
it is +1; and if 2 is left over, then it is —1. 

All odd powers of i are either i or —i. If, after division by 4, 1 is left over, it is 
i; and if 3 is left over, it is — i. 

This is expressed as 


qs = i. gst? — —1, gett — i, gets = 4 

where k is any positive integer. 
Example 

(a) 187 = qeiets = —j 

(b) qi25 = qesitl = 7 

(c) is? = gelor2 — —] 

(d) 184 = q#16 = J 
687. What is an imaginary number? 


An imaginary number is a real number that is multiplied by i, as ai or Xi. 

A real number may be multiplied by i because the only property of i from its 
definition is that its square is —1. 

Any imaginary number may then be written in the form ai where a is a real 
coefficient and i = 4/—], 


Example 


a. V—4=2V-1 = 21 
bn V—-8 =2V2:'V-1=2V2°i 
ce V=-ll = Vil: V-1 = vil: 
d. V-4 =4vV-1=}°1 


688. Does an imaginary number indicate something unreal or something that does not exist? 


-. 


An imaginary number in comparison with a whole number is, generally 
speaking, no more unreal than is a fraction or an irrational number. 
689. In general, of what value are imaginary numbers in trigonometry? 

Various applications of trigonometry are the result of operations upon 
imaginary numbers and their combinations with real numbers. Various 
trigonometric formulas can be derived by the methods here developed. 

690. Is the square root of a negative real number a real number? 


The square root of a negative real number is not a real number. 

If —a is any negative real number, then .»/—g cannot be a real number 
because the square of every real number is positive and~/ —a@- V—a = —a, 
which is negative. 


691. How do you show that the square root of a negative real number is an imaginary number? 
@=V-1:V-1=-1 
by definition of the unit of imaginaries 
Then (Wa + i)(Va-i) = (—l)a = —a 
Therefore, the square root of the negative real number —a is the imaginary 
number +/g + 4, 


692. What is meant by the standard imaginary form? 


The form +/g + 7 is called the standard imaginary form for any number of the 
form +/ —q where a is a positive real number. 
The standard form is generally used in all operations with imaginary numbers. 


Example 
a. V—9 = V9i = 31 
b V-8 = V8:i=2V2i 
c. 2V—-32 =8 V2°1 


693. What algebraic operations can be performed on imaginary numbers? 

Imaginary numbers act like real numbers when properly combined in 
accordance with defined properties. 

The imaginary numbers are first placed in standard form before any operation 
is started. 

It is not correct to perform the operation 


V=1:V=-1 = V(-1)(-1) = v1 = 
because by definition »/—]j -«/—] = 72 = —1, 


It is not correct to perform the operation 


V=4- Vn = VB 


because it does not conform to the definition of the unit of imaginaries. It is 


correct to perform the operation as 
(Vii) (VTi) = VB it = VB = 207 
Example 
(a) 0:1 =0 (b) l-i=i (c)iti= 


(d)itititi+... +i2ton terms = n 

(ec) aV—1 = ai 

(f) + V—a? = + Va%(-1) = + Va? V-1 
=+avV-1= +ai 

(g) ai + bi = (a + D)i 

(hk) V-1‘V-l=ti=2= -1 

(i) V—a:V—b = Va: Vb+ i+ i = Vab- (—-1) 


= — Va 
VG 
75 eins 


694. What is a complex number? 


A complex number is a quantity that is made up of two parts, a real number 
such as a, and an imaginary number such as bi. 


a + bi is called a complex number. 


695. How does the solution of the general quadratic equation ax? + bx +c=0 exemplify a complex 


number? 


_ =b+ Vb? — 4ac 


is the formula for the solution of the general 


z 
2a 
quadratic equation. 
Solve x? — 7x + 32.5 = 0 
Here a= Il, b= —7, c = 32.5 


om . wae . 1.29 £\ 
Then 2 = se eS ad TBE 32.5) 


_7+ V49 - 130 7+ V-81 
= 


p= EO 35 + 4.5 


The solution is seen to be a complex number. 


696. Why can real and imaginary numbers be said to be special cases of complex numbers? 

All numbers in ordinary algebra are complex numbers of the form a + bi. 

18 is a complex number in which a = 18 and b= 0. 

4/ —15 is a complex number in which a = 0 and b = 4/5, 

In general, if b = 0, we get a real number a, and if a = 0, we get an imaginary 
number bi. 
697. What are conjugate complex numbers? 


Complex numbers that differ only in the signs of their imaginary parts are 
known as conjugate complex numbers. 


(3.5 + 4.52) and (3.5 — 4.52) 
51 and —hr 


These are conjugate complex numbers. 


698. What is the nature of (a) the sum and ( b) the product of conjugate complex numbers? 


Conjugate complex numbers have a real sum and a real product. 
a(at+th)+(a-—-hw)=at+a+h — bi = 2a 
b. (a + bi)(a — bi) = a? — bY? = a? + Be 


699. How are complex numbers represented geometrically? 


In the complex number of the form a + bi the real number a is represented on 
the x axis, which is known as the axis of reals, positive values to the right of the 
origin O, and negative values to the left of 0. The imaginary number is 
represented on the y axis, which is known as the axis of imaginaries, positive 
values above O, and negative values below O. 


QUES. 699. 


The x axis is called the axis of reals because when b = 0 the point P is on the x 
axis and the complex number reduces to a real number a. 
Thus any complex number can be represented by a point in a plane. 


700. What is the basis for representing the imaginary part of the complex number on the y axis? 


It is seen that to get -a we multiply a by — 1. 

Now, —a, being negative, is measured to the left of the origin O. Thus 
multiplying a real number by —1 is equivalent geometrically to rotating the line 
segment that represents the number about O through two right angles to lie on 
the negative side from O. 

But i is such a number that i* = —1. Therefore, multiplying by i* rotates the 
line segment through two right angles. 

This indicates that, to rotate a line segment b representing a number through 
90 deg., we should multiply it by i. We may then lay off bi on the y axis, and the 
y axis becomes the axis of imaginaries. 


701. How can the determination of the powers of i be shown graphically? 


We have seen that multiplication by i indicates a rotation of a line segment 
through 90 deg., or one right angle. 

Choose a unit length for the line segment and multiply by i, getting i for the 
first power of i. 

Multiply by i again to get — 1 for the second power of i. Multiply — 1 by i to 


get —i for the third power of i. 
Multiply — i by i to get 1 for the fourth power of i. 
The same cycle can be repeated again and again by continued multiplication 
by i. 
x 


4=1+1 
a Rotation 


Rotation 1 right angle 


2 right angles 


Hs 


/ 
x x 
Gus 4-4 
Rotation 
~ gaz —14 4 right angles 
Rotation 
3 right angie 


QUES. 701. 


702. How would you represent the complex numbers (5 +3 i), (-5 + -3 i), (5 -3 i), and (5 - 3 i) 
geometrically? 


QUES. 702. 


Point P, (5 + 37) : Measure 5 units to the right, 3 units up. 
Point P, (—5 + 3i) Measure 5 units to the left, 3 units up. 
Point P3 (—5 + 3i) Measure 5 units to the left, 3 units down. 
Point P, (5 — 3i) Measure 5 units to the right, 3 units down. 


703. How do complex numbers behave in ( a) addition., ( b) subtraction, ( 
c) multiplication, ( d) division? 


Complex numbers act the same as real numbers and obey all the laws of 
algebra under proper definitions for the four fundamental operations. The result 
of each of these operations is a complex number. 

a. Addition 


(a + bi) + (c+ at) = (atc) + (6+) 


The real numbers are added together, and the imaginary numbers are added 
separately. 
b. Subtraction 


(a + bt) — (c+ dt) = (a—c) + (b—dp 


The real numbers are subtracted, and the imaginary numbers are subtracted 
separately. 
c. Multiplication 


(a + bi)(c + di) = ac + chi + adi + bdi? 
= (ac — bd) + (cb + adi 


The imaginary numbers are kept distinct. 


d. Division 
at+bi _(a+bi)(c—di) _ (ac + bd) + (be — ad) 
c+di (c+di)(e—di) — c? + d? 


(ac + bd) % (be — ad)i 
~ c? + d? C2 oo qd? 
Division cannot be defined when c? + d? = 0, i.e., when c = 0 andd = O. In 
that case c + di = 0. Division by zero is impossible in complex numbers. 


704. How would you show that when the complex number a + bi equals zero, then a = 0 and b = 0? 


Ifa + bi=0, 


then a=-lh by transposition 
and a? = (—bi)(—bi) = D4? = —D? 
by squaring both sides 


But a positive number cannot equal a negative number unless both are zero. 


.azQ0 and b=0 


This is useful in that a given equation of the form a + bi = 0 may now be 
replaced by the equivalent equations a = 0, b = 0. 


705. How would you show that if a + bi = c + di, then a = c and b = d? 


If at+th=c+a 
then a+b —(c+di) =0 by transposition 
or (a—c)+(b-—d)t=0 


But this is of the form a + bi = 0 of the previous question. Then 
a-c=0 or a=c 
and, b-d=0 or b=d 
706. How would you show that if (a + bi)(.c + di) = 0, then at least one of the factors equals zero? 


(a + bt)(c + di) = (ac — bd) + (be + ad)i = 0 


This is of the form a + bi = 0. 


”. ac — bd = 0; or ac = bd, c= 
and bc + ad = 0, or be = —ad 


Now, b-— = —ad by substitution 


b’d = —a*d~—s or b=ai 
~atb=-a+a'i1=a-a=0 
which shows that one of the factors equals zero. 
707. Why may a complex number be called a vector? 


A vector is a quantity that has magnitude as well as direction. 
We have seen that we can represent the complex number a + bi by the line 
segment OP, which begins at the origin O and ends at P. The real part, a, equals 


the projection of OP on the x axis, and the coefficient of i, b, is the projection of 
OP on the y axis. 


QUES. 707. 


The line segment OP thus has magnitude and direction and is a vector. 
Complex number P can be represented by vector OP. 

Two complex numbers are equal only if they represent the same point, i.e., if 
they have their real and imaginary parts respectively equal. The two abscissas 
must be equal, and the two ordinates must be equal. Then, if a + bi = 0, a = 0 
and bi = 0. 


708. What is known as (a) the representative point, ( b) the amplitude or argument, (c) the modulus 
or absolute value of a complex number (a + bi)? 


a. The extremity P of the vector OP is known as the representative point of the 
complex number a + bi. 

b. The angle A through which the positive part of the x axis would have to 
turn to coincide with vector OP is known as the amplitude or argument of the 
complex number a + bi. 

c. The length or magnitude r of vector OP is known as the modulus or 
absolute value of the complex number a + bi. The modulus is always taken 
positive. 


709. What are the values of r and A in terms of a and b? 


Y P(at+bt) 


QUES. 709. 


rand 4A are obtained readily from the figure. 
r = a? + b= modulus or absolute value 


A = sin™'- = cos™ a ae = amplitude or argument 710. What 
fr r a 
are ( a) the modulus and ( b) the amplitude of (—12 —5)i? 


QUES. 710. 
(a)r=vV (—12)? + (—5)? 
= V144 + 25 = 13 = modulus 


(b) A = tan” 


= tan”! 0.4167 
A = 202°37’ = amplitude 
711. What is known as the polar form of a complex number? 


From the right triangle of Ques. 709 we get 


a=recosA and b=rsinA 


These same relations are true, for all values of A, in all four quadrants. 
The complex number may now be written 


a+ bi = r(cos A +7sin A) 


This is known as the polar form of the complex number a + bi. 
The polar form r(cos A + isin A) is the expression of the complex number a + 
bi in terms of the modulus and amplitude. 


—3 
—12 


712. What effect have the two operators r and (cos A + i sin A) on the unit vector representing a 
complex number? 


The operator (cos A + i sin A) depends on A alone and turns the unit lying 
along OX through angle A, which is considered a versor of rotative power A. 

The operator r is a tensor, which stretches the rotated unit in the ratio 1: r. 

The operator (cos A + i sin A) is of the same kind as i but a more general one 
because (cos A + i sin A) turns a unit through a general angle A. If A is made 
equal to 90 deg, then (cos A + isin A) reduces to i. 

The effect of the two operators on the unit vector is to locate point P at a 
distance r units from the origin in a direction making an angle A with OX. 

A point P represented by 5 — 12i may be located by turning the unit vector 


through anangle A = cog”! (+°5) = sin: (— 42) 


and stretching the result in the ratio 1:13, since 


(5 — 12%) = 13(q5; — 482) 


P(5—-12i) 
QUES. 712. 


713. What is known as the general polar form of a complex number? 

ricos (A + m - 360°) + i sin (A + m - 360°)], where m is any positive or 
negative integer, is known as the general polar form of a complex number. 

This is in line with the fact that the sine and cosine are not changed when 
angle A is increased or decreased by multiples of 360 deg. 


714, What is the polar form of 3 + 24/JQ i? 


QUES. 714. 


r= Va? + bt = V(3)? + (2 V10)? = V9 + 40 =7 


A= tan = tan”! ee) = tan”! 2.1082 


A = 64°37'22.5", or 65° rounded off 
. 3+2V107 = 7(cos 65° + i sin 65°) 
The general form is 
7[cos (65° + m - 360°) + 7 sin (65° + m- 360°)). 


715. What is the polar form of —4 + 6 i? 


QUES. 715. 


r= V(—4)? + 6)? = V52 = 2 V13 
A = tan” (5) = tan™ (—1.5) 
A = 123°41’ 
». (—4 + 61) = 2 V13 (cos 123°41’ + 7 sin 123°41’) 
2 V'13 [cos (123°41’ + m- 360°) 
+ isin (123°41’ + m- 360°)] 
is the general form. 


716. What is the polar form of —3 — 2. /10 i? 


V(=8)? + (—2 5/10)? = 7 


T= 
A = tan! =e = tan”! 2.1082 


A = 245° to the nearest degree 


P(-8-2/10 4), 
Y 


QUES. 716. 
Since a and b are negative, angle A is in the third quadrant. 


. —38 —2vV101 
= 7(cos 245° + 7 sin 245°) 


r is always positive, and the signs in front of cosine and sine are always plus. 
7[cos (245° + m - 360°) + i sin (245° + m - 360°)] is the general polar form. 


717. What is the rectangular form of 6(cos 150° + i sin 150°)? 
A = 150°, r= 6 
cos 150° = — cos 30° 


sin 150° = sin 30° = 0.5 
a=rcosA = 6: —0.866 

= —5.196, or —5.2 
b=rsnA = 6:0.5 =3 


P(—5.2+ 381) 


QUES. 717. 
. 6(cos 150° + 7 sin 150°) = —5.2 + 32, 
the rectangular form 


718. What is the rectangular form of 20(cos 330° + i sin 330°)? 


P(17.32—10%) 


QUES. 718. 


A =: 330", r = 20 
cos 330° = cos 30° = 0.866 
sin 330° = — sin 30° = —0.5 
a = Tr cog 330° 
= 20: 0.866 = 17.32 
b = r sin 330° 
= 20(—0.5) = —10 


. 6(cos 150° + 7 sin 150°) = —5.2 + 31, 
the rectangular form 


719. How are two complex numbers added graphically? 
The sum of (a + bi) and (c + di) is represented graphically by the diagonal of 
the parallelogram formed by the vectors representing the complex numbers as 


the adjacent sides. 


(a+c)+(b+d)i 
R 


QUES. 719. 
Vector OP represents 
(a + bi) 
Vector OM represents 
(c + di). 


The vector OR represents the sum of (a + bi) and (c + di). 


The figure shows that the real part of the complex number represented by OR 
is (a + c) and the coefficient of i for OR is (b + d). 

Therefore, OR represents (a + c) + (b + d)i. 
720. How do you subtract the complex number ( c + di) from the complex number (a + bi) 

graphically? 

To represent (a + bi) — (c + di) graphically, first write it as (a + bi) + (—c— 
di). 

Lay off OM' = OM in the negative direction, i.e., produce OM through O in 
the opposite direction. The vector OM' now represents the complex number ( — c 
— di). 


Y M(c+di) 


QUES. 720. 


Now add vector OM' to OP as in the case for addition by completing the 
parallelogram and obtaining the diagonal OR. 
Vector OR 


=(a-—c)+(b-d)i 
721. What is the rule for multiplication of complex numbers in polar form? 


When two complex numbers in polar form are multiplied, the modulus of the 
result equals the product of their moduli and the amplitude of the result equals 
the sum of their amplitudes. 

Multiplying r,(cos A + i sin Aj) by 


r,(cos Ay +7 sin Ag), 

r\re(cos A; * cos Ay + 7 sin A;* cos Az +7 cos A," sin A» 
+ 7? sin A,‘ sin Ao) 
= rro{[(cos A, * cos Az — sin A,° sin A) 

+ i(sin A,‘ cos A, + cos A; ‘sin A2)] 
= r172[cos (Ay + A2) + 7 sin (Ay + A,)| 
Similarly, for the product of any number of complex numbers we get 
TiToT3 °° * T,[COS (Ait AstAs+°°: A,) 

+isin (Ai + A:+A3+ °° * Ay)] 


722. What is the product of 6(cos 30° + i sin 30°) and 4(cos 45° + i sin 45°)? 
[6(cos 30° + 7 sin 30°)][4(cos 45° + 7 sin 45°)] 
= 6- 4[cos (30° + 45°) + 7 sin (30° + 45°)] 
= 24(cos 75° +7sin 75°) in polar form 
cos 75° = 0.2588, sin 75° = 0.9659 
Then, 24(0.2588 + 7: 0.9659) = 6.21 + 23.187 


in rectangular form 
723. What is the value of (2 + 3 i)(4 + i) in polar form? 


r, for (2 + 31) = V2? + 3? = V13, A; = tan 3, 


A; = 56°19’ 
re for (4 + 7) =vV164+1= V17, A, = tan 4, 
As = 14°2’ 


2 + 31 = V13 (cos 56°19’ + 7 sin 56°19’) 
4+% = V17 (cos 14°2’ + i sin 14°2’) 
A, + A, = 56°19’ + 14°2’ = 70°21’, 
V13+V17 = /221 = 71° Te 
*. (2 + 31)(4 + 7) = V221 (cos 70°21’ + 7 sin 70°21’) 


in polar form 


The same result is obtained by first multiplying out 
(2+ 3i)(4+%4) =8+ 14-3 = (5 + 141) 
r= V5? + 14? = 725 + 196 = V221 
A = tan! 44 = tan! 2.8, <A = 70°21’ 
“(2 + 31)(4 + i) = V221 (cos 70°21’ + 7 sin 70°21’) 


724, How is multiplication of two complex numbers represented graphically? 


Vector OP represents the complex number 


ri(cos A; +7 sin Aj). 


QUES. 724. 
Vector OM represents the number r5(cos A, + i sin A,). 


Choose point S at unit distance from O on the axis of reals and form triangle 
OPS. 

On OM construct a triangle similar to OPS. 

Vector OR represents 


r,(cos A, +72sin A,), 


which is the product of the complex numbers represented by vectors OP and 
OM, because 


= 7 from similar triangles 
2 


or Tr = Tile 
ZA, = A,+ A, by construction 
*. r,(cos A, +7 sin A,) 
= ryr2[cos (A; + Az) +7 sin (A; + A2)] 
725. What is the rule for division of two complex numbers in polar form? 


The modulus of the quotient of two complex numbers equals the modulus of 
the dividend divided by the modulus of the divisor, and the amplitude of the 
quotient equals the amplitude of the dividend minus the amplitude of the divisor. 


r,(cos Ay + 1 sin A}) 
r2(cos Ap +7 sin As) 
_ ti(cos Ay +7 sin Ai) (cos A; — 7 81n A») 
~ (cos Ap +28in Az) (cos Az —7sin A) 
r, (cos A; cos Az+sin A; sin Ay)+1(sin A; cos A»—cos A; sin A») 
“rm @os?Ag+sin®?4, © 


= = [cos (A; — Az) +7 sin (A; — A,)] 


726. What is the result of 10(cos 150° + i sin 150°) + 5(cos 30° + isin 30°)? Here rz = 10, rp = 5, Aq = 
150°, Ap = 30° 


Then the quotient is 


. [eos (150° — 30°) + i sin (150° — 30°)| 


= 2(cos 120° + 7 sin 120°) = 2(- - + - i 


727. What is the result of (2 + 3 i)+ (4+ i)? 


2+3 (2+) 4-7) +10 11 10 


i434" 2+ GO 17 ~17t17* 
= 0.65 + 0.59% 


or, by polar-form method, 


ry for (2 + 31) = V2? +3? = V13, A, = tan §, 


Ai = 56°19’ 
r)for (4+1%) = V16+1=V17, A; = tan 4, 
A» = 14°2’ 
V13 
A, = = "10’ — 14°O' = Oy Mm _ Vie 
1 — Az = 56°19 2’ = 42°17’, ie 
Pi ra = ae (cos 42°17’ + 7 sin 42°17’) 


_ 3,606 ' 
= 7193 (0.7396 + 0.6737) = 0.65 + 0.59% 


which is the same result as above. 


728. How is division of complex numbers represented graphically? 

Let OP represent r,;(cos A; + i sin A,;) Let OM represent r(cos A, + i sin A>): 
To divide vector OP by vector OM graphically, first lay off OS = 1 and obtain 
triangle OMS. Then draw a triangle OPR similar to triangle OMS. 

Now 


QUES. 728. 


= rl 
~ 

ZA, = ZA, = LA, (ZPOR = ZA2) 
”. OR = 1,(cos A, + 7 sin A,) 


_ [cos (Ay _ A:) + 7 sin (Ay = A:)] 


ri(cos A; +7 sin A;) 
r2(cos Az + 72 sin A2) 


729. How are forces and velocities represented by complex numbers? 


and tr 


1 


Vector OR represents the result of 


We have seen that a complex number represents a line segment having 
magnitude and direction and therefore is a vector. Forces and velocities are 
vector quantities and may thus be represented by complex numbers. 


QUES. 729. 


F = OM represents a force of 10 Ib. to scale, and ZA is its direction with the x 
axis. Then OM = F(cos A + i sin A) 


This may be written 
OM=F-cosA+i:FsinA 
= x + iy in rectangular coordinates 


The magnitude of the force is the modulus of the complex number, and the 
direction ZA is the amplitude. 

Since OM locates point M with polar coordinates (F, ZA), the force may thus 
be represented by the magnitude and the angle taken together. 

Thus force (10 lb., 45°) defines point M and is OM. Force (15 lb., 120°) 
locates point S and is OS. 

A velocity (10 miles, 30°) means a velocity of 10 m.p.h. in a direction 30 deg. 
north of east, since the x axis is taken as the east-west line. 


730. What is the procedure for finding the resultant of several concurrent forces represented by 
complex numbers? 


Use the rectangular form to represent each of the forces. Add the complex 
numbers algebraically. The x component of the resultant complex number is 
equal to the sum of the x’s of the forces, and the y component is equal to the sum 
of the y’s. 


731. What is the resultant of the forces (12, 30°), (6,120°), (8, 210°), (20, 330°)? 


(12, 30°) = 6 V3 + 6:1 in rectangular form 
(6, 120°) = —3 + 3-37 in rectangular form 
(8, 210°) = —4-V3 — 4c in rectangular form 
(20, 330°) = 10-3 — 101 in rectangular form 
The complex number representing the resultant (F, 2.A) is 
(6V3 —3 —4V3+ 10 V3) + (6+3 V3 —4 — 10) 
= (12 V3 — 3) + (-8+ 3 V3) 
= 17.784 — 2.8041 
= 17.78 — 2.81 
Resultant force = V(17.78)? + (—2.8)? 
= V316.1284 + 7.84 
= V323.9684 = 18 


Angle A = tan™ ma = tan”! — 0.1577 
A = 351°2’ 


Then, the resultant force is (18, 351°2’). The angle is in the fourth quadrant 
because the y component is negative while the x component is positive. 


732. What is the resultant velocity both in magnitude and direction of an airplane that is flying due 
north at 150 miles per hour at the same time that a wind of 30 miles per hour is forcing it toward 


northwest? 
Velocity of plane (150 m.p.h., 90°) = 0 + 1507 
Velocity of wind (30 m.p.h., 135°) = — a # 30 


Re va 301 = —21.21 + 21.211 


The complex number representing the 2 (V, ZA) is 


(0 + (—21.21)] + (150 + 21.21)2 = —21.21 + 171.211 
Resultant velocity = V (—21.21)? + (171.21)? 


= = V 449.9 + 29,312.9 
= V29,762.8 = 172.5 m.p.h. 
_, 171.21 _ 
Angle A = tan” ~57 9, = tan’ — 8.072 
A = 97°4' 


The plane moves with a velocity of 172.5 m.p.h. in a direction W.82°56 N. 
733. What is the value of the resultant of a set of concurrent forces in equilibrium? 

The resultant of a set of concurrent forces in equilibrium must equal zero, or x 
+yi= 

But - have seen that this equation is true only when x = 0 and y = 0. This 
means that the sum of the x components of the forces must equal zero, and the 
sum of the y components must equal zero. 

C. De Morvree’s THEOREM 
734, What is De Moivre’s theorem? 
z=a+bi =r(cosA +7sin A) 
Square z and note that i? = — 1. 
z* = r*(cos? A + 2i sin A‘ cos A — sin? A) 
Note that 
cos? A — sin? A = cos 2A 

and 2sin A-cos A = sin2A 

Then, z? = r°(cos 2A +7 sin 2A) (1) 
Now multiply Eq. (1) by z = r(cos A + isin A), getting 

z® = r[cos 2A cos A — sin 2A°sin A 
+ i(sin 2A -+cos A + cos 2A ‘sin A)] 

r§{cos (2A + A) + i[sin (2A + A)]} 
r’(cos 3A + 7 sin 3A) 


We may continue this multiplication by 


or 2° 


z = r(cos A +7sin A) 


n times and arrive at 
[r(cos A +7 sin A)|* = r*(cos nA +7 sin nA) 
This is known as De Moivre’s theorem, discovered by Abraham De Moivre 


(1667-1754). 
This has been derived when n is a positive integer. 


Example 
a. [r(cos A +7 sin A)]* = r4(cos 4A +7 sin 4A) 
b. [2(cos 30° + 7 sin 30°)]$ 
2°(cos 5: 80° + 7 sin 5 « 30°) 
= 32(cos 150° + 7 sin 150°) 


= 32(-P+i-3) = -16 V3 + 16i 
c. When r = 1, 
(cos A +72 sin A)" = cos nA +7 sinnA. 


This is also a form of De Moivre’s theorem. 


735. Is De Moivre’s theorem true when n is any rational number? 
It can be shown that De Moivre’s theorem holds when n is an integer, a 
1 


fraction, or a negative number. 
el L eee 
[(r(cos A +7sin A)}* = cos + 7 sin = 


os e 6S p ee 
[(r(cos A +7sin A)]* = ra cos A t+tan A 


[(r(cos A +72 sin A)|-™ = r-"[cos (—mA) + isin (—mA)] 
r-™(cos mA — 1 sin mA) 


It can also be shown that the theorem is true when n is irrational. 


736. What does De Moivre’s theorem enable us to do with complex numbers? 
De Moivre’s theorem enables us to raise to a power or to extract any root of 


any complex number. 
Example 

(a) 2? = r*(cos 2A +7 sin 2A) 
To square a complex number, square its modulus and double its amplitude. 

(b) 28 = r'(cos 8A +7 sin 3A) 
To cube a complex number, cube its modulus and triple its amplitude. 

(c) [3(cos 60° + 7 sin 60°)]® 

= 3°(cos 6: 60° + 7 sin 6 « 60°) 
= 729(cos 360° + 7 sin 360°) = 729 


r (cos ‘ + 7 sin 4) 
i : . ee 
"* (cos “i +12 sin “) 
737. What is the value of z = 5 + 12 i raised (a) to the second power, ( b) to the third power? 
Modulus r = V5? + 12? = V169 = 13 
Amplitude A = tan7! 44 = tan7' 2.4 
A = 67°23’ 
 @= 5 + 127 = 13(cos 67°23’ + 7 sin 67°23’) 


— 
Q. 
— 
x 
a 
Il 


— 
i.) 
wa 
nr 
a 
II 


(a) 2? = 13°(cos 2 + 67°23’ + 7 sin 2 - 67°23’) 
= 169(cos 134°46’ + 7 sin 134°46’) 
(b) 23 = 135(cos 3 - 67°23’ + 7 sin 3 - 67°23’) 


= 2,197(cos 202°9’ + 7 sin 202°9’) 


738. How do you find all the nth roots of a complex number? 

In algebra it is shown that every number has two square roots, three cube 
roots, four fourth roots, and n distinct nth roots. 

The general polar form of the complex number must be used to find all the nth 
roots. 


1 1 ° ° a ° 
zn = yn cos (-+=") + isin (<=) 


; l 
where k takes the successive values 0,1, 2, 3, 4,...(n—1) and where yn Means 
the positive nth root of the positive number r. 


739. What are all the cube roots of 3 — 4 i? 
r= V@) + (-4 = 5, 
A = tan” 3 = tan™! — 1.3333 = —53°8’ 
3 — 4i = 5[cos (—53°8’ + k + 360°) 
+ isin (—53°8’ + k 360°)] 
V3 — 41 = 5'[cos (—53°8’ + k + 360°) 
+ isin (—53°8’ + k + 360°)}} 
a V5 | cos (= 8 pe 
- (== + ae) 
+72 sin ——— 
= V5 [cos (—17°48’ + k- 120°) 
+ isin (—17°48’ + k- 120°)] 


(3—42) 


QUES. 739. 
Now give k; successive values 0, 1, 2 to find the cube roots. 
z, = V5 (cos — 17°48’ + 7 sin — 17°48’) 
z, = V5 (cos 102°12’ + 7 sin 102°12’) 
2, = V5 (cos 222°12’ + i sin 222°12’) 
For values of k greater than 2 no new cube roots are found, for every root 
would then be either z, Z5, or Z3. 


cos — 17°48’ = 0.9521, — sin — 17°48’ = —0.3057 
cos 102°12’ = — sin 12°12’ = —0.2113 
sin 102°12’ = cos 12°12’ = 0.9774 
cos 222°12’ = — cos 42°12’ = —0.7408 
sin 222°12’ = — sin 42°12’ = —0.6717 
V5 = 1.71 


Then in rectangular form the cube roots are 


2) = 1.71 + 0.9521 — i+ 1.71- 0.3057 = 1.6281 — 0.5227: 
go = 1.71+ (—0.2113) + 4° 1.71 - 0.9774 

= —0,3613 + 1.6714: 
2, = 1.71+ (—0.7408) + i+ 1.71 - (—0.6717) 

= —1,2668 — 1.1486: 


Each of the cube roots lies at the vertex of an equilateral triangle whose center 
is at the origin 0, and the triangle is inscribed in a circle of radius that is equal to 
the common modulus of the roots. 


740. What are the fourth roots of (10—5 i)? 


r = V(10?) + (—5)? = V125 = 5 V5 
ZA = tan™ z = tan”! (—0.5) 
A = —26°34’ 


The representative point P is in the fourth quadrant because a is positive and b is 
negative in (a + bi’). 


. (10 — 5t) = 5 V5 (cos — 26°34’ + i sin — 26°34’) = z 
a = (5 V5)! | cos (ee eee) 
4 Pile — 26°34 | 
zt = 5'[cos (—6°38/30" + k- 90°) 
+7 sin (—6°38’30” + k - 90°)] 
Now let k = 0, 1, 2, 3 in succession. 
z;¢ = 5'(cos — 6°38’30” + isin — 6°38’30”) = 1.8 — 0.217 
zt = 5!(cos 83°21'30” + 7 sin 83°21'30”) = 1.8 + 0.217 
z3¢ = 5'(cos 173°21'30” + 7 sin 173°21'30’’) = —1.8 
+ 0.211 
z¢ = 5'(cos 263°21'30” + 7 sin 263°21'30’") = —1.8 
— 0.211 


All the nth roots he on a circle whose center is the origin and whose radius is 
1 
Y hd 


the common modulus _- . The n points that represent the roots divide the circle 


QUES. 740. 
360° 
n 


equal parts because any two adjacent amplitudes differ by an angle of 


741. How do you solve x" _1=0 or x" = 1, i.e., obtain the nth roots of unity? 


In x" = 1 we may replace 1 by an equivalent value such as cos (k - 360°) + i 
sin (k : 60°) 
Then x” = [cos (k + 360°) + 7 sin (k « 360°)| 

There is another way of looking at it. For the complex number 1 + 0 - i, the 
modulus r= 1 and A=0+k- 360° and 1 = 1- (cos k - 360° + isin k - 360°) = x" 


k + 360° — a) 
cos = + 2 sin gee 


We can obtain n distinct values of x, or n distinct roots by letting k = 0, 1, 2, 3, 
.n—-il. 


t= 


For k = 0, 2, = cos0+isin0 = 1 
1:27 ‘gin 127 2 


For k = 1, 2 = Cos +1 = COs — 
+ isin 2% 
For k = 2, nm Ot Lik 2 = cos 
4a 
For k = 3, ty = cos S 7" + isi 3: 2r , om 
+7 sin — 

For k = n — 1, z, = cos =D) Oe 
4 isin %— D2 2 Logg 2am = 1) 4 5 gg Ae(n — 1) 
n n ——_ 


742. How are the nth roots of unity represented geometrically? 
Draw a circle of radius = 1. Representative points x, X5,X3,X4.....X,are obtained 
as equally spaced points. 


a | 


QUES. 742. 


The first point is (1, 0), the second point is (1, =), the third point is 


(, *), the fourth point is (1, =) etc. 
n n 


743. How can you obtain the nth roots of any number a? 


To obtain the nth roots of any number a, multiply one of the arithmetic nth 
roots of the number a by the nth roots of unity. 


QUES. 743. 


Example 
The cube roots of unity are given by 
r= cos #360 4+ ¢ sin oO 
3 3 
Fork =0, 2 = cos 0° +7sin0° = 1 
Fork = 1, 22 = cos 120° +7 sin 120° = ~14ix8 
1 


For k = 2, 23 = cos 240° + 7 sin 240° = ae ee 


Now for the cube roots of 27, take one of the arithmetic cube roots of 27, 
which_is 3, and multiply this by the cube roots of unity, since 4/97 = 3 /1.. 


Then, m=3-1=3 


-. 
a 
oo 


1 ,tv3 3. 38v3i 
i 3(- 5 +)" -5t 2 
a ») 2 2 2 


Note that each of the cube roots of 1 lies at a vertex of an equilateral triangle 
whose center is at 0. A circle drawn from 0 with a radius equal to the common 
modulus of the roots will circumscribe the equilateral triangle. 


744, What are the cube roots of i? 
7=0+1°1 
r=V04+1?=1, A = tan} = tan” 
A = 90° 
“. 2 = 1(cos 90° + 7 sin 90°) = cos (90° + k + 360°) 
+ isin (90° + k - 360°) 


, 90° + k + 360° .. {90° + k + 360° 
4 = } = _ es 
z' = 7! = cos ( 3 ) + 7 sin ( 4 ) 
= cos (30° + k- 120°) + 7 sin (30° + k+ 120°) 


For k = 0, ny = cos 30° + isin 30° = V3 4; 
Fork = 1, 22 = cos rae yr 


For k = 2, 23 = cos 270° +7 sin 270° = 0 —7 
745. What are the cube roots of — 27? 


—27 = —27+ 0°12, and =r = V(—27)?+ 0? = 27 


A = tan“ ay = tan 10 = 180° 
x = 27[cos (180° + k + 360°) + 7 sin (180° + k « 360°)] 
Sci [cos (a od. 80") + isin ea _ sae") 
= 3{cos (60° + k+ 120°) + 7 sin (60° + k - 120°)| 


Let k = 0, 1, 2 in succession. 


n= B(c0 0" + 4 sin") = 8(5 + Pi) = spe 
x2 = 3(cos 180° + 7 sin 180°) = 3(-1 +0) = -3 
23 = 3(cos 300° + 7 sin 300°) = 3(5 - “) =5 


2 2 
3 V3 ; 
2 
The same result can be obtained by noting that 
—27 = 27(-1) 
multiplying the cube root of 27, which is 3, by the cube roots of minus unity 
with signs changed in Ques. 743, and obtaining 


746. What are all the fourth roots of —1 in rectangular form? 


r=] and A = tan“ 


“. -1 = 1+ [cos (180° + k - 360°) 
_ +7 sin (180° + k + 360°)] 
V—1 = [cos (45° + k+ 90°) + isin (45° + k- 90°)] 


Let k = 0, 1, 2, 3. 


ny = cos 45° + isin 45° = ¥? 4 V2, 
t, = cos 185° + 7 sin 135° = = 3488; 
Zs = cos 225° + 7 sin 225° = Nd 
a = cos 315° + i sin 315° = ¥2 — V2; 


It is seen that the roots lie at the vertices of a square. 


747, What are the chief characteristics of the nth roots of a complex number? 

a. All the nth roots have the same modulus and are thus the same distance 
from the origin. 

b. The nth roots lie at the vertices of a regular polygon of n sides whose center 
is at the origin and whose vertices are on a circle having the common modulus r 
for a radius. 


c. The amplitudes of the nth roots differ by the constant angle2® as k takes on 
n 


in succession the values 0, 1, 2, 3, ... (n — 1), and therefore the points 
representing the roots are equally spaced around the circle. 


748. What is the relation between solving an equation and finding the nth roots of a complex number? 
When we find the nth roots of a complex number (a + bi), we actually solve 
the equation x” — (a + bi) = 0. The three roots of (3 — 4i) of Ques. 739 are the 
three roots of the equation x? — 3 + 4i = 0. 
De Moivre’s theorem is thus seen to be a valuable aid in the solution of the 
general binomial equation. 


749. What are the roots of x2 —2x+4=0? 


—b + Vb? — 4ac 


= a wen is the formula for solution of the binomial 
a 


equation. Here 


a=, b= —2, c= 4 


Then pn EEE we 


2 =1+ V3i, m%=1—v3i 


Modulus or absolute value of 2, =r; = V1 + (V3)? = 2 


Modulus of 2, = 7, = V1 + (— V3)? 
= 2 
v3 


Amplitude of z; = A; = tan™ 7 = 60° 


Amplitude of Lo = A, = tan! - 78 
= 120° or —60° 
Then 2, = 1+ V3i = 2(cos 60° + 7 sin 60°) 
t. = 1 — V3i = 2(cos 120° + i sin 120°) 
or 2(cos — 60° + 7 sin — 60°) 


D. TRIGONOMETRIC SERIES 


750. How does De Moivre’s theorem aid us in finding the expressions for sin nA and cos nA in terms 
of sin A and cos A? 


(cos A +72 sin A)" = (cos nA +7 sin nA) 
by De Moivre’s theorem 


Now expand by the binomial theorem. 


(cos A +7 sin A)" = cos*A+n:cos™!A-isin A 


+ MO) cost* A» (— sin? A) 
4 MOH Nn 2) costs A+ (=i sin? A) +--. 
| 


cos nA +isin nA 


= (cost 4 — MOD cost A+ sin? A + es 
hes 


+i(n cos”! A+sin A 
— OO cont A tint A + “4 ' (1) 


This equation is of the form a + bi = c + di from which we deduce that a = c and 

b = d. Thus we may equate the real and imaginary parts in Eq. (1) and get 
sin nA = ncos™! Asin A 

n(n — 1)(n — 2 - ; 

— cost sA-sin®?A+:-- 


cos nA = cos" A — MT cos? Asin? A + eee 


Example 


a. sin 3A = 3 cos*! A-sin A 
_ 82-1 
3°2°1 
= 3 cos? A: sin A — sin’ A. 

4(4 — “a ™ 
b. cos 4A = cos‘ A — x ‘cos? A + sin? A 
Ma = a= 2)4 9) — as = cos*‘ A « sin‘ A. 

= cos‘ A — 6 cos? A‘ sin? A + sin‘ A. 

Note that the symbol |_ placed in front of a number means the factorial of the 


number. Thus |2 = 1+ 2,|8 = 1°2°3,|4 = 1:°2°3> 4,etc. 


751. How would you find sin 5A and cos 5A by the use of De Moivre’s theorem and binomial 
expansion? 


cos 5A +isin5A = (cos A +7 sin A) 
= cos’ A +5 cos‘ Aisin A +95 «cos? A it sin? A 
+2 - . cos? A «7° sin’ A 
+o aa. cos A+ i‘ sin‘ A poe ‘72> sind A 
= cos’ A + 57 cos‘ A: sin A — 10 cos* A< sin? A 
— 10i cos? A‘ sin? A +5 cos A:‘sin‘A+7sin® A 
Now equate the real and imaginary parts of each side of the equation. 
cos 5A = cos* A — 10 cos* A‘ sin? A + 5 cos A: sin‘ A 
sin 5A = 5cos‘A:sin A — 10 cos? Asin? A + sin A 


752. How do you find the values of cos B and sin B in terms of angle B in radians? 


-ecos*"? A: sin? A 


cos nA + isin nA = (cos A +7 sin A)" 
= cos" A +i:‘ncos”™!A:sinA 
‘i ad - cos"? A+ sin? A 
Pa Ee | “ =a af cos" A+ sin? A 
+ a ae une ala cos""* A+ sint A 


4 f2nla = Ile — 2)(n — 8) — 4), rs 4 aint A — 


5 
Equating the real parts, we get 
n(n — 1 sa ; 
cos nA = cos* A — nn cos" 2A-sin? A 
= 
n(n — 1)(n — 2)(n —3 - 
p Sa = Dis = Bie). cont ‘A-sin‘A—--- (2) 
. _ B B 
Now, if we let B= nA, thn 4 = — and n = 7 Let us hold B constant 
nr 
while A and n_ vary. Substituting these in Eq. (2), we get 
l 


cos B = cos" A — ‘cos"-? A+ sin? A 


i(i-)G-) G9 
=(>=-1)(7—-2}(7-8 
A A a A cos" A sintA—- >: 


cos B = cos" A — a eo A (=*) 


B(B — A)(B — 2A)(B — 3A) | og sin A 
+ A rsa (i) 


A\A — 
| 


Now, let n become infinite. Then, B = A approaches 0 as a limit, cos A 
nr 


approaches 1 as a limit, sin A approaches 1. B — A approaches B. Then 


osB=1- +a t (3) 


ZBis in radians. 
Equating the coefficients of the imaginary parts in Eq. (1), we get 


sinnA = n‘cos™?A:sin A 
n(n — 1)(n — 2) 
~ 3 
n(n — 1)(n — 2)(n — 3)(n — 4) 
+ ee 


-cos"”3 A: sin? A 


‘cos* > A-sinSA—.--- 


Here again, substitute 0B =nA and n = > getting 


sin B = Fest Asin A 


B/B B 
a(a-1) 4-2) — 
a 3 * cos"—3 + sin? A 


cen tC CO 


or sin B = B:cos™' A (=) 
_ BB -— A)(B - 2A) | oy. (sin A\ 
a a cos” 3 ( A ) 


B(B — A)(B — 2A)(B — 3A)(B — 4A) 


7 E 


And when n becomes infinite, B = A approaches 0, B—A approaches B, cos A 
n 


sin A 


approaches 1, and approaches 1. 


as ie 7 Bs Br 
ee sin B —— B- i 42 5 ~"7rT mies (4) 
ZB is in radians. 


753. What is the value of tan B in terms of angle B in radians? 


Divide Eq. (4) by Eq. (3) of the above question to get 


5 7 
gg = es eee 
pa sn8 _ 3 5 7 
tan “eos B~ |B Bi ‘a ee 
~ (2 eu 


Bs 2B 
sal fis os tits kc aan 


754, Of what value are the sin B, cos B, and tan B formulas given in terms of the angle in radians? 


The formulas are of value in computing the functions of angles. 


Example 
a. To find sin 15°, let 
on 
B=15 9 
; ye 2 
Then aa. 8 ee 


;_2_(s) , (i) 


or cod sa) | ie 


log r = 10.4972 — 10 3logr = 1.4916 
log 12 = 1.0792 colog (3 log 12) = 6.7624 — 10 
9.4180 — 10 colog|3 = 9.2218 — 10 
7 = 0.2618 17.4758 — 20 
(ts) (15) 
12 12 
Sle 0.002991 a 0.002991 
sin 15° = 0.258809 


From tables, sin 15° = 0.25882. 


b. To find cos 15° 


B? Bs 
cos B = 1 -B te _ 
(55) @) 
as). Gs 


2log7 = 0.9944 
colog (2 log 12) = 7.8416 — 10 
colog 2 = 9.6990 — 10 


18.5350 — 20 
a) 
12 
“ig = 0.08428 
4logr = 1.9888 


colog (4 log 12) = 5.6832 — 10 
colog |4 = 8.6198 — 10 
16.2918 — 20 


(7) 
12 
“a = ~(0.0001958 


cos 15° = 1 — 0.03428 + 0.0001958 = 0.965916 
The tables give cos 15° = 0.96593. 


755. What are the exponential values of sin A, cos A, and tan A? 


In algebra it is proven that 
ye. #, #,2. x 
f=ltetataetateta 
atstt + E + 6 + (1) 
where € = epsilon = 2.71828 is the base of the natural system of logarithms. 
Substituting iA for x, we get 


12A? 15A3 14A4 1°A5 15AS 
eT ee Bee ee 


1A? 
—- + 
7 
A? At As u 
-(1- "Bt E-et ) 
4 A A’ 
+ -g+G-Tt") 


We observe that the first term in parenthesis is cos A and the second term in 


parenthesis is sin A 
* €4 =cosA+isin A (2) 

Similarly, if we substitute — iA for x in Eq. (1), we get 
e“ = cos A —isin A (3) 


Now, subtract Eq. (3) from Eq. (2), getting 


4 —e€%4 = eos A+isinA —cosA+isinA = 2isinA 
_ e774 
or sin A = —— (4) 
Then, add Eq. (2) and Eq. (3), getting 
4 + 64 = e998 A +isinA+cosA —isinA = 2cosA 
ia gid 
or cos A = ae (5) 
Divide Eq. (4) by Eq. (5), getting 
sn A e4 — «4 2 4 — et4 
tanA= sd MEM Te FER) ©) 


Equations (4), (5), and (6) are called the exponential values of sin A, cos A, 
and tan A. 


756. What is the procedure for expressing sin" A as a series of sines or cosines of multiples of A? 


From Eq. (4) in Ques. 755 we get 
2i sin A = 4 — «4 
Now, expand by the binomial theorem. 
(2i sin A)" = (€4 — 4)" = (€%4)" + n(e4)™"1 > (—e“4) 
n(n — 1) | 


+ a ° (e'4) 9-2 ° (— ta) + — 


+ ee (e t4)2( Se) + ne*4 ° (—e*4)"—"1 + (—e“*4)" 


The number of terms in the series is even when n is an odd number, and they 
can be grouped in pairs, the first with the last, the second with the term next to 
the last, etc. 

The number of terms is odd when n is even, and there will then be a certain 
number of pairs and one left over, which is the middle term of the series. 

cos” A can be obtained from Eq. (5) of Ques. 755 in a similar manner. 

General formulas for expressing sin” A as a series of sines or cosines of 
multiples of A can be obtained from this series. 


757. How would you express sin‘ A in terms of the cosines of multiples of angle A? 
. é'4 — e 4 
sin A = i 
U] 


(22 sin A)! 


(e!4 = e*4)4 


(e4 = pays = (e'4)4 + 4(e4)¢-2 : (—e“4) 
ae SF 1) ‘ (<4) 4-2 ° (—e*4)2 
+. 4(4 sie 7 Ze 2) , (ef4) 4-8 . (—e“4)8 


f. 4(4 sie ay 2)(4 — 3) ‘ (¢'4) 4-4 ° (—e“4)4 


= git 4 felt . (gi) 4 a + @i2d « (gina) 


£°3° 2 24. 7 t8s 

‘Ta. 

see 

= 44 — deitA 4G — fe itd 4 git 

*. (2i sin A)4 = 2°+2 sin‘ A = 4 — 4e*4 + 6 — 4g 
4 iu 


1+ (e744) 


Now, group the terms of the right-hand member in pairs. 


: 1 eft4 + € M ¢24 +e i 6 
4 — —_ a ser mat 
sin‘ A = 53 9 4 9 + 5) 


sin‘ A = 4(cos 4A — 4 cos 2A + 3) 
758. How can you express cos“ A in cosines of multiples of A? 
(2 cos A)* = (e4 + €*4)4 = e444 fei4 4+ § 4 GeO 4 git 
1 e'44 + e144 ¢'24 + e124 6 
4 —_— — = SE EP pn 
cost A 3 ( D +4 5 oo 5) 
cos‘ A = #(cos 4A + 4 cos 2A + 3) 
5 


759. How can you express sin” A in sines of multiples of A? 


(2i sin A)5 = (e4 — €%4)5 = 4 — 5eld4 + Le’ — 10 
4 Be 134 sai e754 
(21 sin A)§ = 24+ 27+ sin' A 


Group the members in pairs. 


; 1 ¢§54 — ov7ibd e'34 — gts e'4 = e774 
5 ec) Sey a , Spt eer ee er J. 
sin A ( i 5 F + 10 ; ) 


sin’ A = 7y(sin 5A — 5sin 3A + 10 sin A) 


760. What are hyperbolic functions and how are they defined? 
Hyperbolic functions are functions that are related to the hyperbola somewhat 
as the circular trigonometric functions are related to the circle. 
Hyperbolic functions are defined as 
— . ff - ¢" 
Hyperbolic sine x = sinh z = —— 


(e« = epsilon = 2.71828) 


Hyperbolic cosine x = cosh z = Se 


e —é€* _ sinhz 


Hyperbolic tangent z = tanh ¢ = Fig?” sshe 
ss 
coth x 
_ 2: 1 ae. 
Hyperbolic cotangent « = coth x = age kent aw 
. —- — = a 
Hyperbolic secant x = sech x = @+e* coshz 
9 1 


Hyperbolic cosecant « = cosech z = eg eens 


761. What are some important relations between the hyperbolic functions? 


a. cosh? « — sinh? z = (f sey _ (E z-) 


oe en 


4 
f-e* e+e 
2 2 


b. sinh x‘ cosh y = 


=jet- ete -em) (1) 


“2 J a's 
cosh x sinh y =“ £".§ > 


= [et pete eevee) (2): 


Adding Eqs. (1) and (2), we get 


sinh z+ cosh y + cosh x‘ sinh y = $(e#™ —e@™) (8) 


Now, if we substitute (x + y) for x in sinh x = 


ett) om e7 (ety) 


ee —€”* 


» Wwe get 


sinh (x + y) = 9 (4) 
Comparing Eqs. (3) and (4), we see that 
sinh (x + y) = sinh x - cosh y + cosh x - sinh y 
C. sinh x = “TS (1) 
cosh z = © ss (2) 
Multiply Eqs. (1) and (2) to get 
 @—e* €+e* eF—E* 
sinh z* cosh x = 5 —— " 
e* —¢€* 
or 2 sinh x‘ cosh s = ——_~—— (3) 


Now, if we substitute 2x for x in Eq. (1), we get 


(4) 


° € 
sinh 22 = ——__—— 
2 
Comparing Eqs. (3) and (4), we get 

sinh 2x; = 2 sinh x - coshx 


762. What are the relations between trigonometric and hyperbolic functions? 


a. From Ques. 755, 


tA _. gid 
sin A = : — the exponential value of sin A Now, if iA is substituted 
1 
for A, 
isiniA = 4(e4 — e%) = — $(e4 — €“) = — sinh A 
. ?-snmhA ., 
. sintA = ——-—_ = I sinh A (1) 
This is equivalent to sin ix = i sinh x. 
iA —iA 
b. Now, if iA is substituted for A in cos A = i , 
ei (#4) + ett) 1 
cos iA = cals ial 5 le" + €“4) = cosh A 
.. cos iA = cosh A (2) 


This is equivalent to cos ix = cosh x. 
c. Now divide Eq. (1) by Eg. (2) to get 


' siniA isinhA , 
tan tA = id cosh A = itanh A 
1 he 
d. cosec iA = ——; = tanh A = —£ ; * cosech A 


= —icosech A 
. l l 
e. seciA = a “a = sech A 


, costA 1‘ cosh A _ 
J. CIA = siniA  isinh A —t coth A 


763. What expressions may be used to compute the hyperbolic functions? 


a. sinh z = $(e* — €*) 
-3[(Q+2+6+htatpt 
-(1-24+5- ati- ha) 
saat hs he ae ) 


m2t+5tqt pt 


b. cosh x = ; (@ + €*) 


1 ow. ee 
-5[(i+2+5+Btat ) 


2? ®t 
t(1-24+5-§+G-: )] 
1 2x? =2x4 
eae) 


=1+5 otat 


Since the series are esisereeht for all real values of x, we may compute the 
hyperbolic functions for any real value of x. 

The above could have been obtained by taking the series values of sin x and 
cos x and replacing x by ix. 

Whether the angle is designated as x or A, it is expressed in radians for the 
above calculations of the functions. 


PROBLEMS 


Plot the following points and calculate the rectangular coordinates: 
1. (8, 30°) 


11. (27, 600°) 
2.(-% 3 ~430°) 


(8) 


7) 
14.) — eee 
( 4-3 
15. (4, -450°) 


Plot the following curves: 
16.r=cosA 

17.r=secA 

18. rA=1 
19.r=1+cosA20.r=2sinA 
21.r=tanA 

22.r=sinA+3 


29. r= 2 tan A 30. r=2 sin A 
31.r=3A 

32.r=2+cosA 

Transform to polar coordinates: 

33. xy = 12 

34, x2 —y? = 25 

35.x2-y=0 

36. x + Sy =0 

37. x2 ty? = 4x 38. 4x + y? =0 
Transform to rectangular coordinates: 
39. r2 cos 2A = 16 

40. r(4-—cos A) =8 

41. r(4—6 sin A) = 1 

42. 3r sin A-9 =0 

43.r(1-sin A) =6 

44. r(2 —3 cos A) = 12 

Give the complex number conjugate to each of the following: 
45.4 +i 

46. 5 — 2i 


47.1 4+ +/5i 

48. 4/3 — +/—5 
49.4/7% 

50.6 «/—1 
51.4/—11 
52.9 — 1/—1 
53.1 —2+/31 
54. — 4/8 i 


56, an] g/l 


59. 8 

Plot each of the following complex numbers and its conjugate: 
60. 4 — 5i 

61.-—4+5i 

62. — 5i 

63.-—4 + 3 

64. 7i 

65. 6 


66. i2 
67. i> 


68. i® 
69. 1 — Ti 
70. n— €i 
71-17 
72.-1+ ni 


73.1+n2i 74. i2 — ni 

75. — 3i 

76. 6 — 31 

77.2-i 

Evaluate each of the following: 


78. itt 

79. i14 

80. it9 

81. i24 

82. i°9 

83. (12 
84. (-i)22 
85. (-i)?7 
86. (-i)?4 
87. {126 
88. (-i)° 
89. (i) 11 
90. (-i)*2° 
91. (-i)299 
92. 7-24 


~\—8 
93. (— i) 
After solving each of the following equations, locate the roots as complex numbers: 


94.x° = 1 
95.x° +1=0 
96. x2 = 4x — 13 


97.x2 +x+1=0 


98. x2 + 6x + 13 =0 

Plot each of the following products: 
99. (6 — 4i)i 

100. (3 + Si)i 

101. (3i-4)i 


102. (3 — ii? 
103. —-(2 + 3i)ni Perform the indicated operations in each of the following: 
104. (5 + i) + (4—3i) 
105. (3 + )— (4 + 3i) 106. (15 — 2i) + (11 + 81) 
107. (8 + 7i) — (-10 + 3i) 108. (—2 + i)(-4 — 31) 
109. (1 —2i)? 
110. (-5 — 2i)(-5 + 31) 
111. (1+ 9° 
112. (4 — 21)" 
119.22 (0=2) 
114, 2 + 88 
7t 
115.(1 + 4/3 i) + V3i 


116. 5-1 


126. If the product of two complex numbers is 7 — i the sum of their real parts is 4, and the product of 
their real parts is 3, what are the numbers? 

127. What two conjugate complex numbers have the product of their imaginary parts equal to 16 and the 
product of the numbers themselves equal to 25? 

128. Equation 2x + 3y + (5x + 7y)i = — (1+i) is true for what real values of x and y? Apply the form a + 
bi = 0 in which a = 0 and 6 = 0. Thus 2x + 3y + 1 =0 and 5x + 7y + 1 =0. 

Express in polar form: 


129.1-i 
130.-1+i 
131. -1 -i 
132.1+ i 
133.5 
134, 5i 


135. /5 — ii 
136. —7 
137. —2i 


138.4/8 + 3+/31 
139. i 

140. -1 

141. -i 

142. 


10.13 

144.4 / —9 

145. /13 - /3i 
46.2 4/3 —4+/31 


147. 4i 

148. 5 - 2i 

149. —n — €1 150. 6 + Oi 

151. (1 - ii 

152. 0+ 10 

Find the roots of each of the following in polar form: 


153.92 + 4/22+1=0 


155. x2 + 2 = 2x 156. x2 + 2x=8 


57g? + J = S38 ax 
What is the general polar form for each of the following complex numbers? 
158. 5i 


159.— 4/5 — 5i 


160.5 + 5i 

1614/54 — 1 

162. —_ 3 

163. i* + 3i 

Express in rectangular form: 


164. 4(cos 60° + i sin 60°) 
165. 3(cos 120° + i sin 120°) 


166. y/2 (cos 30° + 7 sin 30°) 
167.4/2 (cos 45° + 7 sin 45°) 


168. cos (—240°) + i sin (-240°) 
169. 5[cos (—60°) + i sin (-60°)] 


170. 3[cos (—600°) + 7 sin (—600°)] 
171. 4/3 (cos 360° + 7 sin 360°) 


172. 7(cos 300° + i sin 300°) 
173. 8(cos 100° + i sin 100°) 
174. 2(cos 1,000° + i sin 1,000°) 


175.20(cos $9 + 7 sin $7) 


Give the result of each of the following in rectangular form: 
176. [2(cos 30° + i sin 30°)][4(cos 60° + i sin 60°)] 

177. [3(cos 135° + i sin 135°)][5(cos 200° + i sin 200°)] 
178. [7(cos —15° + i sin —15°)][6(cos —75° + i sin —75°)] 


vs] 2 (cos +E + 7 sin is) || 3 (cos ae + 7 sin 3) | 
8(cos 34° + 7 sin 34°) 
'2(cos 214° + 7 sin 214°) 
, 24(cos 52° + 7 sin 52°) 
6(cos 22° + 7 sin 22°) 
, 10(cos — 65° + 7 sin — 65°) 
* B(cos — 35° +72sin — 35°) 


Represent each of the following graphically and check algebraically: 

183. (8 + 1.51) + (4+ 4) 

184. (5 + 3i) + (7 — 2i) 

185. (1+ i) + (2+i) 186.(4+i+i 

187.6 + (5-1) 

188. (4+ i)-i 

189. (3 + 2i) — (4+ 3) 190. (31 — 5) — (4-21) 

191. 2-1) + (3+ 2) + (5+1 192.dG-1-2+)+@B-D 

193. 3(cos 30° + i sin 30°) + (cos 120° + i sin 120°) 194. (cos 60° + i sin 60°) + (cos 45° + i sin 45°) 

195. 3(cos 270° + t sin 270°) + 2(cos 0° + i sin 0°) 196. 2(cos 150° + i sin 150°) — 3(cos 45° + i sin 45°) 

197. (cos 330° + i sin 330°) + (cos 90° + i sin 90°)+ (cos 30° + i sin 30°) 198. (2 + i)(3 + 21) 

199. (1 + 2i)( 2 —i) 200. (9 + 81) + GB + 2i) 

201. (—2 + 3i) + (1 + 3) 202. Plot (4 + 31) and i(4 + 33). 

Locate each of the following: 

203. Force (20 lb., 30°) 

204. Force (20 Ib., 210°) 

205. Force (15 Ib., 0°) 

206. Force (12 Ib., 330°) 

207. Find the resultant force of the forces given in Probs. 203 to 206. 

208. What is the resultant velocity of a boat that is acted on by a river current due east flowing at 4 m.p.h. 
and a wind from the northwest causing the boat to drift southeast at 6 m.p.h.? 

Find the value of each of the following: 


209. (1-1)? 
210. (1+ i)4 
211. (1 + 3i)70— i)" 


212.(5 -+ 44)2(¢ + +/5)8 


213. (1 —2i)° 

214. (2 + 4)8(i + 2)? 

Perform the indicated operation in each of the following and give the result in rectangular form: 215. 
[2(cos 30° + i sin 30°)|* 

216. [3(cos 120° + i sin 120°)]° 

217. (cos 45° + isin 45°)® 


6 
ae| 2 (cos 5 + 7 sin 3) | 


219. [4(cos 36° + i sin 36°)}8 


220. (2 4/2 +} /2 i)3 
221. (2 i — 3i)5 


200 
222. G od — vt 


223. Can you — that cos 2A = cos* A — sin’ A and that sin 2A = 2 cos A sin A by the use of the 
binomial theorem on cos 2A + i sin 2A = (cos A+ isin A)? and the fact that when a + bi = c + di, a= c and 
b=d? 

224, After raising (cos 4A + i sin 4A) = (cos A +i sin ays to the power indicated by applying the binomial 
theorem, equate the real and imaginary parts as in Prob. 223. 


225. Using De Moivre’s theorem show that cos 3A = 4 cos? A —3 cos A and sin 3A = 3sinA—4 sin? A 
226. Find the value of sin 1 A and cos 7 in terms of sin A and cos A, using De Moivre’s theorem. 


227. Raise := s+ 4° the second, third, and nth powers. 
228. Raise xX =12 + 5ito -. third 2 fourth powers. 


i v3 
229. - 
Raise x = 
230. Raise x = —2 — 3i to the sixth and seventh powers. 
231. Find the value of (3 + 31)”. 


232. Extract the square root of —. 4 ° ee 1. 


233. Find the fifth roots of _i2, 


234. Find the cube roots of —. 1 4 a/ 3 1. 
235. Extract the cube root of —8. 

236. Find the fourth roots of 625 and plot. 

237. Find the cube roots of 5 + 5i. 

238. Find the fourth roots of 16(cos 28° + i sin 28°). 
239. Find the fifth roots of —1. 


240. Find the fourth roots of ( a + 9 a/5 1) ” 
241. Find the fourth roots of 256(cos 15° + i sin 15°). 
Express all the roots of each of the following in polar form: 


242.2 -1+i=0 


to the third and fourth powers. 


243. x2 — 4x +8 =0 
244, x4 +i-1=0 


245. =i 246.94 4 8 — 84/37 =0 
247. =-1 

248. x? = 27 

249. x2 = cos 120° + isin 120° 

250. x° = cos 300° +i sin 300° 


251. x* = cos 15° + i sin 15° 
Represent all the roots of each of the following graphically: 


252. x? =i 

253. x4 =2 

254. x? = -i 

255. x =-1 

256. x? = 64 

257. x4 = cos 150° + i sin 150° 

258. x? = -i 

259. x? = 8(cos —30° + i sin —30°) 260. x7 + 1=0 
261. x4-1=0 

262. x3 + 27=0 


263. 4 a/—16 ait 
264.75 — ~/—3,125 = 0 


265. x? -1=0 

By use of the series values find each of the following functions to four decimal places: 
266. sin 25° 

267. cos 25° 

268. tan 30° 

269. sin 45° 

270. cos 35° 

271. sin 20° 

272. tan 60° 

273. cos 120° 

Prove each of the following identities by means of the exponential values: 
274, sin 2A =2sinA:cosA 


275. sec* A= 1+ tan? A 276, sin? A + cos* A=1 

277. cosec? A = 1 + cot? A 278. cos 3A = 4 cos? A—3.cosA 

279. cos 2A = cos? A- sin? A By the use of the series for sin” A and cos" A in terms of sines or cosines 
of multiples of A, prove each of the following identities: 280. sin® A = am sy (cos 6A — 6 cos 4A + 15 cos 
2A — 10) 281. cos? A = ry (cos 3A + 3 cos A) 282. cos’ A = tr (cos 7A + 7 cos 5A + 21 cos 3A + 35 cos 
A) Prove each of the following identities: 

283. cosh (—A) = cosh A 284. cosh 2A = cosh? A + sinh? A 


285. sech? A = 1 — tanh? A 286. coth2 A—cosech? A = 1 
287. cosh (x — y) = cosh x - cosh y — sinh x - sinh y 288. sinh (—x) = — sinh x 
289. sinh (x - y) =. sinh x +: cosh y -— cosh x -: sinh y_- 290. 


_tanh x + tanh y_ 
tanh (% + y) ~ 1+ tanh x tanh y 


SECTION II 
SPHERICAL TRIGONOMETRY 


CHAPTER XXII 
INTRODUCTION 


764. What is spherical trigonometry? 

Spherical trigonometry deals with the relations among the sides and angles of 
a spherical triangle and with the solution of spherical triangles. 
765. What is a dihedral angle? 


The angle that one of two planes makes with the other is called a dihedral 
angle. 


E 


QUES. 765-770. 


Planes AC and DF intersect in a straight line DA and form a dihedral angle E- 
DA-B. 
766. What are the parts of a dihedral angle? 

A dihedral angle consists of a. the two faces. These are the two planes DB and 
DF in the figure. 

b. the edge. This is line DA in the figure, the line of intersection of the faces. 
767. How is a dihedral angle usually designated? 

A dihedral angle is designated by placing the edge line between a point on 
each of the faces as E-DA-B in the figure. 


768. Upon what does the magnitude of a dihedral angle depend? 


The magnitude of a dihedral angle depends upon the relative position of its 
faces and not upon their extent. 


769. What is meant by the plane angle of the dihedral angle? 


The angle formed by a line on each plane drawn perpendicular to the edge at a 
common point is called the plane angle of the dihedral angle. 

In the figure, line / in plane DF and line m in plane DB are perpendicular to 
the edge at H. The angle formed at H by these lines is the plane angle of the 
dihedral angle. 

770. How is the plane angle of the dihedral angle formed by a plane drawn perpendicular to the edge 
of the dihedral angle? 

The intersections of this plane with the faces of the dihedral angle form the 
plane angle of the dihedral angle. 

In the figure plane P is drawn perpendicular to the edge at G and intersects 
planes DF and DB in lines s and t, respectively, forming an angle at G, which is 
the plane angle of the dihedral angle. 


771. Why is the plane angle taken as a measure of the dihedral angle? 


All plane angles of the same dihedral angle are equal and any one may be 
taken as a measure of the dihedral angle. 


772. If a line is perpendicular to a plane, what is known about any plane containing that line? 


Any plane containing the line must be perpendicular to the first plane. 


773. If two intersecting planes are each perpendicular to a third plane, what is known about the line 
of intersection of the two planes? 


The line of intersection of the two planes must be perpendicular to the third 
plane. 


774. What is a polyhedral angle and what are its parts? 


A polyhedral angle is a solid angle formed when three or more planes meet in 
a common point. 

The vertex is the meeting point, 0. 

The edges are the intersections of the planes, OA, OB, OC, OD. 

The faces are the portions of the planes between the edges. 

The face angles are the plane angles formed by the edges, AOB, BOC, COD, 
DOA. 


QUES. 774. 


The dihedral or edge angles are the angles formed at the edges by the planes, 
A-BO-C, B-CO-D, C-DO-A, D-AO-B. 

The measure of a solid angle does not depend upon the lengths of its edges. 
775. What is a trihedral angle? 


A trihedral angle is a solid angle formed by three planes intersecting in a point 
(see the figure). 


O 


QUES. 775-776. 


776. What is known about the sum of any two face angles of a trihedral angle? 


The sum of any two face angles of a trihedral angle is greater than the third. 


777. What is known about the sum of all the face angles of any solid angle? 


The sum of all the face angles of a solid angle is less than four right angles 
(360 deg.). This is true only when the polygon ABCD (see figure, Ques. 774) 
formed by an intersecting plane P is convex, i.e., when there is no reentrant 
angle. 

778. What is meant by a plane section of a sphere, and what is the shape of the boundary of every 
plane section of a sphere? 

A plane section of a sphere is a figure whose boundary is the intersection of a 
plane and the surface of a sphere. 

The shape of the boundary of every plane section of a sphere is a circle. 


779. When is a plane section of a sphere (a) a great circle, ( b) a small circle? 

a. A great circle is formed when the section passes through the center of the 
sphere. 

b. A small circle results when the section does not pass through the center of 
the sphere. 
780. What is meant by the axis of a circle on a sphere? 

The diameter of the sphere perpendicular to the plane of the circle is known as 
the axis of the circle. 
781. What are the poles of a circle on a sphere? 


The extremities of the axis are called the poles of the circle and of any of its 
arcs. 


S 


QUES. 781. 


N and S are the poles of the circle ABC and of the arcs AB and BC. Obviously, 
all circles formed by the intersection of parallel planes with a sphere have the 


same axis and poles. 
All parallels of latitude have the same axis and poles, i.e., the polar axis of the 
earth and the north and south poles. 


782. What is the relation between the pole of a circle on a sphere and the circle of which it is the pole? 

All points on the circumference of a circle on a sphere are equidistant from the 
pole of the circle. N is the pole of circle ABC. Arcs NA, NB, and NC of great 
circles from N are equal and are known as polar distances. The polar distance of 
a great circle is a quadrant. 


QUES. 782. 


Chords NA, NB, and NC are all equal. 

Angles AON, BON, and CON are all equal and are known as angular radii of 
the circle. The angular radius of a great circle is a right angle because it is 
subtended by a quadrant that is an arc equal in length to one-quarter of a great 
circle. 

Points on a great circle are equidistant from both its poles. 

The polar distance of a circle may be called the radius of the circle. 

On a terrestrial sphere, arcs of meridians drawn from a parallel of latitude to 
the north pole are equal. Thus the north polar distance of a parallel of latitude is 
its distance from the north pole measured along a meridian. 

A point on the equator is a quadrant distance from the north or south pole. 


783. What are the essential propositions relating to great circles? 


a. Every great circle bisects the surface of the sphere. The equator bisects the 
surface of a terrestrial globe. 
b. Any two great circles bisect each other. The meridians bisect one another at 


the poles. 

c. All great circles of a sphere are equal because their radii are radii of the 
sphere. 

d. A great circle can be made to pass through any two points on a sphere 
because a plane can be made to pass through these two points and the center of 
the sphere. 

e. Only one great circle can be drawn through two points on a sphere other 
than the ends of a diameter because these points and the center determine a 
plane. An infinite number of great circles can be drawn through the end points of 
a diameter, as exemplified by the meridians through the north and south poles. 


784. What is meant by the shortest distance between two points on a sphere? 

The shortest distance between two points on a sphere is the shorter arc of the 
great circle passing through them. 
785. What is meant by the angular distance between two points on a sphere? 


The angular distance between two points is the angle subtended at the center 
of the sphere by the arc joining the given points. 


cia 


S 


QUES. 785. 


The angular distance between N and A is ZNOA. 
The angular distance between A and B is ZAOB. 


786. How would you draw a circle upon the surface of a sphere about a given point as a pole? 


a. Open a pair of compasses to the chord length of the polar distance (the 
chord subtended by the angular radius) of the required circle. Describe a circle 
from the pole as a center. 

b. Measure off a piece of string equal to the polar distance of the required 


circle and hold one end of the string at the pole, keeping the string stretched taut; 
describe the circle on the sphere. 


787. How would you draw an arc of a great circle through two given points? 


With A as a pole and a quadrant distance as a radius draw a great circle. With 
Bas a pole and the same radius draw another great circle intersecting the other at 
N and S. Points N and S will be the poles of a great circle through A and B. Draw 
a great circle through A and B from either N or S. 


N 


S 


QUES. 787. 


If the two points were C and D, the ends of a diameter of the sphere, then an 
infinite number of great circles could be drawn through them. 


788. Can you show that when a point on the surface of a sphere is at a quadrant distance from each of 
two points it is the pole of a great circle passing through these points? 


In the figure for the above question, if point N is at a quadrant distance from 
points A and B, then N is the pole of a great circle through A and B. 

ZNOA = ZNOB = a right angle, because NA and NB are quadrants. This 
means that NO is perpendicular to plane AOB. Therefore, N is the pole of great 
circle ABD. 


789. When is a straight line or a plane said to be tangent to a sphere? 


A straight line or a plane is tangent to a sphere when it has but one point in 
common with the surface of the sphere, when it is perpendicular to a radius of 
the sphere at its extremity. 

The tangent to any point of an arc of a great circle is perpendicular to the 
radius of the sphere drawn to the point. 


790. What determines the angle made by any two curves meeting in a common point? 


The angle is determined by the two tangents to the curves at the common 
point. The angle between curves A, and A, at point 0 is T,OT, between the 
tangents T, and T, at 0. This applies to any two curves whether in the same plane 
or not. 


QUES. 790. 


791. What is a spherical angle? 


A spherical angle is one formed by two intersecting arcs of great circles on the 
surface of a sphere. 2 BAC is formed by arcs AB and AC of great circles. 

792. What is the relation of a spherical angle to the dihedral angle formed by the two planes 
containing the arcs? 

The spherical angle BAC (see figure) is equal to the dihedral angle formed by 
the planes AOD and AOE, containing the arcs AB and AC, respectively. Now, 
ZDAE formed by the tangents DA and FA is the plane angle of the dihedral 
angle. Therefore, ZDAE is a measure both of the spherical angle and the 
dihedral angle. 


QUES. 791-792. 


793. What is known about (a) the opposite vertical angles formed when two arcs of great circles 
intersect, (b) the adjacent spherical angles? 


. KS 
AC, oY (9 


QUES. 793. 


a. The opposite vertical angles formed when two arcs of great circles intersect 
are equal. 


Z BCA’ = ZACB’ 
b. The sum of the adjacent spherical angles equals two right angles or 180 
deg. 
ZBCA’ + ZA’CB’ = 180 deg. 
794. How is a spherical angle measured? 


A spherical angle is measured by the arc of a great circle described with the 
vertex of the angle as a pole. 

In spherical angle ANB, N is the pole of great circle WABE. ZBOA is formed 
by a plane perpendicular to ON and is the plane angle of dihedral angle A-ON-B. 


ZBOA is thus equal to the spherical angle ANB. Therefore, the spherical angle 
ANB is measured by arc AB of the great circle formed with N as a pole. 


N 


S 


QUES. 794. 


In a terrestrial sphere the angle at N between two points on two different 
meridians is measured by the number of degrees on the equator intercepted by 
the two meridians. 


795. What is the relation between the great circles drawn through a given point on a sphere and the 
great circle drawn with the given point as a pole? 


The great circles drawn through a given point are perpendicular to the great 
circle drawn with the given point as a pole. 

In a terrestrial sphere the meridians of longitude cross the equator at right 
angles. 


796. How do you measure the distance of any point on the surface of a 
sphere from a circle traced on the sphere? 


The distance of any point on the surface of a sphere from a circle traced on the 
sphere is measured by the shorter arc of a great circle passing through the point 
and perpendicular to the given circle. This is the same as the shorter arc of the 
great circle passing through the given point and the pole of the given circle. 

On a terrestrial sphere, the latitude of any place, or its distance in degrees 
from the equator, is measured by the arc of the meridian between the place and 
the equator. 


797. What is a spherical polygon? 


A spherical polygon is a portion of the surface of a sphere bounded by three or 
more arcs of great circles. 


798. What are the elements of a spherical polygon? 


The sides of the polygon are the boundary arcs. 

The vertices are the intersecting points of the sides. 

The angles are the angles that the sides make with one another. 
799. What is a diagonal of a spherical polygon? 


A diagonal of a spherical polygon is an arc of a great circle joining any two 
vertices that are not consecutive. 


800. What is a spherical triangle? 
A spherical triangle is a spherical polygon of three sides. 


QUES. 800. 


ABCD is a spherical polygon. 

Its sides are AB, BC, CD, and DA. 

Its angles are ABC, BCD, CDA, and DAB. 

Its diagonals are AC and BD. 

The spherical triangles are ABC, CDA, ABD, and BCD. 


801. How are the magnitudes of the sides of a spherical triangle expressed? 


The sides of a spherical triangle may be measured and expressed in degrees or 
in radians, since they are arcs of great circles. 

To calculate the sides in linear units, the radius of the sphere is required. 
802. What is the usual notation for the angles and sides of a spherical triangle? 

The three angles are designated by capital letters A, B, and C, and the sides 
opposite these angles are denoted by the small letters a, b, and c, respectively. 


803. When are two spherical polygons equal? 


c a c| a! 
A C A C 1 
b b ; 
QUES. 803. 


Two spherical polygons are equal when they can be brought to coincidence by 
placing one over the other. 

Spherical triangles ABC and A’B’C are equal. 
804. When are two spherical triangles said to be symmetrical? 


Two spherical triangles are said to be symmetrical when the corresponding 
angles and sides are equal but not in the same order around the triangle so that 
one cannot be slid over the other and be made to coincide. 

Triangle ABC is symmetrical with triangle A,B,C, because ZA, B, and C are 


equal to 2A,B, and Cj, respectively, and sides a, b, and c are equal to sides aj, 
b, and c, respectively. However, the triangles cannot be made to coincide by a 


sliding motion over the surface of the sphere. The elements of triangle ABC are 
in reverse order from those of A,B,C,. In ABC we go clockwise from A to B to 


C, and in A,B,C, we go counterclockwise from A, to B, to Cj. 


\ (\ 
A Go (OC A, 
b by 


QUES. 804. 


805. Under what conditions are two spherical triangles on the same or equal spheres known to be 
equal? 

If the parts of the two spherical triangles on the same or equal spheres are in 

the same order, they are equal under the same conditions as plane triangles; i.e., 


when 

a. two sides and their included angle in one triangle are respectively equal to 
two sides and the included angle in the other. 

b. a side and two adjacent angles in one triangle are respectively equal to a 
side and its two adjacent angles in the other. 

c. three sides in one triangle are respectively equal to three sides of the other. 


806. Under what conditions are two triangles on the same or equal spheres said to be symmetrical? 


Two spherical triangles on the same or equal spheres are said to be 
symmetrical when the parts are in reverse 


order under the conditions (a), (b), and (c) of the above question. 


807. What can be said about two spherical triangles in which the three angles of one are respectively 
equal to the three angles of the other? 


On a plane, two triangles may have three angles of one respectively equal to 
three angles of the other and not be equal. But two spherical triangles on the 
same or equal spheres under the same conditions are either equal or symmetrical. 
808. What correspondence is there between the face and edge angles of a trihedral angle and the sides 


and angles of a spherical triangle formed on a sphere whose center is at the vertex of the 
trihedral angle? 


The sides AB, BC, and CA of the spherical triangle measure the face angles 
AOB, BOC, and COA, respectively, 


QUES. 808-810. 


of the trihedral angle 0-A’B’C’. The angles CAB, ABC, and BCA of the spherical 
triangle are the dihedral angles of the solid angle O-A’B’C’ (the angles between 
the planes of the sides). Therefore, the relations between the sides and angles of 
a spherical triangle are the same as the relations between the face angles and the 


edge angles of the trihedral angle. 


809. Does the radius of the sphere affect the above relations? 


Since the face angles and dihedral angles are unaffected by varying the radius 
of the sphere, the relations between the sides and angles of the corresponding 
spherical triangle are independent of the length of the radius. 


810. In what units are the sides of a spherical triangle measured? 


The sides of a spherical triangle are measured in degrees or radians since the 
sides measure the angles subtended at the center of the sphere. In the figure, 
sin(AB) means the sine of angle AOB subtended by AB at the center 0. 

811. Is a three-sided spherical figure with one or more sides not an arc of a great circle regarded as a 
spherical triangle? 

No. The three sides must be arcs of great circles as previously defined. The 
sides must correspond to a trihedral angle at the center of the sphere. A parallel 
of latitude and the arcs of two meridians do not form a spherical triangle under 
the definition. 

812. Does the correspondence between the sides and angles of a spherical triangle and the face angles 


and dihedral angles of the solid angle subtended at the center of the sphere apply to any 
spherical polygon and the solid angle subtended by it? 


Yes. From any property of polyhedral angles an analogous property of 
spherical polygons can be inferred, and vice versa. 


813. What propositions for spherical triangles follow from the above stated correspondence? 


a. Any side of a spherical triangle is less than the sum of the other two sides. 

Any side of a spherical polygon is less than the sum of the remaining sides. 

b. The sum of the sides of a spherical polygon (nonreentrant) is less than 360 
deg. The perimeter of any polygon (nonreentrant) is less than the length 
(circumference) of a great circle. 

c. The angles opposite the equal sides in an isosceles spherical triangle are 
equal. 

d. The arc of a great circle drawn from the vertex of an isosceles spherical 
triangle to the middle of the base is perpendicular to the base and bisects the 
vertex angle. 

e. If two angles of a spherical triangle are unequal, the sides opposite are 
unequal and the greater side is opposite the greater angle. 

If two edge angles of a trihedral angle are unequal, the opposite face angles 
are unequal and the greater face angle is opposite the greater dihedral angle. 

f. If two sides of a spherical triangle are unequal, the opposite angles are 
unequal and the greater angle is opposite the greater side. 


If two face angles of a trihedral angle are unequal, the opposite edge angles 
are unequal and the greater edge angle is opposite the greater face angle. 


814. Three great circles on a sphere have how many points of intersection and form how many 
spherical triangles? 


S 


QUES. 814. 


Three great circles on a sphere have six points of intersection and form eight 
spherical triangles. This can readily be seen by considering the equator and two 
meridian circles. The six points of intersection are the two poles N and S and the 
four points of intersection with the equator A, B, A’ and B. The eight triangles 
formed are NAB, NA’B’, NAA’ and NBB’ in the northern hemisphere and SAB, 


SA’B’, SAA’, and SBB’ in the southern hemisphere. 


815. What is a polar triangle of a spherical triangle? 

A polar triangle of a spherical triangle is a spherical triangle formed by 
intersecting arcs of great circles with the vertices of the spherical triangle as 
poles. 


QUES. 815. 


Triangle A’B’C’ is the polar triangle of triangle ABC, Point B’ is obtained by 
intersecting arcs of great circles with A and C as poles. Point A’ is obtained by 
using C and B as poles. Point C’ is obtained by using A and B as poles. 


816. When are two spherical polygons mutually equilateral? 


Two spherical polygons are mutually equilateral when the sides of one are 
respectively equal to the sides of the other, whether taken in the same or in the 
reverse order. 


817. When are two spherical polygons mutually equiangular? 

Two spherical polygons are mutually equiangular when the angles of the one 
are respectively equal to the angles of the other, whether taken in the same or in 
the reverse order. 


818. How can you show that when a spherical triangle is the polar triangle of another, the latter is also 
the polar triangle of the former? 


In the figure of Ques. 815, if A’B’C’ is the polar triangle of ABC, then ABC is 
the polar triangle of A’B’C’. If A is the pole of arc B’C’, then point A is a 
quadrant distance from B’. If C is the pole of A’B’, then C is a quadrant distance 
from B’. Therefore, B’ is the pole of arc AC, since it is a quadrant distance from 
both A and C. 

Similarly, A’ is the pole of BC and C’ is the pole of AB. Therefore, triangle 
ABC is the polar triangle of A’B’C’. 


819. How can you show that if two spherical triangles are polar to each other, any angle of one 
triangle and the side opposite this angle in the other triangle, total 180 degrees? 


Produce arcs BA and BC to meet A’C’ in K and P, respectively. 


QUES. 819. 


A’ is the pole of BCP; then A’P = 90° 
C’ is the pole of BAK; then C’K = 90° 
., A’P + C’K = 180° 

and 


" something less than 360° 
Then, A+B+C = 540° - i greater than 0° ) 


« A+B+C > 540° — 360°, 


or A+B+C> 180° 
and A+B+C < 540° -— 0°, 
or A+B+C < 540° 


Now, since B is the pole of arc A’C’, the arc KP measures the angle B (see 
Ques. 794). 


Then Eq. (1) becomes 
B + b’ = 180° 


In a similar manner, the relations for the other sides and angles can be shown 
to hold. 


Thus a spherical triangle and its polar may be called supplemental triangles, 


820. What is known about the polar triangles of two spherical triangles that are mutually 
equiangular? 


The polar triangles of two mutually equiangular triangles are mutually 
equilateral. 


821. What is known about the polar triangles of two spherical triangles that are mutually equilateral? 


The polar triangles of two mutually equilateral triangles are mutually 
equiangular. 


822. How do you show that the sum of the angles of a spherical triangle is greater than 180 degrees 
and less than 540 degrees? 


By Ques. 819, 


A + a’= 180° 
B +b’ = 180° 
Cc +c’=180° 


Adding these, we get 
A+B+C+a’+b’+c’=540° 
orA + B+ C=540° -(a’ + b’+c’) 
By Ques. 813, a’ + b’ +c’ is less than 360° and greater than 0°. 
A C 


823. What is meant by the spherical excess of a spherical triangle? 


The amount by which the sum of the three angles of a spherical triangle is 
greater than 180 deg. is called the spherical excess of a spherical triangle. 


824. What is a birectangular spherical triangle? 
A birectangular spherical triangle is one that has two right angles. 
On a terrestrial sphere, two meridians from the north pole intercepting an arc 


of less than 90 deg. on the equator form a birectangular triangle with two right 
angles where the meridians intersect the equator. 


825. What is a trirectangular spherical triangle? 


A trirectangular spherical triangle is one that has three right angles. 
In the above question, if the intercepted arc on the equator is a quadrant, the 
triangle is trirectangular. 


826. What are ( a) a quadrantal triangle, ( b) a biquadrantal triangle, and ( c) a triquadrantal 
triangle? 


a. A quadrantal triangle is one that has one side equal to a quadrant. 
b. A biquadrantal triangle has two sides each equal to a quadrant. 
c. A triquadrantal triangle has three sides each equal to a quadrant. 


827. What is a lune? 
A lune is a spherical surface bounded by the halves of two great circles. 


828. What is meant by the angle of the lune? 

The angle made by the two great circles is called the angle of the lune. 

On a globe, the surface between the meridians 15 deg. west and 40 deg. west 
is a> lune. The angle of the lune is 25 deg. 


829. When are two lunes equal? 
On the same or equal spheres, two lunes are equal when they have equal 
angles. They can then be made to coincide. 


830. In spherical geometry and trigonometry, why is each side of a spherical triangle restricted in 
length to less than 180 degrees? 


It is convenient to restrict each side of a spherical triangle to less than 180 
deg. 


QUES. 830. 


Triangle ACD, going counterclockwise, has a side AC (counterclockwise) 
greater than 180 deg. CD is the second side and DA is the third side. The parts of 
this triangle can be immediately deduced from the parts of triangle A CD going 
clockwise, each of whose sides is less than 180 deg. 


831. Can you show that, if an angle of a spherical triangle is greater than 180 degrees, the side 
opposite is also greater than 180 degrees, and vice versa? 


In triangle ACD (counterclockwise) in the above figure, if angle ADC > 180°, 
then side AC is > 180°, and if side AC > 180°, so is the opposite ZADC. 


832. What is the shortest line that can be drawn on the surface of a sphere between two points? 


The shortest line is the arc of a great circle not greater than a semicircle 
joining the points. 


CHAPTER XXIII 
SPHERICAL TRIANGLES 


833. What may be called the fixndamental theorem of spherical trigonometry? 

The law of cosines may be called the fundamental theorem of spherical 
trigonometry because by its use any spherical triangle may be solved when three 
parts of the triangle are known. 


834. What are the three fundamental equations of the law of cosines? 
The three fundamental equations of the law of cosines are 


cosa=cosb:cosc+sinb:sinc:cosAcosb=cosa:cosc+sina: sinc: 
cos B 


cosc=cosa:cosb+sina:sinb:cosC 


835. How is the law of cosines shown to be true when two sides are less than 90 degrees? 


Let ABC be a spherical triangle on a sphere whose center is 0. Assume sides a 
and c each to be less than 90 deg. Plane A’B’C is drawn perpendicular to OB at 
any point B’. Then, angles OB’A’ and OB’C are right angles by construction, and 
angle A’B’C is a measure of the dihedral angle A-OB-C and of the spherical 
angle B. 


QUES. 835. 


Let OA’ = m, OC’ = n, and OB’ = p. Then, by the law of cosines for plane 
triangles, 


b’? = a’? + c’? — 2a’c’+ cos B’ from AA’B'C’ (1) 


Also, b’? = m* + n? — 2mn- cos b from AA’OC’ (2) 
Equating Eqs. (1) and (2), 


m? + n? — 2mn: cos b 


a’? + ¢c’? — 2a’c’+ cos B 

(ZB = ZB’) 
or 2mn* cos b = m? — c’? + n? — a” 

+ 2a’c’+cosB (8) 

Now, m? — c’* = p* and n* — a’? = p* from right triangles OB’A’ and OB’C. 
Substitute these in Eq. (3) to get 
2mn+cosb = p? + p? + 2a’c’: cos B = 2p? + 2a’c’+ cos B 
mn*cos b = p? + a’c’- cos B 


/ / 


c 
or cosh em 2-2 45.2. cog B 
mn n m 
/ 
a 
But P ~ cos ¢, P = 0s a, — = sin a, 
m n n 
¢ 
—= sinc 
m 


.. cos b = cosa‘ cosc + sina‘ sinc: cos B 
Thus the law of cosines is shown to hold when two sides are less than 90 deg. 


836. How can you show that the law of cosines applies to a triangle in which two of the sides measure 
more than 90 degrees and less than 180 degrees? 


Given c and b each greater than 90 deg. and less than 180 deg. 

Form a lune by producing sides AB and AC to meet at A’. c’ and b’ are each 
less than 90 deg. because c and b are assumed to be each greater than 90 deg. We 
know, then, that the law of cosines applies to AA’BC (above question). 


QUES. 836. 


cos b’: cos c’ + sin Bb’ sinc’: cos A 
(ZA = 2A’) 


cos @ 


Now b’ = 180° — bandc’ = 180° —c 
Then cos a = cos (180° — b) « cos (180° — c) 

+ sin (180° — b) «sin (180° — c)+ cos A 
or cos a = cos b: cosc + sin b« sinc‘ cos A 
Thus the law of cosines is seen to hold when two sides are greater than 90 deg. 
and less than 180 deg. 


837. How can you show that the law of cosines applies to a triangle in which one of the sides is greater 
than 90 degrees and less than 180 degrees? 


Form a lune by producing sides b and c to intersect at A’. Sides a and b are 
less than 90 deg. In ACBA’ sides a and c’ are less than 90 deg. 


c — r 
A A! 
b 
C b' 
QUES. 837. 
“. cos b’ = cosa‘ cosc’ + sina’ sinc’ + cos CBA’ 

But b’ = 180° —b, cc = 180° —¢, 
and ZCBA’' = 180° —B 


Then cos (180° — 6b) = cos a‘ cos (180° — c) 
+ sin a: sin (180° — c) + cos (180° — B) 
or cos b = cosa‘ cosc + sina‘sinc:cos B 


The law of cosines is thus seen to hold when one side is greater than 90 deg. and 
less than 180 deg. 


838. What is the solution of the triangle, given a = 55°, b = 65°, and A = 60°? 


cos a = cos b: cosc 
+ sin b*sinc:cos A 
cos 55° = cos 65° cos ¢c 
+ sin 65° - sin c* cos 60° 
0.5736 = 0.4226 cos c 
+ 0.9063 sin c- 0.5 


QUES. 838. 


0.4226 cos c + 0.4532 sin c = 0.5736 


0.4226 cos c + 0.4532 sin c 7 0.5736 
V (0.4226)? + (0.4532)? V (0.4226)? + (0.4532)? 
0.4226 0.4532 . ‘0.5736 


0.6197 °° ° F 6.6197 "" ° = 0.6197 
0.6819 cos c + 0.7313 sin c = 0.9256 
0.6819 = cos 47°0’30", 0.7313 = sin 47°0'30” 
Then cos 47°0'30” « cos c + sin 47°0'30” : sin c = 0.9256 
and cos (47°0’30" — c) = 0.9256 
47°0'30” — c = cos! 0.9256 = 22°14’30” 
c¢ = 47°0'30" — 22°14’30” = 24°46’ 


Now cosc = cosa:‘cosb+sina‘sin 6b: cos C 
0.9080 = 0.5736 - 0.4226 + 0.8192 - 0.9063 - cos C 
= 0.2424 + 0.7424: cos C 
0.9080 — 0.2424 0.6656 
cos C = —0 7404. ~~«S = :0.7494 = 0.8966 


*. C = cos 0.8966 = 26°17’ 


Similarly, cos 6 = cosa‘ cose + sina‘sinc* cos B 
0.4226 = 0.5736 « 0.9080 
+ 0.8192 - 0.4189 - cos B 
= 0.5208 + 0.3432 - cos B 

0.4226 — 0.5208 0.0982 

cos B = "03432 ~~ 0.3432 
= —0.2861 

B = cos"! — 0.2861 = 106°37’ 
839. How do you arrive at the law of cosines for the angles of a spherical triangle? 


Since the law of cosines is true for any triangle, it is true for the polar triangle 


of ABC. Then 
cos a’ = cos b’: cos c’ + sin b’: sinc’: cos A’ 
But a’ = 180° — A, b’ = 180° — B, 


c’ = 180 — C, A’ = 180° —a_ (see Ques. 819) 
And, by substitution, 
cos (180° — A) = cos (180° — B) - cos (180° — C) 
+ sin (180° — B) - sin (180° — C) - cos (180° — a) 


or — cos A = cos B: cos C — sin B’ sin C* cosa 
cos A = — cos B: cos C + sin B: sin C cosa 

Similarly, cos B = — cos C-cos A+ sin C: sin A‘ cosb 
cos C = — cos A‘cos B+ sin A‘ sin B-cosc 


840. What is the law of sines for a spherical triangle? 


The law of sines for a spherical triangle states that the sines of the sides are 
proportional to the sines of the opposite angles. 


sina sind sine 
841. How can you show that the law of sines is true for any spherical triangle? 
cosa = cosb:cosc+sinb:sinc:cosA (the law of cosines) 
cos a — cos b« cosc¢ 
sin b* sin ¢ 


Square each side of the equation and subtract from 1. 


_ e 2 
1 —costd = 1 _ (cosa cos b« cos c) 


sin? b+ sin? c 
Substitute sin? A for 1 — cos? A 
sin? b+ sin? c — (cos a — cos b° cos c)? 
sin? b+ sin? ¢ 
(1 — cos? b)(1 — cos*c) — (cosa — cos b: cos c)? 
sin? b- sin’ c 
1—cos? b—cos? c+cos? b cos? c—cos* a+2 cos a cos b cos c—cos? b cos* ¢ 
~ sin? b sin* c 
1 — cos? b — cos?c — cos*a + 2cosa*cosb: cosc 
~ sin? b: sin? c 
Now divide each side by sin? a. 
sin?A _ 1 — cos*a — cos?b — cos?c + 2 cosa: cos b* cose 
sin?a sin? a‘ sin? b+ sin®? ¢ 
sin A 
sin a 
V1 — cos? a — cos’ b — cos? c + 2 cos a‘ cos b- cos ¢ 
sin a‘ sin b« sinc 
The positive sign is taken because A and a are each less than 180 deg. 


Now, if we had started with cos B or cos C instead of with cos A, the final 
result for the right-hand member would have been identical with the above 


cos A = 


sin? A = 


or 


because it is symmetrical in a, b, and c. 


sn A sinB sinC 


‘sina sind since 
RIGHT SPHEKICAL TRIANGLES 
842. What are the special formulas for the solution of a right spherical triangle? 
ZC is 90 deg. 
The special formulas for the solution of a right spherical triangle are 


B 


b C 
QUES. 842. 
Lsin A = = 
2.cos A = tan” 
stand = BEY 


4.cos A = cosa:‘sin B 
5.cos ¢ = cos a‘ cos b 
‘ sin b 
§.gn B= —— 
sin ¢ 


tan a 


7cos B = ee 
tan b 
8. tan B = ino 


9.ecos B = cos b: sin A 
10.¢9s c = cot A: cot B 


843. What are Napier’s rules for writing any of the above special formulas directly from the triangle, 
when 4C is made 90 degrees? 


Disregard the part C = 90°. 


a, b, co-A, co-c, and co-B are assumed as the five remaining parts of the right 
triangle. The “co” in front of a part means the complement of that part. 


co-B 


Co-c a 


Co- C=90" 


QUES. 843. 


Now, these five parts arrange themselves so that each part can be a middle to 
two adjacent parts as well as a middle to two opposite parts, as is readily seen 
from the triangle and the circle. 


Example 


a. A middle to adjacent parts 


1. co-A is a middle to b and co-c. 

2. co-c is a middle to co-A and co-B. 

3. co-B is a middle to co-c and a. 

4. ais a middle to co-B and b. (C is disregarded.) 5. b is a middle to a and co-A. 


b. A middle to opposite parts 


1. co-A is a middle to a and co-B. 
2. co-c is a middle to b and a. 
3. co-B is a middle to co-A and b. 


4. ais a middle to co-c and co-A. 
5. bis a middle to co-B and co-c. 


Napier’s rules 

I. The sine of any middle part equals the product of the tangents of the 
adjacent parts. 

II. The sine of any middle part equals the product of the cosines of the 
opposite parts. 

These are often referred to as Napier’s rules of circular parts. The memory 
may be helped by the similarity in the composition of the words tangents — 
adjacent 


cosines > opposite 
Example 
a. Rule I. sin (co-A) = tan b+ tan (co-c) 
co-A = complement of A = 90° — A 
co-c = complement of c = 90° — c 
Then, sin (90° — A) = tan 6: tan (90° — c) 


tan b 


tan c 
(See formula 2 of Ques. 842) 


b. Rule II. sin (co-A) = cos a: cos (co-B) 
sin (90° — A) = cos a- cos (90° — B) 


cos A = cosa‘sin B 
(See formula 4 of Ques. 842) 


or cos A = tan 6b: cotc = 


By applying Napier’s rules to the other parts, all the formulas of Ques. 842 
may be obtained directly from the triangle. 
844. How do the formxilas of Ques. 842 conform to the statement that by the use of the law of cosines 

any triangle may be solved? 

These formulas are derived from the law of cosines. 

a.cosc=cosa:cosb+sina:sinb:cosC 

If we take C as a right angle (figure, Ques. 842), then cos c = cos a - cos b. 
This is formula 5 of Ques. 842. 


b. cos C = —cos A: cos B+ sin A‘sin B: cose 


Take C = 90°. 
0= —cosA‘cosB+sinA‘sin B: cose 
cos A: cos B 
ats.) » cot A: cot B formula 10 
c. cos A = — cos B: cosC + sin B: sin C: cosa 
cos B = — cos C:cosA+sinC:sin A: cos b 


Take C = 90°, 
cos A= sin B- cosa formula 4 


cos B=sinA- cos b formula 9 


d. The law of sines, as was seen, can be obtained from the law of cosines. 
Take C = 90° in the law of sines 


sin A sinB 1 


Then sin A = 2 ye formula 1 
jn Be Oe on 
sin ¢ 


e. Combine formulas 4 and 6 to get 


sin b 
cos A = sin B: cosa = <n C08 a 


Now, substitute the value of cos a from formula 5 to get 


sA . 2nd | 008 ¢ _ tand formula 2 


sinc cosb tanc 
Combine formulas 9 and 1 to get 


sin a 
cos B = sin A‘ cos b = sing 0086 


Now, substitute the value of cos b from formula 5 to get 


=e sin a cos ¢ _ tan a — 
——— u 
sin¢ cos a ~ tan Cc 
g. Combine formulas 1 and 2. 

sin A _ sina. tanc sin a iL. sin ¢ 

tan A = oo 
cosA sine tand  tanb since cosc 

sin a 


~ tan b+ cos ¢ 


Substitute the value of cos c from formula 5 to get 


tan A = a... mug formula 3 
tanb:cosa:cosb sind 
h. Combine formulas 6 and 7. 
snB sind tanc _ sin b 


tan B = _—_——__—___ 
cosB sine tana tana-cosc 


Substitute the value of cos c from formula 5 to get 


sin b tan b 


tana‘cosa‘cosb- sina 
Thus all 10 formulas of Ques. 842 are accounted for. 


tan B = 


845. What is the procedure for the solution of a right spherical triangle? 

Since the right angle is always known, only two other parts need be known to 
solve for the three remaining parts. 

Use Napier’s rules and write three equations, each of which contains the two 
given parts and one of the unknown parts. From these the three unknown parts 
are obtained. 

846. How do the algebraic signs of the functions determine the sign of the resulting function and 
thereby the angle? 

a. If the part to be found is obtained from a cosine, tangent, or cotangent, there 
is no ambiguity; for if these functions are positive, the unknown part will have a 
value less than 90 deg.; if they are negative, the part will have for its value the 
supplement of the angle that is found from the tables of trigonometric functions. 

b. If the unknown part is determined by a sine that is positive for all angles 


between 0 and 180 deg., the value may be either that obtained from the tables or 
its supplement. Unless the ambiguity can be removed, both solutions may be 
required to be used. 
847. How may the ambiguity as to the angle be removed when the unknown part is determined from 
a sine? 

There are two rules that can aid us to remove an ambiguity in regard to an 
unknown part that is determined from a sine. 

Rule A. The hypotenuse is less than 90 deg. if the sides adjacent to the right 


angle are in the same quadrant, i.€., 
B B 
c a - 
a 
Cc A ‘ 
OC YC Ac 

b b a b 
a and bare less than 90° a and 6 are greater than 90° , _ @is greater than 90° 
”, hypotenuse is less .”, hypotenuse is less than 90 6 is less than 90° 

than 90° .”, hypotenuse is greater than 90° 
QUES. 847. 


when they are each less than 90 deg. or each greater than 90 deg. The 
hypotenuse is greater than 90 deg. if the sides adjacent to the right angle are in 
different quadrants, i.e., when one is less than 90 deg. and the other is greater 
than 90 deg. 


Rule B. An angle and its opposite side are in the same quadrant. 
848. How can it be shown that the above rules are true? 
Rule A 
Formula 5 of Ques. 842 gives the relation of the hypotenuse and the sides 
adjacent to the right angle. 
cos c=cosa-cosb 


1. Assume a and b each less than 90 deg. Then, 
cosa=+,andcosb=+ 
and cos c = (+): (+) =+ 
Therefore, c is less than 90 deg. 
2. Now let a and b each be greater than 90 deg. Then 


cosa = —, and cosb = — 
and cosc = (—):(—) = + 
Therefore, c is less than 90 deg. 
(1) and (2) show that c is less than 90 deg. when a and b are in the same 


quadrant. 
3. Now, let a be less than 90 deg. and b greater than 90 deg. Then 


cos a = +, and cosb = — 
and cosc = (+)'(-) = - 


Therefore, c is greater than 90 deg. 
4. Let a be greater than 90 deg. and b less than 90 deg. 
Then 


cosa = -, and cosb = + 
and cose = (—)'(+)=- 


Therefore, c is greater than 90 deg. 
(3) and (4) show that c is greater than 90 deg. when a and b are in different 
quadrants. 


Rule B 
Formula 3 of Ques. 842 gives the relationship between an angle and its 
opposite side. 


tan a and tan A are both plus or both minus because sin b is necessarily positive 
for all values between 0 and 180 deg. It follows, then, that a and A are each less 
than 90 deg. or each greater than 90 deg.; i.e., an angle and its opposite side are 
in the same quadrant. 


849. What is the solution of the right triangle, given A = 36°14’ and b = 115°? 


To find B, a, and c select three equations each of which contains two known 
parts and one unknown part or apply Napier’s rules of circular parts. 
a. An equation involving the unknown a and the given A and b 


QUES. 849. 
sin b = tan a: dan co-A 
sin b = tana: cot A 
tan a = tan A: sin b 
b. An equation involving the unknown c and the given A and b 
sin co-A = tan b+ tan co-c 
cos A = tan b« cot c 


cotc = cos A‘ cotb 
c. An equation involving the unknown B and the given A and b 


sin co-B = cos co-A « cos b 
cos B = sin A‘ cos b 


To save space we drop the —10 part of the characteristic for each logarithm. 
Note that 


19.°°> —20=9.°°° — 10. 
tlog tan A = 9.8650 ‘log cos A = 9.9066 
tog sin b = 9.9573 “log cot b = 9.6687 
tog tan a = 9.8223 “log cot ¢ = 9.5753 
a = 33°36’ c’ = 69°23’ 
(supplement) ¢ = 110°37’ 


tog sin A = 9.7717 
“log cos b = 9.6259 
“log cos B = 9.3976 
B! = 75°32’ 
(supplement) B = 104°28’ 
To check the results, write a formula involving the three parts just determined. 
sin co-B = tan a- tan co-c 
cos B = tana‘ cotc 
log cos B = log tan a + log cotc 
9.3976 = 9.8223 + 9.5753 = 9.3976 Check. 


850. What is the solution of the right triangle, given a = 45°10’, c = 130°40’, with C = 90°? 


QUES. 850. 


By Napier’s rules, given a and c, 
a. Involving unknown A and the given a and c 


sin a@ = cos co-A * cos co-c 
sina = sin A‘sinc 
sin a 
sin c 
b. Involving unknown B and the given a and c 
sin co-B = tan co-c: tan a 
cos B = cot c:* tana 


sin A = 


c. Involving unknown b and the given a and c 


sin co-c = cos a‘ cos b 


tog sina = 9.8507 ‘log tan a = 20.0025 — 20 
*log sin c = 9.8800 “log tan c = 10.0659 — 10 
tlog sin A = 9.9707 ~“logcosB = 9.9366 — 10 
A = 69°12’ B’ = 30°14’ 
B = 149°46’ 
“log cos c = 9.8140 
*log cos a = 9.8482 
log cos b = 9.9658 
b' = 22°26’ 
b = 167°34’ 
The value of A less than 90 deg. is taken because A and a are necessarily in 
the same quadrant. 


To check, use sin co-B = cos b« cos co-A 
cos B = cos b: sin A 
log cos B = log cos b + log sin A 
9.9366 = 9.9658 + 9.9707 = 9.9365 Check. 


851. What is the solution of the right triangle, given B = 108°43’, b = 123°38’? 


QUES. 851. 


To find A, a and c 
a. Involving unknown A and the given b and B 


sin co-B = cos b: cos co-A 
cos B = cos b: sin A 

cos B 

cos b 


b. Involving unknown a and the given b and B 
sin a = tan co-B « tan b 
sin a = cot B: tan b 
c. Involving unknown c and the given b and B 
sin b = cos co-c + cos co-B 
sin b = since: sin B 


sin A = 


sin ¢ = 


“log cos B = 9.5063 
“log cos b = 9.7434 
*log sin A = 9.7629 


sin b 

sin B 
“log cot B = 9.5300 
“log tan b = 0.1770 
*log sin a = 9.7070 


Ay = 35°24’ a, = 30°37’ 
A, = 144°36’ dy = 149°23’ 
tlog sin b = 9.9205 
*log sin B = 9.9764 
Tlog sin ¢ = 9.9441 
qc. = 61°33’ 
Co = 118°27’ 


To check, write sin a = cos co-A * cos co-c 
sina = sin A‘ sinc 
log sin a = log sin A + log sinc 
9.7070 = 9.7629 + 9.9441 = 9.7070 Check. 


Since B and b are in the same quadrant and A and a are in the same quadrant, 
then both sets of values must be used. See Rule B, Ques. 847. 
Now, the sides a = 149°23’ and b = 123°38’ adjacent to the right angle C are 


in the same quadrant; therefore, the hypotenuse c must be less than 90 deg. See 
Rule A, Ques. 847. And, since C, = 61°33 is less than 90 deg., c, belongs with 
Ay = 144°36’. 
The two solutions are 
1. A = 35°24’ a = 30°37’ c = 118°27’ 
2. A= 144°36’ a = 149°23’ c = 61°33’ 
852. How do you solve a quadrantal triangle? 
We know that the polar triangle of a quadrantal triangle is a right triangle. We 


then solve this polar triangle and take the supplements of the parts to get the 
values of the parts of the quadrantal triangle. 


OBLIQUE SPHERICAL TRIANGLES 


853. How are oblique triangles solved by means of right triangles? 


a. Isosceles triangle 

Two sides are equal and the base angles are equal. 

Draw a great circle from the vertex perpendicular to the base. This 
perpendicular bisects the base and the vertex 


B 
a 
c 
Aa+7 OD 
ZA is acute ZA is obtuse 
(c) 
QUES. 853. 


angle and divides the isosceles triangle into two symmetrical right triangles. 

b. Given two sides and an angle or two angles and a side Draw a great circle 
from vertex B perpendicular to the opposite side or the opposite side extended. 

First solve the right triangle having two parts known and then solve the other 
right triangle. When two of the parts are opposites, there may be two solutions. 

c. Given two sides and the included angle 

A perpendicular may be drawn from either of the vertices whose angle is not 
given. 

In the figure, if b, c, and A are given, the perpendicular may be drawn from 
either B or C. If it is drawn from B, first solve right triangle DBA for h, DA, and 
ZDBA. 

If ZA is acute and AD is less than b, DA is subtracted from b to give DC. 

If ZA is obtuse, first solve right triangle ADB for h, DA, and 2DBA, knowing 


cand Z. BAD (supplement of 4A). Then solve right triangle BDC for a, 2DBC, 
and ZC, knowing h and DC. 
854. What are the six cases in the solution of oblique spherical triangles? 


Case I. Given three sides, a, b, c. 

Case II. Given three angles, A, B, C. 

Case III. Given two sides and the included angle, a, b, C 

Case IV. Given two angles and the included side, A, B, c. 

Case V. Given two sides and the angle opposite one of them, a, b,A. 
Case VI. Given two angles and the side opposite one of them, A, B, a. 


B 


b 


QUES. 854. 
855. Is the law of cosines sufficient to solve a triangle in Case I? 


The law of cosines is sufficient to solve the triangle, but the equations are not 
adapted to logarithmic computations. 


856. How can equations suitable for the solution of Case I be obtained for logarithmic computation? 
cos a = cos b: cosc + sin b‘sinc*cos A 
(the law of cosines) 
cos a — cos b cos c¢ 


cos A = . 
sin 6: sinc 


Now apply composition and division, 


1—cosA _ sinb:sinc + cos b* cosc — cosa 
1+ cosA sin b«sinc — cos b: cosc + cosa 
_ cos (b — c) — cosa 
~ cosa — cos (b+ c) 
[since — cos (b + c) = —(cos b* cos c — sin 6° sin c)] 
_ cos a — cos (b — ¢) 
~ cos (6 +c) — cosa 
cos a — cos (b — c) = ~2ein ST — 2. gin SO TO 
and cos (b +c) — cosa 
. at+b+e . b+ce-a 
= —2 sin ——5—— * sin ——9— 


Substitute these in the above to get 


atb—-—c . a—b+e 


1 —cosA _ _ 2 “a 2 
l+cosA . atb+ec . b+c-a 
ie, ie i 
Now, let a+b+c= 2s 
Then, a+b+c— 2c = 2s — 2 


a+b—c = 2(s —c) 
a—b+c=2(s —b) 
b+c—a = 2s —a) 
Substitute these in the above to get 
1—cosA _ sin (s — b)* sin (s — ¢) 
1+cosA sins ~ sin (s — a) 


In plane trigonometry 


[I — cos A 

1+ cos A 
sin (s — b) + sin (s — ¢) 
sin s‘ sin (s — a) (1) 
sin (s — c)‘sin (s —a 
oar a 2) 
re ses (3) 


sin $* sin (s — c) 


Similarly, 


E 
pI Bl& pol bo] > 
| 


E 


and, 


Write Eq. (1) as 


A 1 sin (s — a) «sin (s — b)- sin (s —c) 
tan> = = I 
2 ~—ssin (s — a) sin 8 


Letting k = an ( — o) ain (o — O) vain (@ =) 

then, tan ; a Ga mn 

Similarly, tan 5 a OLB (5) 
tan 5 = TICE (6) 


Either set (1), (2), and (3) or set (4), (5), and (6) may be used in the solution of 
Case I, given three sides a, b, c. 
857. How can you check the solution of a triangle in Case I? 


The law of sines may be used as a check on the solution of Case I. 


snA sinB sinC 


sina sind sine 


log sin A — log sin a = log sin B — log sin b = log sin C 
— log sin c 
868. What is the solution of the triangle, given a = 109°, b = 57°, and c= 65°? 
To find A,B,C. Case I 


s=3(a+6+c) = 3(109 + 57 + 65) = 7}4 
= 115°30’ 
s — a = 115°30’ — 109° = 6°30’ 
s — b = 115°380’ — 57° = 58°30’ 
s — c = 115°30' — 65° = 50°30’ 


log sin (s — a) = 9.0539 — 10 
log sin (s — 6) = 9.9308 — 10 
log sin (s — c) = 9.8874 — 10 


28.8721 — 30 
log sins = 9.9555 — 10 
2)18.9166 — 20 
logk = 9.4583 — 10 
log k = 9.4583 log k = 9.4583 
log sin (s — a) = 9.0539 log sin (s — b) = 9.9308 
log tan £ = 0.4044 log tan 3 = 9.5275 
A eons B _ °Qr 
3 = 68°30 Ce 18°37 
A = 137° B = 37°14’ 
log k = 9.4583 
log sin (s — c) = 9.8874 
log tan 5 = 9.5709 
C oper 
20°25 
C = 40°50’ 


Check. 


log sin A = 9.8338 log sin B = 9.7818 
log sin a = 9.9757 log sin b = 9.9236 
9.8581 9.8582 
log sin C = 9.8155 
log sin c = 9.9573 
9.8582 
859. How do you solve a triangle in Case I, given the three angles A, B, C? 
A triangle in Case IT may be solved 
a. by the use of the principle of polar triangles. Use accented letters to 
represent the corresponding parts of the polar triangle. Then, a’ = 180° — A b = 
180° — Bc’ = 180°-C 
Thus, having the sides a’ b’, c’, find the angles A’, B’, C’ as in Case I. Then the 
sides of the original triangle will be 


a = 180° — A’ 
b = 180° — B’ 
c = 180° — C’ 


b. by using the law of cosines to arrive at relationships expressing the sides in 
terms of the angles. 


cos A = — cos B: cos C 
+ sin B- sin C: cosa 
cos B: cos C + cos A 
sin B: sin C 


cos a = 


QUES. 859. 
Then by composition and division 


1+cosa_ sin B:sin C + cos B: cos C + cos A 
1—cosa sin B«sinC — cos B: cos C — cos A 
Now, —cos(B+C) = —(cos B: cos C — sin B: sin C) 

_l+cosa  cos(B—C)+cosA 

““1l-cosa —cos(B+C) —cosA 

cos (B — C) + cos A 

~ eos (B + C) + cos A 

A+B-C mia A- te 
2 


2 cos 


~ B+C+A Ee A 
aa aad 
Now, if A+B+C=28 
thn A+B+C—2C =2(8 —C)=A+B-C 
A+B+C-—2B=2(S-—B)=A-—B+C 
A+B+C-2A=2(8 —A)=B+C-A 
‘ wo ng ES ja OS = ee 


— cos a cos S: cos (S — A) 


Now, if we let 


cos (S — A): cos (S — B)- cos (S — C) 
— cos 8 
K b K 
cos(S—A) “tS = cos(S—B) 
c K 
Siig * oe (S — C) 


K = 


a 
then cot .* 


It is not necessary to memorize these formulas. 


860. What is the solution of the triangle, given A = 126°, B = 47°, C = 69° (Case II)? 
To find a, b, c. 


180° — A = 180° — 126° = 54° 
180° — B = 180° — 47° = 133° 
180° — C = 180° — 69° = 111° 
s = $(54° + 133° + 111°) = 149° 
s — a’ = 149° — 54° = 95° 
s — b’ = 149° — 133° = 16° 
s—c’ = 149° — 111° = 38° 
log sin (s — a’) = 9.9983 — 10 
log sin (s — b’) = 9.4403 — 10 
log sin (s — c’) = 9.7893 — 10 
29.2279 — 30 
log sins = 9.7118 — 10 
2)19.5161 — 20 
logk = 9.7581 — 10 


a’ 
b’ 
c’ 


log k = 9.7581 log k = 9.7581 

log sin (s — a’) = 9.99838 _—_ log sin (s — b’) = 9.4408 
log tan é = 9.7598 log tan a = 0.3178 

 — Baste 

2 29°53 > = 64°19 


A’ = 59°46’ B’ = 128°38' 


log k = 9.7581 
log sin (s — c’) = 9.7893 


log tan g = 9.9688 


2 

C" = 49°” 
> = 42°57 
C’ = 85°54’ 


Then, a = 180° — A’ = 180° — 59°46’ = 120°14’ 
b = 180° — B’ = 180° — 128°38’ = 51°22’ 
c = 180° — C’ = 180° — 85°54’ = 94°6’ 


Check. 


log sin A = 9.9080 log sin B = 9.8641 
log sin a = 9.9365 log sin b = 9.8927 
9.9715 9.9714 

log sin C = 9.9702 

log sin c = 9.9989 

9.9713 


861. What formulas are used in the solution of a triangle in Case III or Case IV? 

The formulas that are used in the solution of a triangle in Case III or Case IV, 
given two sides and the included angle or two angles and the included side, are 
known as Napier’s analogies. These formulas are analogous to the law of 
tangents in plane trigonometry. 


862. How are Napier’s analogies arrived at? 


We have found that 


n4e toate Be 
ans = gin (8 — a) as ae a Eee 
(Ques. 856) 
k? 


A B 
Then, tan y‘tang = an (s — a) ‘sin (s — b) 


_ Sin (s — a) sin (s — 6) «sin (s — ¢) 


Now, k? 
sin 8 


_ sin (s — a) sin (s — b) sin (s —c) | 1 
~ sin 8 sin (s — a) sin (s — 6) 
sin (¢ — c) 
~ gins (1) 
Subtract each side of Eq. (1) from 1. 

sin = sin z 
eet tee 

A B 

cos 9 * Cos 5) 


cos > sn ae om ; ; 
iis 2 2 2 2 _ sins — sin (s — ¢) 
cos a cos e aaiie 
2 2 
cos 45 2 cos (28 — ¢) sin 5 
cos 2, cos > = 
2 2 
But 23-c=(a+b+c)—-c=a+b 
A+B (a+b) . ¢ 
COS —5 2 cos ——p—" * sin 5 
7 sin 8 (2) 
COS 5 * COS 5 
Now add each side of Eq. (1) to 1 
cin 5 sin 5 sin (s — c) 
a gt Sine 


B 
COs F * COs 5 
B 
2 


A B A 
cos 5° cos 5 + Sin 5° sin 


2 _ sins + sin (s — c) 
A ~ sin § 
COS 5 * COS 5 
ne 2 sin M2 —) . oog8 ante? eat 
2 2 2 2 2 
= sin s ‘a sin § 
COS F * COS 5 


(3) 
Here also, 2s —c = (a +b + c)—c =a + b Now divide Eq. (2) by Eg. (3) to 
get 


A+B c 
cos aa tan 5 
a . Napier’s analogy (4) 
cos tba tan 2 
2 2 
Now we know that 
A k k 
an ~ ane — a) and tan 5 ~ in — 5) 
tan S 
2 _ sin (s — b) 
Then, B ~ sin (s — a) 
tan = 
2 
ee 
me 2 O82 _ sin (s — B) 
wal A. B sin (s —a) 
cos > * sin 5 
sin o cos B 
2 2 _ sin (s — b) 
and oe t1=-me-a)t! 
cos 9 * Sin 2 


7 By A. B 


cos 4 + sin & on ts a) 
ek Wid 
Using the upper signs, we get 
_ A+B 2 sin 2 a2. a—b 
sin —> 7 sin ———y —— * cos —5 
cos = ° Si . make) 
~~ 
aan’. a—b 
sin 5 * COS —5 


-—“ne-a © 
since 23-a—b=(a+b+c)—-a-—-b=c 
Using the upper signs, we get 


sin —> - 2 9 9 
cos = ° sin = on ee 
2 2 
c ., a=—b 
2 cos 5° Sin = 
~ gin (s — a) (6) 
Divide Eg. (5) by (6) to get 
sin a2 tan = 
ee Napier’s analo (7) 
es eae os eee BY 
sin 9 = 
Applying Eq. (4) and Eq. (7) to the polar triangles, 
cos te tan C 
2 = 2 
cos A 8 tan A A 
2 2 
sin A+B tan € 
2 2 
_A'—-B . a -¥ 
sin 5 tan 5 


From the relations of polar triangles 
A’ = 180° —a a’ = 180° —A 
B’ = 180° — b = 180° — B 
Cc’ = 180° —c c’ = 180° —C 

If these are now substituted in the above, 

a+b Cc 


9 cot 
= B Napier’s analogy (8) 


—a—b .| A+B 


o 
~ 
| 


cos 


sin 17° cot = 


aE eee es: Napier’s analogy (9) 
sin —— tan a oa 


863. What is the solution of the triangle, given a = 103°30’, b = 42°40’, C = 48°20’ (Case III)? 
To find A, B, c. 
Apply Napier’s analogies, Eqs. (8) and (9), Ques. 862. 


C 
cot > 
a+b 
2 
. a-—b C 
A-B SH pg ‘cots 
a aT? wa 


sin 
2 


Then apply either Eq. (4) or Eq. (7) of Ques. 862. 


: c_ sin 9 t 5) 
=” AB 
sin 9 
a+b  108°30’ + 42°40’  146°10’ ad 
= 785 
2 2 2 
a—b  103°30’ — 42°40’ 60°50’ — 
eo oe amen 
C 48°20’ — 
5 =p = 24°10 
log cos ~ = > _ 9.9357 log sin “ > o _ 9.7044 
log cot . = 0.3480 log cot s = 0.3480 
0.2837 0.0524 
log cos : + : = 9.4639 log sin : - : = 9.9808 
log tan 2 - B _ 03198 log tan . 7 B _ d07i6 
ais = 81°23’ = 5 B _ 49°49! 
fis + a5 = 81°23’ + 49°42’ = 131°6’ = A 
A+B A-=B 


— —>5— = 81°23’ — 49°42’ = 31°41’ = B 


log sin oon 9.9951 


D 9.7687 
‘i 9.7638 
log sin A 5 = 9.8823 


log tan 5 = 9.8815 
F = 37°17’ 
c = 74°34’ 


Check 


log sin A = 9.8773 log sin B = 9.7203 

log sin a = 9.9878 log sin b = 9.8311 

9.8895 9.8892 
log sin C = 9.8733 
log sin c = 9.9841 
9.8892 

864. What is the solution of the triangle, given B = 108°20’, C = 104°28’, a = 72°42’ (Case IV)? 
Find b and c by Napier’s analogies 


jee Og ‘tan 5 
oie ial . B+C 
sin 5} 
B+C  108°20’ + 104°28’ 
QQ 2 
B-C = 108°20’ — 104°28’ 
2 rong 2 
a 2°42 cone 
— 36°21 


_ 212°48’ 
——s 


_ Oat 


~ @ 


QUES. 864. 


tlog cos g = C = 9.9997 
Hog tan 5 = 9.8669 
9.8666 
news - C — 9.4508 
“log tan : 5 Sa 0.4158 
180° — ote = 69° 
ots TI 
b+ec b—c 
2 Tg 
b+e = b—c _ 
D} 7 


111° — 1°29’ = 109°31’ = 


Hog sin z 5 C = 8.5277 
Hog tan 5 = 9.8669 
8.3946 
ines = x C _ 9.9819 
*log tan 25s = 8.4127 
b—e oer 
5 = 1°29 


= 111° + 1°29’ = 112°29’ = b 


| 
° 


To find A, use either Eq. (8) or Eq. (9) of Ques. 862. By Eq. (9), 


A 
cot > = 


*log sin : - = 9.9702 


tlog tan 2 5 Ss 8.5280 


8.4982 

log sin : 5 8.4128 
tog cot o = 0.0854 

A ° ; 

7 = 39°24 

A = 78°48’ 


Note that, when the algebraic signs are not all plus, the quadrant in which the 
angle lies is determined by the sign in the case of the tangent, cotangent, or 
cosine of the required angle. 

Use the law of sines for a check. 


log sin A = 9.9916 log sin B = 9.9774 
log sin a = 9.9799 log sin b = 9.9656 
0.0117 0.0118 

log sin C = 9.9860 

log sin c = 9.9743 

0.0117 


865. How do you solve a triangle, given two sides and an angle opposite one of the sides, Case V, or 
given two angles and a side opposite one of the angles, Case VI? 


Cases V and VI may be solved by the law of sines together with Napier’s 
analogies. 


866. Why does not the law of sines determine an angle unambiguously? 


If a, b, and A are given, we may write 
sin b: sin A 


sin a 
unambiguously because B may be either acute or obtuse. In this case there may 
be two solutions, one solution, or none. 


sin B = (from the law of sines) B is not determined 


867. What theorems enable us to determine which values of the angle (or side) are possible? 


The theorems that enable us to determine which values of the angle (or side) 
are possible are a. In a spherical triangle, if two angles are unequal, the sides 
opposite are unequal and the greater side lies opposite the greater angle. 


b. If two sides are unequal, the angles opposite are unequal and the greater 
angle lies opposite the greater side. 

Thus, if b is greater than a, then only values of B greater than A are possible. 
Both values of B, or only one value, may be greater than A. 

And, if b is less than a, then only values of B less than A are possible. Both 
values of B, or only one value, may be less than A. | 

Also, if the sine of B in gin B = sin 6: sin A, greater than 1, i.e., if 

sin @ 

log sin B is a positive number, no solution is possible. 
868. What is another method of removing the ambiguity in Cases V and VI? 


Two angles are said to be of the same species when they are both acute or both obtuse. 
Since we know that any side, as a, and its corresponding angle A of a spherical triangle are each less 


than 180 deg., it follows that A+B B at 0 b are also each less than 180 deg. and that 
as and c must each be less than 90 deg. Thus in Napier’s analogy, 
A+B 
cos ——p— tan 


c 

2 

cos male tan a+b 
2 2 


—B - .; , 
cos —> and tan 5 are both positive. Now this requires 


a+b 


that cos A z S and tan 


2 
sign, making ais and “ + : of the same species. 


have the same algebraic 


Thus, if a and b are given and angle A or B is to be found, 1. if a+b is 
A+B 
2 


greater than 90 deg., then 
2 fits 


must also be greater than 90 deg. 


is less than 90 deg., then Ais must also be less than 90 
deg. 

The values of A or B must be so chosen as to satisfy condition (1) or (2). 
869. What is the solution of the triangle, given a = 43°40’, 6 = 34°30’, B = 32°20’ (Case V)? 


To find A, use the law of sines, sin A = ang "sn 2. 


log sin a = 9.8391 
log sin B = 9.7282 
9.5673 
log sin b = 9.7531 
log sin A = 9.8142 
A = 40°41’ A’ = 139°19’ 


QUES. 869. 
Here a > b, then A must be > B. As this is true of both values of A found, it 


follows that there are two possible solutions of the triangle. 


To find c and C, use Napier’s analogies 


. a+b A-B 
C sin — a ‘tan _ we 
cot = “Te 
sin 9 
~~ ArB. t a—b 
‘ c _ sin 9 a 9 
ae a _ AB 
sin 5) 
First solution 
a+b _ 43°40’ + 34°30’ - 78°10’ —— 
genet amen ereos feng Sora 39°5 
C= b 43°40’ — 34°30’ 9°10’ Cnr! 
A+B _ 40°41’ + 32°20 _ 73°l' _ aecanany 
2 2 2 
A 7 B 40°41’ r 32°20’ 8°21’ ° t "rr 


Second solution 


7; * 4°35’ 
A 12 _ 139°19 £2 20’ _ 35°49'90"" 
A = B _ 139°19 : 32°20" _ 53°29'30"” 
_ atdb . ath 
log sin Vili 9.7996 log sin os 9.7996 
st , — 
log tan . 5 z = 8.8633 log tan 2 D = = 0.1307 
8.6629 9.9303 
log sin “ 5 > _ 8.9025 log sin - > — 8.9025 
log cot < = 9.7604 log cot S = 1.0278 
C PI? o9/ Cc’ _ fo , 
35> 60°3 “hn 5°22 
C = 120°6’ C’ = 10°44’ 


A +3 A’ 


log sin = 9.7745 log sin - = 9.9989 


a7 


log tan ~ 7 > _ 8.9039 log tan 5 > _ 8.9039 
8.6784 8.9028 


log sin : — = 8.8621 log sin 2 " B _ 9.9052 


log tan 5 = 9.8163 log tan 5 
c pyar c 
5 = 33°14 5 
¢ = 66°28’ c! 


The two complete solution are 


A = 40°41’ or A’ = 1389°19’ 
C = 120°6’ C’ = 10°44’ 
c = 66°28’ c! = 11°22’ 
Check 
log sin A = 9.8142 log sin B = 9.7282 
log sin a = 9.8391 log sin b = 9.7531 
9.9751 9.9751 
log sin C = 9.9371 or 9.2700 
log sin c = 9.9623 or 9.2946 
9.9748 9.9754 
870. What is the solution of the triangle, given a = 124°, c = 72°, A = 52° (Case V)? 


sin A: sinc 


To find C apply the law of sines, gin C' = : 
sln a 


= 8.9976 


= 5°41’ 
= 11°22’ 


log sin A = 9.8965 
log sin c = 9.9782 
9.8747 
log sina = 9.9186 
log sin C = 9.9561 
C = 64°40’ or 115°20’ 
Since a > c, A must be > C, which is not the case here. Therefore, there is no 


solution. 
Also, we see that 


a+ec_ 124° + 72° 


> = 7 = 98 
wit A + C52 ie a .. ey 
or 52 st —_— 


Since z x Z > 90° then, from (1) of Ques. 868, we must also have 


871. What is the solution of the triangle, given A = 86°, C= 14°, a = 24° (Case VI)? 
sin C+ sin a 
sin A 


2 90° This is not the case here and indicates no solution. 


Forcuse sinc = 


log sin C = 9.3837 

log sin a = 9.6093 

8.9930 

log sin A = 9.9989 

log sin c = 8.9941 
c = §°40’ or 174°20’ 


QUES. 871. 


Since C < A, then c must be < a and the second or larger value of c is 
impossible. 


A+C_ 86°+14° 


; ri adie 
A—-C_ 86° — 14° , 
a ce ie 


aa © Fo4gy 
s-_3 ae = 9°10’ 


_ AAC b 
sin 5) tan 5 
To find b, use ee eR 5, = von eae pe 
sin 7. tan 5 
log sin z - og = 9.8843 
log tan 5 © = 9.2078 
9.0921 
log sin —~— = 9.7692 
log tan ; = 9.3229 
_ 
i 11°53 
b = 23°46’ 
. at+c 
sin cos 3 
To find B, use ye ——_— = ———-,) : which has the 
. a-e A-C 
sin tan —s~— 


advantage of giving an unambiguous result, or the law of sines. Since the law of 
sines is simpler, we choose ithere, sin B = sin C * sin 6 
Sin ¢c 

log sin C = 9.3837 
log sin b = 9.6053 

8.9890 
log sin c = 8.9941 
log sin B = 9.9949 

B = 76° or 105° 


Since b < a, then B must be < A and the second or greater value of B is 
impossible. 


The complete solution is, therefore, 
c = 5°40’, b = 23°46’, B = 75° 
Check 

log sin A = 9.9989 log sin B = 9.9949 
log sin a = 9.6093 log sin b = 9.6053 
0.3896 0.3896 

log sin C = 9.3837 

log sin c = 8.9941 

0.3896 


872. What are Delamore’s analogies or Gauss’s equations? 


A+B 


They are relationships that express gin fi5 and egs a terms 


of the functions of the other four parts of the triangle. 


873. How are Gauss’s equations obtained? 


We start with the law of cosines 
cos a = cos b: cosc + sin db: sinc: cos A 


cos a — cos b: cosc 
Then, cos A a 


sin b: sinc 
Subtract each side from 1. 


(1) 


cos a — cos b: cose 


1—cosA =1 —- 
sin 6: sin ¢ 
_ sin b- sinc — cosa + cos db: cosc 
_ sin b: sinc 
_ (cos b: cos c + sin b« sin c) — cosa 
~ sin b« sin ¢ 
_ cos (b — c) — cosa 
7 sin b+ sin ¢ 


b—-c+a .b-—-c-a 
om 


2 sin 
2 
(2) 


7 sin 6b: sin ¢ 


Now, 1—cosA = 2 sin’ 4 


wad = gh Ee | - (*=3*")| 
2 2 


pt, 0 = oo 
= sin 9 
which we substitute in Eq. (2) to get 
at+b-e . a-bt+e 
—2 sin — sl 
2 2 
2 sin? =~ = : 
sin b+ sin c 
~@to=6 . gd +o 
. A 7 sin ——3_—— * sin 5 —— " 
o co im sin b: sinc 
Now, let 2=a+b+c 
Then 2s —2c=a+b+c-— 2c 


or a+b—c= 2s —c) 
Similarly, a—b+c= 2(s — bd) 
Substitute these in Eq. (3) to get 


A, sin (s — 6): sin(s —c 
sin 5 ( Ls ( BBS ot ee ie (4) 
- ginb« sine 
Similarly, we can hoe 


sin 2 B of UD (s — a) ‘sin (s — c) 


sin a‘ sinc (5) 
;, Cae a) an = 
a7 sin a: sin } (6) 


Going back to the law of cosines, add each side of Eq. (1) to 1 and get 
cos a — cos 6b: cosc 


1+ cos A = 1+ sin b+ sinc 
_ sin b* sin c — cos b: cos c + cosa 
in sin b* sin ¢ 
cos b: cos c — sin b: sinc — cosa 
- -( sin b- sin ¢ 
cos (b + c) — cosa 
--| sin b* sin c | 
cos a — cos (b + c) 
~  ginb« sine | 
atb+c . a-b-c 
—2 sin ——>——_ ° s&—n. ———— > 
eee rs ee - 
ie sin 6: sinc (7) 


Now, 1 + cos A 


2 cos? £ and 


. b+cec-a in| Ct) . a-b-ce 
Ss = sin; -— a = Sin _——) 


which we substitute in Eq. (7) to get 


Qto+¢. .. be 6 
2 2 


—2 sin sin 
2 cos? 4A = ; 
2 sin 6b: sinc 
Again, let 283 =a+b+ec 
Then b+c—a = 2s — a) 
; bag ge Oe 
ee ge sin b« sinc (8) 


Similarly, we can obtain 


_ [sin s - sin (s — b) 

a sin a* sin c (9) 
_ [sin s* sin (s — c) 

7 sin a‘ sin 6 (10) 


Now multiply Eq. (4) by Eq. (9) 


bo] by 


wI 


_ A B 

sin 5 * COS 5 
a ed a EE sin s - sin (s — 6) 
= sin b+ sin c sin a‘ sin c 
_ sin (s — 6). [sin s - sin (s — ¢) 
«gin ¢ sin a‘ sin b 


_sin(s- 0) € 
a ae COS 5 (11) 


Now multiply Eq. (8) by Eq. (5) 


A. in B 
COS 5 am 5 


-eee (s — a) __|sin (s — a) * sin (s — ¢) 


sin 6b: sinc sin a‘ sinc 
_ sin (s — a). [sin s « sin (s — ¢) 
= sin ¢c sin a‘ sin b 
sin (s — a) C 
‘poe 
sin c anne, (12) 


Now multiply Eq. (11) by Eq. (12) 


A 8B A. B 
sin 5 COS F + COS > sin 5 
_ sin (s — 6) | C , sin (s — a). 4 
~ gine eae a aes | 
_ er Oe Re ee 
sin a +5 = sin —9 = sin 5 COS 5 
A .B8B 
t+ cos 5 * SIN 5 


_.. A+B — sin(s — a) +sin (s — 5). C 
eS = ae ee 


: c ~ c 
Now gin ¢ = sin 2 (5) = 2sin 5 COS 5 


and sin (s — a) + sin (s — b) 


s—-at+s-—b s—a-—-s+b 
a: is eae 
a 6G b-—a 


ie a+b+c—a—b ek Cc. b-—a 
= 2sin ———5 ——* ¢08 —— = 2 8IN5 cos —5— 


= 2 sin 


= 2 sin 


9 si c.. b—a 

A ee ain 5 cos D) 
.. Sin 5 eee ee 
2 tf aay © 2 

D5 COS 5 


| A+B _ ae: 
Finally, sin eS ae SO 


: b—a b—a\| _ a 
since cos —5— = cos | — 5 = cos 


. a-—b 
a.) a 
_ — i? COS g 
| 
a+b 
jak DO . 
cos = C ons 
_—- 
a+b 
A-B 2 Cc 
“a = ?-_ sin 5 
ails 


Equations (13), (14), (15), and (16) are Gauss’s equations. 


874. When are Gauss’s equations used? 


(13) 


(14) 


(15) 


(16) 


Gauss’s equations may be advantageously used to solve a triangle coming 
under Cases III and IV of oblique triangles, i.e., when we are given two sides 


and the included angle or two angles and the included side. 


equations? 


875. What is the solution of the triangle given a = 130°16’, b = 54°32’, C = 51°14’, using Gauss’s 


ot° . 2 ae = 92°94’ 
a—b  130°16’ — 54°32’ maces 
aa headend: ‘iiniaiiaiiat 37°52 


C —_ ° / 
7 so = 25°37 
b 


log sin “3 = 9.9996 log sin “> = 9.7880 
log cos ~ > Ss BOAT * oeve & 5 = 9.8978 
log sin § = 9.6357 log cos $ = 9.9551 
From Eq. (14) of Ques. 873, 
. a-—b 
B _ sin “Ss Y 
ieee a ¢ COs 5 
sin 5) 
| a ee Be *) 
og (sin 5° sin —5 


= log sin “>” + log cos $ 


= 9.7880 + 9.9551 = 9.7431 (1) 


QUES. 875. 


From Eq. (16) of Ques. 873, 


log (sin < . cos fe 2) = log sin Bua + log sin c 
2 2 2 2 
= 9.9996 + 9.6357 = 9.6353 (2) 
Dividing Eq. (1) by Eq. (1), 


log tan = 9 2 = 9.7431 — 9.6353 = 0.1078 


From Eq. (13) of Ques. 873, 


b 
ST ee ae 
sin 9 cee OS 5} 


logt (cos 5 ‘ sin 4 . 2) = log cos : 5 : + log cos £ 


= 9.8973 + 9.9551 = 9.8524 (3) 
From Eq. (15) of Ques. 873, 


a+b 
ys : i ee 
cos 9 =———_ Se 
cma 


log (cos 5 - cos =F) = log cos “5” + log sin 5 


= 8.6217 + 9.6357 = 8.2574 (4) 


Dividing Eq. (3) by Eq. (4), 


log” tan “7 = 9.8524 — 8.2574 = 1.5950 


Because the log tan ats is negative, the angle found in the tables is the 
of A+B 


supplement Then, 15950 in the’ tables _ gives 


180° — (4 as BY _ 89°39’ 
and ae = 91°28’ 
Now fits iz 5 B _ 91°08" + 52°4’ = 143°32/ = A 
ais wie 3 B _ 91°08' — 52°4’ = 39°24’ = B 
From Eq. (1), log sin 5 ‘sin aF| = 9.7431 
and log sin 2 5 B _ 9.8969 
. log sin 5 = 9.8462 
5 = 44°34’ 
c = 89°8’ 


Check. 
log sin A = 9.7741 log sin B = 9.8026 
log sin a = 9.8825 log sin b = 9.9109 
9.8916 9.8917 
log sin C = 9.8919 
log sin c = 0.0000 
9.8919 


876. How can you tell by inspection, before attempting a complete solution, whether a triangle is 
possible with the given data? 
Case I. Given three sides. 
If the sum of the sides is less than 360 deg. and if no one side is greater than 
the sum of the other two sides, the triangle is always possible. 
Case IT. Given three angles. 
This case can be tested by the criteria of Case I applied to the polar triangle. 


Example 
Given A = 76°, B = 103°, C = 164°. 
Then a’ = 180° — 76° = 104°, 
b’ = 180° — 103° = 77°, c’ = 180° — 164° = 16° 
The triangle is impossible because a’ > b’ + c’ or 
104° > 77° + 16°. 


Case II and Case IV. Given two sides and the included angle, and two angles 
and the included side. 

A triangle in Case III or Case IV is always possible. 

Case V and Case VI. Given two sides and an opposite angle, and two angles 
and an opposite side. 

In Case V we must first solve for the angle opposite the other given side using 
the law of sines and then apply the theorem, “if two sides are unequal, the angles 
opposite are unequal and the greater angle lies opposite the greater side” (see 
Ques. 867 and 870). 

In Case VI first solve for the side opposite the other given angle and then 
apply the theorem, “if two angles are unequal, the sides opposite are unequal and 
the greater side lies opposite the greater angle” (see Ques. 867). 


PROBLEMS 


What are the parts of the polar triangle that correspond to each of the following? 
1. a = 25°, b= 145°, C= 110° 
2. c = 128°, B = 162°, C= 173° 
3. b= 175°, c = 85°, B = 160° 
4. A= 125°, B=90°, C= 50° 
5. What is the angular distance from any point on a great circle to either of its poles? 
6. How would you show that a triangle is its own polar and that the three sides equal 90 deg. if its three 
angles equal 90 deg. ? 
Write a formula for each of the following, using Napier’s rule I (sine middle — tangents adjacent) : 7. cos 
A8. sin a 
9. cos c 10. sina 
Write a formula for each of the following, using Napier’s rule II (sine middle —> cosines opposite): 11. 
cos A 12. cos c 
13. sin b 14. cos B 
In each of the following right spherical triangles determine the quadrant of the remaining parts: 15. c = 
100°, b = 74° 
16. b = 170°, A= 65° 
17. A = 35°, b= 130° 
18. c = 55°, B= 50° 
19. a = 28°, B= 62° 
20. a = 130°, c = 80° 


Using Napier’s rules, give the three right-triangle formulas each having one unknown part and the two 
given parts: 21. a, A 22.c, B 


23. 
25. 


a, b 24, a,c 
c, A 26. A, B 


Solve the following right spherical triangles: 


27. 
28. 


29. 
30. 
31. 
32. 
.a = 18951’, A= 31°15? 

. b = 128°42 , B= 106° 30 


. Solve the quadrantal triangle in which c = 90°, a = 131°22 , and B = 167°30 . 
. What is the solution of the isosceles triangle a = c = 158°26’ in which B is the vertex angle? 


A = 38°22’ b = 118° 
a = 48°15’, c =135°18’ 


B= 110°6’, b = 128°14 
c= 1429 38 , A = 65°26’ 
a = 28°16’, b = 489 24 
A=51°9’, B= 98°37 


. Solve the oblique spherical triangle a = 72°8 , b= 86°14 , C = 61°34’ by means of right triangles. 


. Solve the oblique triangle, c = 108°53 , A= 41°27’, B = 52°36’ by means of right triangles. 
. Using the law of cosines, solve the triangle, given a = 58°, b = 69°, and A = 62°. 


Solve the following oblique spherical triangles (Cases I and II): 


40. 
41. 
42. 
43. 
44. 
45. 


a= 112°, b= 61°, c = 68° 

a = 52°20’, b = 78°30’, c = 34°10’ 

a = 163°49’, b = 69°34’, c = 128°16’ 
A= 129°, B= 42°, C= 66° 

A = 52°30’, B = 74°10’, C= 78°20’ 
A= 75°43’, B = 110°28’, C = 130°33’ 


Solve the following oblique spherical triangles (Cases III and IV): 


46. 
47. 
48. 
49. 


50. 
51. 


b = 47°30’, a = 105°10’, C = 51°20” 
a = 71°10’, 6 = 35°20’, C = 60°30” 

b = 162°54’, c = 128°48’, A = 66°16’ 
B= 104°10’, C= 101°14’, a = 74°32’ 


c = 148°30’, A= 76°10’, B= 41°20 
a=67°22’, B = 170°32’, C = 132°9’ 


Solve the following oblique spherical triangles (Cases V and VI): 


52. 
53. 
54, 
55. 


56. 


57. 
58. 


a = 44°52’, b = 35°10’, B = 33°30? 

a = 48°20’, c = 26° 10’, A = 62°30” 
b = 163°14’, c = 72°6’, 5 = 128°47’ 
A= 88°, C= 16°, a= 26° 

a = 37°10’, A = 52°40 , 5 = 22°30 


c = 26°12’, A = 65°27 , C = 38°24 
Solve the oblique spherical triangle using Gauss’s equations, given a = 132°42’, b = 56°24’, C= 


53°52’, 


CHAPTER XXIV 
APPLICATIONS OF SPHERICAL TRIGONOMETRY 


877. How is the earth considered in finding larger areas and in navigation? 


The difference between the radius at the equator and that at the poles is so 
small compared with the lengths of these radii (13 miles as against 3,960 miles) 
that for many purposes the earth is considered a sphere, and the principles of 
spherical trigonometry are used for computation of areas and distances. We shall 
assume the radius of the earth to be 3,960 miles. 


878. How can you compute the length of an arc on the earth? 
xe \' 
43 
O 


QUES. 878 

If we know the number of degrees in the arc, we can compute its length by5 = 
RA where R = radius of earth, A = the angle in circular measure, and s = length 
of arc. 


Example 
To find the length of an arc of 32 deg. on the earth’s surface 
, T ‘ 
180° = 7 radians, 1° = 180 radian, 


9  32r 8r_ 
32 = 180 = 45 radian 
8r 3,960 + 8 3.1416 
45 45 


879. How many miles are there in 1 degree of arc on the earth? 


s= RA = 3,960: = 2,211.7 miles 


T 3,960 - 3.1416 
s= RA = 3,960 * 735 aa 


= 69.1 miles approximately 
As a check on the example of Ques. 878, we get 
69.1 - 32° = 2,211.2 miles 


880. What is great-circle sailing and when is it used? 


The method of navigation when a great-circle track is used is called great- 
circle sailing. 

When the distance between two points is comparatively large, (and the two 
points do not lie near the same meridian or near the equator) the rhumb-line 
distance between them is appreciably greater than the great-circle distance. It is 
then advantageous to follow the great-circle track instead of the rhumb line. 
However, a navigator, in following a great-circle track would have to change the 
course of his ship continually because any great-circle track (except the equator 
or a meridian) would cut successive meridians at a constantly changing angle. 
This impossible performance is avoided by following a succession of chords or 
tangents to the true great-circle track. 


881. What is a terrestrial triangle? 


A terrestrial triangle is a spherical triangle that has one of its vertices either at 
the north or south pole and the other two vertex points on the surface of the 
earth. This triangle plays a fundamental role in great-circle sailing. 


S 
QUES. 881. 


ANB is a terrestrial triangle. The angle ANB is equal to DLo, the difference in 


the longitudes of A and B. 
The sides AN and BN are respectively equal to 90° — Li, and 90° — L, the 


colatitudes of A and B, where L, is the latitude of A and L, is the latitude of B. 


South latitudes are taken as negative. 

Side AB is a great-circle arc between A and B. 

The other two angles are the angles that the great-circle arc AB makes with the 
meridians through A and B. 


882. What are the customary assumptions in terrestrial computations? 


a. Radius of earth = 3,960 statute miles. A statute mile = 5,280 ft. 

b. Longitude is referred to Greenwich meridian, 180 deg. or 12 hours to the 
east or west, and is indicated by the letter E. or W., or by + for west and — for 
east. 

c. Longitude is measured by the arc of the equator contained between the 
meridian at Greenwich and the meridian of the point in question. It is also 
measured by the angle at the pole between these two meridians. 


QUES. 882-884. 


d. Latitude is reckoned + to the north and — to the south of the equator. 
e. The polar distance is the complement of the latitude; p.d. = 90° — L = 
colatitude. 
Example 
A ship sails from A, latitude 41°30 N., longitude 65°40’W. to E, latitude 
52°18 'N., longitude 4°8’W. Then, 
Angle ANB = 65°40’ - 4°8’ = 61°32’ 


p.d. AN = 90° - 41°30’ = 48° 30’ = colatitude of A 
p.d. BN = 90° - 52°18 = 37°42’ = colatitude of B 
883. What are the bearings from A to B and from B to A in the example of the above question? 
In the spherical triangle ANB 
AN = 48°30’ = b 
BN = 37°42’ =a 
Z ANB = 61°32’ = N 


This is an example of Case III in the solution of a spherical triangle. 
Use Napier’s analogies 


b+a 
cos 5) 
_ b= N 
Bo sin 5 ‘cot > 
tan 2 = . b+a 
it 
b-+a 48°30’ + 37°42’ 86°12’ —_—s,..., 
as” teenies ieee: coat 
b—a 48°30’ — 37°42’ 10°48’ ..., 
eee ee 
N 61°32’ Sia 
3 = 9 = 30°46 
log cos : 5 “= 9.9981 log sin : 5 = = 8.9736 
log cot . = 0.2253 log cot - = 0.2253 
0.2234 9.1989 
jog woe” z “ = 9.8634 lng ln 2 * ° = 9.8346 
log tan z -- A _ 0.3600 log tan Z 5 A _ 93043 
S44 — 66°25" 24 ois 
srs cif = 66°25’ + 13°2’ = 79°27’ = B 
Sas _-;- = 66°25° — 13°2’ = 53°23’ = A 


The bearing of B from A is N.53°23’E., and the bearing of A from B is 


N.79°27’°W. 

884. How many miles does the ship travel from A to B in the above question? 
Distance AB = n 

Use Napier’s analogy 


. Boa b—a 
sin ———- « ta 
t nm 2 2 
oa a =a 
sin 5 
log sin $4 = 9.9621 


be tan ; = = 8.9755 


8.9376 
log sin 5 = 9.3534 
log tan . = 9.5842 

n ° 

5 = 21 

n = 42° 


.. Distance AB = 42 - 69.1 = 2902 miles 


If only the distance is required it is simpler to use the law of cosines. 
cos n = cosa-+cos b+ sina-sin b+ cos N 


a = 37°42’, b = 48°30’, N = 61°32’ (Ques. 883) 


log cos a = 9.8983 log sin a = 9.7864 
log cos b = 9.8213 log sin b = 9.8745 


9.7196 log cos N = 9.6782 


antilog = 0.5243 9.3391 
antilog = 0.2183 
. cos n = 0.5243 + 0.2183 = 0.7426 

n = 42°2’ 


Distance AB = 42.03 - 69.1 = 2,904 miles 
which check the above 


885. How can you show that the course or direction of the ship changes as it sails along AB? 


QUES. 885. 


Assume a point C on a meridian 35° west of Greenwich. In the triangle ANC 
AN = c = 48°30 
This is equal to b of Ques. 883. 
ZA = ZN AC = 53°23’ 


This is LA of Ques. 883. 
ZN’ = ZANC = 65°40’ (longitude of A) - 35° = 30°40’ 


This is an example of Case IV in the solution of a spherical triangle, given two 
angles and the included side. Use Napier’s analogies 


ai pay cos 5 ‘tan = 5 
tan = 
2 A+N 
cos 9 
_ A—WN’ c 
AP mag! sin ——5-—— + tan 5 
tan a ee 
2 _A+N 
sin 5) 
A +N! _ 58°23’ + 30°40’ 84°3" —soorann 

a a Se = 2°10 

A —N’ _ 53°23’ — 30°40’ 22°43’ sg, any, 

a 8 ee C= 10°21'30 

ce 48°30’ soar 
ee aU 
log cos = <i N= 9.9914 log sin a 5 N’ = 9.2943 
log tan 5 = 9.6537 log tan 5 = 9,6537 
9.6451 | 8.9480 
thar ok + i= sro ices a N" = 9.8257 
log tan ~ o* = 9.7742 log tan 5 = 9.1228 
/ ’ — 

TM = 30°44’ 1 = 7°33’ 
aon 4 ST = 30°44! + 7°33! = 38°17! = a’ = CN 
aon _o —™ _ 30°44! — 7°33! = 28°11 = n' = AC 

The latitude of C is 90° - CN = 90° - 38°17’ = 51°43’N. 


A —N’ c 


The distance sailed is AC = 23.2° - 69.1 = 1,603 miles. 
To find ZC or ZNCA use 
a’ + n’ A — N’ 


gq smM—> tan a ee 
5° 
sin 9 
log sin am = 9.7084 
log tan eel = 9.3030 
9.0114 
log sin —— = 9.1186 
C aeaniainae 
log cot 5 9.8928 
C 047 
7 = 52°1 
C = 104°2’ 


. ZNCB = 180° — C = 180° — 104°2’ = 75°58’ 

The direction of the ship or course at C (the bearing of B from C) is 
N.75°587E. 

We previously found the bearing of B from A to be N.53°23’E. (Ques. 883.) 
Since we chose point C at random along the arc, we see that the course changes 
as the ship sails along AB. 

We need to know the position of points at convenient intervals along the great- 
circle track, and the foregoing shows how they can be found. 


886. What would be the nature of the path of a ship that sailed constantly on a course, say, west 25° 
south? 


In constantly sailing on a course west 25° south, the ship would move around 
the earth in a spiral approaching continually nearer to the south pole. 
887. What is meant by the vertices of a great-circle track? 


The vertices of a great circle, other than the equator, are the points of highest 


latitude on that great circle. 

The equator divides any great circle into two semicircles, so that there are two 
vertices on any great circle (other than the equator), one on each of the 
semicircles. 


888. What are the characteristics of a great circle at a vertex? 


a. The great circle is tangent to the parallel of latitude and perpendicular to the 
meridian at the vertex V. 

b. In the terrestrial triangle NAB the meridian through the vertex is therefore 
perpendicular to side AB (or AB extended) and with the other sides forms two 
right spherical triangles NVA and NVB. 


889. Of what value is the knowledge of the position of the vertex of a great-circle track? 


In marine navigation it is desirable to know whether the great circle extends 
into latitudes where ice or other dangers to navigation may be met. Since the 
vertex is the highest latitude on the great-circle track, the position of the vertex is 
valuable information. 


890. How may the position of the vertex of the great-circle track from A to B be computed? 

If the latitude and longitude of A and the initial course from A are known, then 
AN and angle NAV in triangle NAV are known, and side VN (the colatitude of V) 
and angle ANV (the difference in longitude between A and V) may be found by 
Napier’s rules (see figure, Ques. 888). 


891. How may the positions of other points on AB be determined when the latitude of V has been 
found? 


When the latitude of V has been found, the positions of other points on AB, 
such as C, whose meridians make convenient angles with VN can be found by 
solving the right spherical triangles VNC. 


892. What are the latitude and longitude of the vertex of the great-circle track of Ques. 883? 


QUES. 892. 
AN = 48°30’ = , ZA = 53°23’, 
ZN = DL, = difference of longitude 


By Napier’s rules, 
sin a@ = cos co-v - cos co-A, 


and sin co-v = tan co-N - tan co-A 
or sina = sinv-sinA cos v = cot N- cot A 
cos v 
cot N = ——; 
cot A 


log sin v = 9.8745 log cos v = 9.8213 
log sin A = 9.9045 log cot A = 9.8710 
log sin a = 9.7790 log cot N = 9.9503 
a = 36°57’ N = 48°16’ 
Latitude of V = 90° — 36°57’ = 53°3’N. 
The longitude of A is 65°40’W. and V is east of A. Then, Longitude of V = 
65°40' - 48°16’ = 17°24'W. 
Therefore, the vertex of the great-circle track is latitude 53°3'N., longitude 
17°24'W. 
893. When is composite sailing used? 


When a great-circle track would lead a ship into higher latitudes than desired, 
composite sailing is used. 


After a limiting parallel is chosen, we may obtain two single great circles, one 
going through the point of departure and a vertex on the chosen parallel and a 
corresponding great circle through the destination and its vertex on the same 
parallel. The journey is thus broken up into three parts: (1) the great-circle arc 
from the point of departure to the vertex of the circle on the limiting parallel, (2) 
the parallel between the two vertices, and (3) the great-circle arc from the second 
vertex to the destination. 


894. How do you find the area of a spherical triangle? 
We have seen that the sum of the three angles of a spherical triangle is greater 
than 180 deg. and that 
A+B+C-180°=E 
determines the spherical excess of the triangle. 
Now, in spherical geometry it is shown that the areas of spherical triangles are 


to each other as their spherical excesses. 
A trirectangular triangle has an area one-eighth of the sphere, or 


2 
: -4rR? = fa 
The spherical excess of a trirectangular triangle is 3 - 90° - 180° = 90°. 
 «K E rk? 
oe zh? = 90° or K = 180° a 


2 


where K = the area of any spherical triangle and E is its spherical excess. 
E may be readily found when the angles are known or determined. 


E may be determined directly when the three sides are known, as in geodetic 
surveying, by the use of L’Huilier’s theorem, 


E +f F s—a s—-—b $—<¢ 
tan 7 = tan 5: tan —5— - tan —5— : tan 5 


a+b+ec 
2 


where s = 


895. What is the area of the spherical triangle, given A = 112°, B = 84°, C = 97°? 


E = 112° + 84° + 97° — 180° = 113° R = 3,960 miles 


nh? mw + (3,960)? - 113 
== ge = 180 
log 118 = 2.0531 
logr = 0.4971 
2 log 3,960 = 7.1954 


colog 180 = 7.7447 — 10 
log K = 17.4903 — 10 = 7.4903 
K = 30,920,000 square miles 


896. What is meant by the celestial sphere? 


The celestial sphere is an assumed sphere of indefinitely large radius and 
concentric with the earth. 

The daily rotation of the earth on its axis from west to east causes the stars to 
seem to rotate from east to west upon the surface of this immense sphere called 
the celestial sphere. The center of the earth is taken as the center of the celestial 
sphere. To a person located at any point upon the earth, one-half of this sphere is 
visible. The figure shows the celestial sphere with the earth represented as a 
mere point at the center. 


897. What are the celestial poles? 

The celestial poles are the intersections of the line of the earth’s axis with the 
celestial sphere. The point N is the north and the point S is the south pole of the 
celestial sphere. The celestial sphere rotates (apparently) about axis NS once 
every 24 hr., actually once in a sidereal day, which is 23 hr. 56 min. 4.1 sec. 

898. What is the celestial equator? 
The celestial equator or equinoctial is the intersection of the plane of the 


earth’s equator with the celestial sphere. EBW is the celestial equator, and N and 
S are its poles. 


899. What is meant by the horizon of any point on the earth? 


The horizon of any point on the earth is the intersection of the horizontal plane 
through the point with the celestial sphere. HAH’ is the horizon. 


Z 
(Nadir) 


QUES. 896-906. 


900. What are (a) the zenith and ( b) the nadir of any point? 


a. If at any point on the earth a perpendicular is erected to the horizon at that 
point, the point where it pierces the celestial sphere above the plane is called the 
zenith of the point. 

b. The point where it pierces the celestial sphere below the plane is called the 
nadir of the point. Z is the zenith and Z’ is the nadir of the point 0. 

Note that the poles are fixed points on the celestial sphere, while the zenith 
and nadir depend on the location of the observer. 


901. What are celestial meridians? 

Celestial meridians are the great circles through the poles N and S. They are 
the projections on the celestial sphere of the earth’s meridians. 
902. What are hour circles and parallels of declination? 


Celestial meridians are known as hour circles. The celestial meridian through 
any star is called the hour circle of that star. NSB is the hour circle of S. 

The projections on the celestial sphere of the earth’s parallels of latitude are 
called parallels of declination. 


903. What is meant by the vertical circle or altitude circle through a star? 


The great circle through the zenith and a star is the vertical or altitude circle 
of that star. ZSA is the vertical or altitude circle of S. 


904. What are (a) the altitude, ( b) declination, and ( c) hour angle of any star? 


a. The altitude SA of a star at S is the arc of the vertical or altitude circle ZA 
intercepted between the point S and the horizon. 

b. The declination of a star S is the arc SB on the celestial meridian or hour 
circle NSB between the point S and the celestial equator. 

c. The hour angle of any star is the angle between the celestial meridians 
(hour circles) through the star and the zenith. The hour angle of S is ZSNZ, 
formed at the pole. 


905. What is meant by the latitude of the zenith of any point on the earth? 


The latitude of the zenith of any point on the earth is the arc EZ. This is 
obviously equal to the latitude of the observer, since the celestial meridian is the 
projection on the celestial sphere of the observer’s terrestrial meridian. 

Now, since ZEOZ = ZH’ON, then EZ = H’N and the altitude of the pole N is 
the latitude of the observer. 


906. What is meant by the azimuth of a star? 
The azimuth of a star S is the angle SZN between its vertical or altitude circle 
AZ and the celestial meridian through the zenith. 


907. What systems of reference analogous to latitude and longitude on the earth are used for 
determining the position of a star on the celestial sphere? 


a. The system employing the celestial equator and the celestial meridians or 
hour circles through the pole as a frame of reference. This system uses 
declination, which is the angular distance from the equator measured along the 
hour circle, and hour angle, which is the angle formed at the pole by the celestial 
meridians through the star and the zenith. Declination is positive when the star is 
north and negative when it is south of the equator. 

The hour angle of a star derives its name from the fact that when measured 
from the meridian through the west it is proportional to the time since the star 
was last on that meridian. An hour angle may be given in degrees or in hours. 
Since 24 hr. = 360 deg., each hour represents 15 deg. of angle. 

b. The system employing the horizon and the vertical circles through the 
zenith as a frame of reference. This system uses altitude, which is the angular 
distance from the horizon measured along the vertical circle, and azimuth, which 
is the angle formed at the zenith by the vertical circle through the star and the 
celestial meridian through the zenith. Altitude is positive when the star is above 
and negative when below the horizon. 


Celestial sphere 


Terrestrial sphere 
(a) (0) 
North celestial pole Zenith North pole 
Celestial equator Horizon Equator 
Declination Altitude Latitude 
Hour angle Azimuth Longitude 


908. What is a celestial or astronomical triangle and how is it determined? 


QUES. 908. 


The points S, N, and Z determine a celestial or astronomical triangle SNZ. 

The triangle is determined when the latitude of the observer EZ (= altitude of 
observer), the altitude of the star SA, and the declination of the star SB are 
known. Then 

a. ZN = 90° - EZ = 90° - latitude of observer = colatitude of observer. Since 
from Ques. 905 EZ = H'N = altitude of observer, we can say ZN — 90° — 
altitude of observer = coaltitude of observer. 

b. ZS = 90° — altitude of star = coaltitude of star. 


c. SN = 90° — declination of star = codeclination of star. 


909. The latitude at San Francisco is 37°48'N. A forenoon observation shows the sun’s altitude as 
22°30’. If the declination of the sun is 12°40'N., what is the time of observation? 


SN = 90° - declination = 90° - 12°40’ = 77°20' 
ZN = 90° - latitude = 90° - 37°48’ = 52°12’ 
ZS = 90° - altitude = 90° - 22°30' = 67°30' 


To determine ZN use 


t N __ sin (s — b) sin (s — ¢) 
= sin s+ sin (s — a) 


= 67°30’ s — a = 98°31’ — 67°30’ = 31°1’ 


a 
b = 77°20' s — b = 98°31’ — 77°20’ = 21°11’ 
c = 52°12’ s —c = 98°31’ — 52°12’ = 46°19’ 

2s = 197°2’ 

s = 98°31’ 
log sin (s — 6b) = 9.5579 — 10 
log sin (s — c) = 9.8593 — 10 
colog sins = 0.0048 
colog sin (s — a) = 0.2880 
log tan? 5 = 19.7100 — 20 
log tan > = 9.8550 — 10 
N °o / 
3 = 35°37 
N = 71°14’ 


Each 15 deg. of angle represents 1 hr. of time, each degree of angle represents 
4 min. of time, and each minute of angle represents 4 sec. of time. Then 


of angle represents 4 sec. of time. Then 


1°14’ 
- = 4hr. + 11°14’ of angle 
11°. 4 = 44 min. of time 
14’- 4 = 56 sec. of time 
”. 71°14’ = 4 hr. 44 min. 56 sec. 


12:00 — 4 hr. 44 min. 56 sec. = 7 hr. 15 min. 4 sec. A.M. which is the time of 
observation. 


QUES. 909. 


910. How can a navigator determine his local time and from that his longitude when out at sea? 


He can take a time sight, i.e., he can measure the altitude of the sun above the 
horizon with his sextant. This gives him side SZ in triangle NZS, the coaltitude of 
his observation. 

To get side NS he looks up the declination of the sun in the “ Nautical 
Almanac.” 

His known latitude gives him side NZ. 

Having the three sides of the triangle, he can calculate the sun’s hour angle 
ZNS and from this get the local time. 

From the Greenwich time as shown by his chronometer at the time the sun’s 
altitude was observed and the local mean time, he can determine his longitude. 


911. What is the time of sunset for New York City, latitude 40°43'N., when the declination is 18°30’? 
In the triangle ZNS 
NS = 90° - 18°30' = 71°30' 


NZ = 90° - 40°43’ - 49°17' 
ZS = 90° (altitude of sun = 0° at sunset) 


QUES. 911. 


Triangle ZNS is therefore a quadrantal triangle, which may be solved by 
Napier’s analogies or by the better method of first solving the polar triangle and 
then obtaining the desired part of the original triangle. 

In the polar triangle N'Z'S', AN ' = 90°. 


ZS' = 180° - NZ = 180° - 49°17' = 130°43' 
ZZ' = 180° -NS = 180° - 71°30’ = 108°30' 


By Napier’s rule, write 


sin co-n’ = tan co-S’ - tan co-Z’ 
cos n’ = cot 8’: cot Z’ = cot 130°43’ - cot 108°30’ 
cos n’ = tan 40°43’ - tan 18°30’ 
log tan 40°43’ = 9.9349 
log tan 18°30’ = 9.5245 
log cos n’ = 9.4594 


n’ = 73°16’ 
*. ZN = 180° — n’ = 180° — 73°16’ = 106°44’ 
106°44’ 


ZN converted to time is ae 7 hr. + 1°44’ over 


1° = 4 min. of time 


44’ = 44-4 = 176 sec. of time = 2 min. + 56 sec. of time 
“. 106°44’ = 7 hr. 6 min. 56 sec. 


and the sun sets at 7 hr. 6 min. 56 sec. PM. 


912. What are some other problems that require a solution of the astronomical triangle? 

a. To find the latitude of a point when the altitude, declination, and hour angle 
of a star are known. 

Two sides ZS and NS and the angle at N, which is opposite one of the sides, 
are determined. 

Side NZ can be found (see figure, Ques. 908). 

Although this is an ambiguous case, the appropriate solution can be readily 
obtained because the latitude is usually known, approximately. 

b. To find the declination and hour angle of a star or a planet when its altitude 
and azimuth and the observer’s latitude are known or given. 

ZN, ZS, and ZZ are determined. This is a case of two sides and the included 
angle. 

Side NS and the angle at N can then be found. 


913. What are the latitude and longitude of some well-known places? 


Place Latitude Longitude 


BeOS 6sccoctoescwemanewcwens 39°17'N. 76°37'W. 
BOSH isicciccccaccccancawasen~ ens 42°21'N. 71°4'W. 
CRAIN eo eescrsousnnesncszccecarmummmasesemim ernie 41°53’N. 87°38'W. 
ae a eT nee 14°41’8, 17°25/W. 
CeO iiss... a Teas eas BERR 51°29’N. o°w. 
BONO RETREATS CR 21°18'N, 157°55’W. 
LIN@HOOL scissecsanue awn 53°24'N. 3°4’W. 
MO600W iis citacinscccscwe wena weaw ene 55°45’N. 37°34’E. 
LO os ae neN 40°43'N. 74°W. 
LO: | Le, 8°57'N. 79°32’W. 
PET: Ca] rb eRe Ee a aE OS a 22°54'S, 43°10’W. 
Ban Francine secre econ eis Ot ee oe 122°24’W. 
MANOS orcs srmerma wines 33°52’8. 151°12’E. 
VORG0 iccccnerawaersenewavew ews 35°39/N, 139°45’E. 
ValDAPAiNG sisi sieciccciecayescanes ye OO Oe 71°39'W. 
fi enn gs, i 77°3'W. 
PROBLEMS 


1. How many miles are there in (a) 1 min. of arc on the earth, (b) 30 deg., (c) 45 deg., (d) 60 deg., (e) 90 
deg.? 
2. A ship sails from a point A, latitude 34°14'N., longitude 68°24'W. to a point B, latitude 56°18'N., 
longitude 2°51'W. What are the bearings from A to B and from B to A? What is the distance sailed? 
3. What are the latitude and longitude of the vertex of the great-circle track of the above? 
4, What is the spherical excess E if A = 59°14’, b = 110°9', c = 78°30'? 
5. What is E if A = 106°20', b = 38°15’, c = 158°30'? 
6. Find the area of a triangle having angles A = 84°10', B = 36°20’, C — 75°30’ on a sphere having a 
radius of 10 ft.? 
7. What is the area of the spherical triangle, given A = 116 deg., B = 88 deg., C = 92 deg.? 
8. What is the area of a triangle on the surface of the earth when each side of the triangle is 1 deg. ? 
9. What is the shortest distance on the surface of the earth from a point A, 42°N., 72°W., to a point B 
3,200 miles directly east of A? 
10. Find the shortest distance between the following two places and the bearing of each from the other: 
New York, 40°43'N., 74°W., and Rio de Janeiro, 22°54’S., 43°10'W. 
11. Starting in direction $.60°20’W. from a point 41°N', 6°30'W., a ship sails on the arc of a great circle a 
distance of 2,800 miles. What are its latitude and longitude? 
12. Find the distance, initial course, and the latitude and longitude of the vertex by great-circle sailing 
from a point latitude 41°13'N., longitude 72°34'W., to latitude 39°16’N., longitude 27°9'W. 
13. The latitude of Boston is 42°20'N. A forenoon observation gave the altitude of the sun as 28° 10’. If 
the declination of the sun was 18°40'N., what was the time of observation? 
14. If the declination of the sun is 20 deg., what is the time of sunset at a place latitude 44°20’N. ? 


15. The latitude of Washington is 38°54/N. What is the local apparent time when the sun is in the western 
sky at altitude 21° 14’ and the declination is 19°30'N.? 


16. What is the time of sunrise in Boston, latitude 42°2rN., when the sun’s declination is 20°15/ N.? 
17. If the longest and shortest days occur when the sun has its maximum northern and southern 
declination, respectively, of 23°29’, what are the lengths of the longest and shortest days of the year in New 


York, latitude 40°43'N.? 

18. A ship is to sail from latitude 47°48'N., longitude 125°24’W., for a point of latitude 34°40'N., 
longitude 139°45’E. The great-circle track between these points would take the ship into high latitudes. In 
using composite sailing with the 50th parallel as a limiting northern parallel, what would be the longitude at 
which this parallel is reached and the longitude at which it is left, and what is the distance sailed along each 
part of the voyage? 


APPENDIX 


CUSTOMARY DEFINITIONS OF THE 
TRIGONOMETRIC FUNCTIONS OF AN ACUTE 


ANGLE 
a ee opposite side _ y 
hypotenuse d 
— adjacent side _ x 
hypotenuse d 
_ opposite side _ y 
mie = adjacent side 2x 
ae hypotenuse _ 1 —_d 
opposite side sinA _  y 
_ hypotenuse 1 —d 
spinal adjacent side cosA 2 
ae ae adjacent side _ 1 _ gf 
opposite side tanA y 
: _ ordinate _ y 
ms a = distance d 
itis ss abscissa _ 2 
distance d 
rw ee ordinate _ y 
abscissa s- & 


A, aie a y 
wae me distance — d 
abscissa cosA 2 

7 abscissa _ 1 _ 2 


FORMULAS USED IN THE TEXT 


are ee 
1Angle A = = - radians 
Rene, radius r 

~SHP. 


If A = radians/sec, r = feet 

Then, s = v = velocity = rA ft./sec. 
3. mradians = 180° 
4. 90° = 1,600 mils 


eo ee radius _ fr 


= ———— ximatel 
Loisé  ip00 Oe 
6.32 minutes = 1 mil 
7. Area of a circular sector == r A squre units (A is in radians) 8. 
sin A = J sin A -cosec A = 
cosec a 
.cos A = ——, cos A-sec A = 1 
wa al 
ee ee tan A-cot A = 1 


cot A cos A 


11. vers A= 1—cosA 
12. covers A=1—sinA 


13. sin? A+ cos? A=1 
14, sec? A=1+ tan2 A 


15. cosec? A= 1+ cot? A 
16. f(+ A) =/(—A) when the function is cosine or secant 17. f(+A) = —/(—A) when the function is sine, 
cosecant, tangent, or cotangent 18. Function of an even multiple of 


90° + A = function of A 


19. Function of an odd multiple of 


90° + A = cofunction of A 


20. If Ai and Ap are the basic angles corresponding to a given value of a function, then Aj + n- 360° and 
Az +n- 360 


are all the angles, (n = any positive or negative integer including zero) 21. sin (A + B) = sin A- cos B+ 
cos A: sin B 


22. cos (A+ B) =cos A-cos5+sinA- sin B 


tan A + tan B 
23. | a Sa 
tan (A + B) i+ tan A- tan B 
24.sin 2A=2sinA:cosA 


25. cos 2A = cos? A— sin? A 


2 tan A 


* EE, ee aan A 
2A-1 
cot 2A = Oa 


28. D sin® > =l1-—ecosA 


29.2 cos? 4 =l1+eosA 


tan! 5 = TF eor d 
1 A 
oot? A = food 


32.sin A + sin B = 2 sin ae - COS 


3.sin A — sin B = 


| 
Ne) 
i) 
fo) 
i 2) 
2 
= 


34-e95 A + cos B = 2 cos —sz— - COS 


%-cos A — cos B = —2 sin eo sin 
36. sin (a + b) + sin (a — b) = 2 sina: cos b 37. sin (a + b) — sin (a — b) = 2 cos a: sin b 38. cos (a + 
b) + cos (a — b) = 2 cos a cos b 39. cos (a + b) — cos (a — b) = —2 sina: sinb 40. (a) x" =x-x-xton 
factors (ft is an integer) (b) ort = 
Dried 
(c) x9 =1 
n 
— m/~ 
Ogm = X/g" = (Vx) 
41. (a) x7- xb = ath 
(b) x? + xD = xa-b 
OCP” 


a 
OX/ya = xb 
m 
42. logy mn = logy TO + log, n 43. LO, = = log. m — log, n 


a4.log, m* = a: log, m 
46. log, 0 = —00 : 
47. logga = 1 


log, m 
log, n 
minutes are obtained from distances to three significant figures. 

b. Angles to the nearest 1 minute are obtained from distances to four significant figures. 


c. Angles to the nearest 10 seconds are obtained from distances to five significant figures. 
50. Law of sines 


48. logn m= (Logarithms to the base b are known) 49. a. Angles to the nearest 10 


a:b:c = sin A: sin B: sin C 
51. Law of cosines 
a® = 6? + c? — 2bc- cos A 
52. Mollweide’s equation 
._ A-B 
a—b sin a 


53. Law of tangents 


a—b ; A-B 
an —7— 


54. Solution of an oblique triangle, given three sides a, b, c. (a + b + c = 2s) a. Set 1. Requires six 


different logarithms 
a agtaee Se 
be 


ag tao =o 
ca 


7 Jf — a)(s — b) 
a ab 


b. Set 2. Requires seven different logarithms 


2m, 
5 

DI? nil®& vw 
| 


A _ [se —a) 
cos D = be 


re — b) 
ac 
s(s — c) 
soak a \ ab 


c. Set 3. Requires four different logarithms. This set also offers more accurate results when angles 
involved are very small or very near 90 deg. 


A [(s — b)(s — c) 
= s(s — a) 


B mc — c)(s — a) 


B 
cos > 
C 


tan > = 


C_ [e-ae-s) 
= z= s(s — c) 
55. r= a Soe ves =auxiliary quantity for use with tay = 
8 


set of formulas (above) 


' A r es B r tis C r 
ana=—-: = ——’? an = = =? _—_- => 
2 s8s-—a 2 s—b 2° s-—e 

56. 2K = ab. Area of a right triangle given two legs a and b. (K = area) 57. 4K = c? - sin 2A. Area of a 

right triangle given the hypotenuse c and an acute angle A 58. 2K = b? - tan A. Area of a right triangle given 


a aus anigiasaoiinliguisincemoniee 

angle A and an adjacent leg b 59. K =— / (c _ a) (c + @) Area of a right triangle 
given the hypotenuse c and adjacent leg a 60. 2K = bc sin A. Area of an oblique triangle given two sides b 
b?-sin A-sin C 


and c and included angle A 61.9 = - 
sin B 


. Area of an oblique triangle 


given side b and the three angles A, B, C 
62. More complete form of the law of sines 


a b c 


(R = radius of circumscribed circle) 
63. Relation between radius of circumscribed circle and area of the triangle 


abe 


~~ 4R 


64, Area of an oblique triangle given three sides 


= V/s(s — a)(s — b)(s — c) wheres = afite 


65. Relation between radius of inscribed circle of a triangle and the area of the triangle 
(s — a)(s — b)\(s —c 
ONE = OE So end 

§ 
radius of the inscribed circle 


K=~rs where r = 


age ey = approximate distance or range 
= |- 57.3 ft. (when / is in feet) 


chord length - 57.3 


67. r= —distance or range when the angle is n degrees 68. r = 


chord length * 3,440 = distance or range when the angle is 1 minute 69. 


_ chord engi 3,440 


—distance or range when the angle is m minutes 70. 


chord ia ae 57.3 — 100°57.3 5,730 


r= SU Ss C= = radius of a railroad 


n 
5,730 


curve, in feet 71. n° — ——— — number of degrees in a railroad curve for a given radius r 72. 


r 


Mils subtended at gun = Clamoter of target 


range + 1,000 


diameter X 1,000 D 
M = = = 
range R 


k= L000 and D = diameter of target 


H _ length of target 


R =- = parallax in mils 

ses p parallax in mils 
R= —— = mange 
~ 1,000 1,000 


, sin A® = A radians or 0° 
‘a Ao ee A padiang | OO OE Bee 


cos A° 
75.cot A° 


sin (90° — A) = (90° — A) radians 
tan (90° — A) = (90° — A) radians 
for angles near 90° 
(a) log sin A° = 8.2419 — 10 + log A® 
= log tan A°® 
76. 
(b) log cos A° = 8.2419 — 10 + log (90° — A°) 
= log cot A® 


These give more accurate values of the logarithms of the functions of acute angles near 0 and 90 deg., 
respectively. 


A = wt = angular speed X time 
77. ° 
= angular displacement 
_, Linear velocity = v = rw = radius 
| X angular velocity 
frequency of a periodic function 
_ angular velocity (in degrees) 
* 360° 


(a) f 


79. 


cycles per unit time 
angular velocity (in radians) 


(b) f= or 
= cycles per unit time 


ee 


= time for one cycle = period 
81. In y=r- sin (nw + B) for a periodic curve, a change in r means a change in amplitude; a change inn 
means a change in period; a change in B moves the curve from left to right or right to left. 
82. (a) d=r-cos A = displacement in simple harmonic motion (s.h.m.) (b) d == r- cos (A + B) = 
displacement in s.h.m. with an angle of lag B 


83. To obtain a graph of y = sin (A + B) from y = sin A, shift the origin by angle B to the right for positive 
Band to the left for negative B. 


T 
84. To obtain y = cos A from y = sin A, shift the origin 90 deg. or = radians to the right. 


85. To obtain y = sin nA from y = sin A(n = positive), multiply the abscissa scale by —« 
nr 


86. To obtain y = sin (nA + B) from y = sin A, multiply the abscissa scale by 1 and shift the origin (y 
nr 


axis) to (B, O) on the new scale or to | —~y O on the original scale. 
87. To get y=r- sin (nA + B) from y = sin A, multiply the ordinate scale by the ratio j; change the 
abscissa scale by multiplying it by — s shift the origin to (B, O) on this new scale or to | —y O on the 
nm 


old scale. 

88. To get a time sine graph y = r- sin wt from y = sin A, 

multiply the y axis by r and divide the horizontal angle scale by w. 

89. To get a time sine graph y = r - sin (wt + B) from y = sin A, multiply the y scale by r; locate the origin 
by measuring B on the original A scale if B is given in angular measure or by measuring —— on the new 


scale if B is given in time units; divide the original A units by co for the new t scale. (B is measured to the 
right if positive and to the left if negative.) 90. 


a. Resultant of any number of coplanar vectors 
= V(2z components)? + (Zy components)? (2 = sum) 
b. Direction of resultant 
_ Zy components 
~ Zz components 
a. Distance of closing line of a survey 
= vV (resultant latitude)? + (resultant departure)? 
91.5, Bearing of closing line = tangent of closing line 
_ departure of closing line 
~ latitude of closing line 


= tan! A 


2 
92. Area of a segment of a circle = 5 ( A-sinA ) 


93. Relation between polar and rectangular coordinates 
z=r‘cosA, ye=r'snA, r= V2z?+y? 


—Y 
0 


94. DeMoivre’s theorem 
(a) [r(cos A +7 sin A)|” = r*(cos nA + 72 Sin NA) 
general 
(b) (cos A +7 sin A)” = cosnA +7sin nA 
when r = 1 


A = tan 


sin nA = n cos” !A-:sinA 


95. _ n(n — 1)(n — 2) 


3 -cos™ * A-+sin? A + 
3 = 1-2-3 = factorial 3 
%.cos nA = cos" A — = ‘cos””? A+ sin? A + 
Be. BY OB _— ; 
9.cos B = 1 — 2 + ie — 16 + (B is in radians) 
Be BB FF 
9.sin B= B — B + 5 7 + 
B® 2B  17B' 
cme Ma | Mae 
4 — e 4 
100. peta At ee 
iA —iA 
191 Gopal 
é'4 = e€ 4 
tan A = ile + €*) 
joke =<" ieee 
ie 7 2 ~ cosech x 
ole a we ae 
-_ ia 2 — sech x 
e — €* 1 
tanh 2 ~@+e* cothe 
104. Relation between trigonometric and hyperbolic functions 


siniA =i sinh A 
cos 1A = cosh A 
taniA = itanh A 


cosec 1A = —1 cosech A 
sec 1A = sech A 
ot iA = —7% 


oth A 
105. Departure = difference in longitude x cosine of latitude 106. Difference in longitude = departure 


xsecant of latitude, for parallel sailing (using secant of mid-latitude, for middle-latitude sailing) 107. E = (A 
+ B +  C) - 180° = _— spherical excess of a_ spherical triangle 108. 


E “f 8 s—a s—b s’—C 
t —_ ee ee | SS | enone 
an 4 tan 5 tan 5 tan 5 tan 5 


180 E =area of a spherical triangle 110. Spherical law of cosines for sides 


cosa=cosb:cosc+sinb:sinc:cosAcos b=cosa:cosc+sina: sinc: cos 
B 


cosc=cosa:cosb+sina:sinb:cosC 
111. Spherical law of cosines for angles 


cos A=—cos B-: cos C + sin B-: sin C: cosa cos B = —cosA:cosC+sinA: 
sin C - cos b cos C= — cos A: cos B+ sin A: sin B- cos c 112. Spherical law of 
sines 


sin a sin b _ sin ¢ 
sin A sinB  sinC 


113. Formulas for right spherical triangles 


t. die A oo 6. sin B = S22 
sin c sin ¢ 
2. cos A ., tan 7. oon Hews SE 
sinc tan c 
os Ss A as Cee 8. tan B = tan 
sin b sin a 


4. cosA =cosa-:sinB 9.cosB =cosb:sinA 


5. cosc = cosa:cosb 10. cosc = cot A-cot B 
114. Napier’s rules 
Rule I. Sine of middle part = product of tangents of adjacent parts Rule II. Sine of middle part = product 
of cosines of opposite parts 115. Rules for removing ambiguity 


A. Hypotenuse < 90° if sides adjacent to right angle are in same quadrant. Hypotenuse > 90° if sides 
adjacent to right angle are in different quadrants. 

B. An angle and its opposite side are in the same quadrant. 

116. Napier’s analogies 


a tan © 
2 ” 2 
a 2 ‘ean 2 
2 2 
gg a tan = 
2 2 
di 42 ing 2 
2 2 
a+b 
cos 9 cot 5 
cos #5 tn =t5 
get te Bate 
Bis ys 2 
int ion 
2 2 


117. To determine which sides or angles are possible 

Theorem a. If two angles are unequal, the sides opposite are unequal and the greater side is opposite the 
greater angle. 

Theorem b. If two sides are unequal, the angles opposite are unequal and the greater angle is opposite the 
greater side. 

118. Gauss’s equations 


TABLE I.—COMMON LOGARITHMS OF NUMBERS 
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TABLE IT.—NATURAL VALUES OF TRIGONOMETRIC FUNCTIONS 
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TABLE I1.—LOGARITHMS OF TRIGONOMETRIC FUNCTIONS* 
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* These tables give the logarithms increased by 10. Hence in each case 10 
should be subtracted. 
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TABLE IV.—COMMON LOGARITHMS OF FUNCTIONS OF ANGLES IN MILS* 


~ 


i sin cos tan cot Mils 


——-— | eee | | 


00 | 000000/ ...... 10.0000} ...... eo 1600 
05 0 16 53 | 7.6910 | 10.0000 | 7.6910 | 12.3090 | 95 
10 0 33 45 | 7.9920 | 10.0000 | 7.9920 | 12.0080| 90 
15 0 50 38 | 8.1681 | 10.0000 | 8.1681 | 11.8319 | 85 
20 1 07 30 | 8.2930 | 9.9999 | 8.2931 | 11.7069 | 980 
25 1 24 23 | 8.3809 | 9.9999 | 8.3900 | 11.6100] 75 
30 1 41 15 | 8.4691 | 9.9998 | 8.4693 | 11.5308] 70 
35 1 58 08 | 8.5360 | 9.9997 | 8.5362 | 11.4638 | 65 
40 21500] 8.5940 | 9.9997 | 8.5943 | 11.4057 | 60 
45 2 31 53 | 8.6451 | 9.9996 | 8.6455 | 11.3545 | 55 
50 2 48 45 | 8.6908 | 9.9995 | 8.6913 | 11.3087| 50 
55 3 05 38 | 8.7322 | 9.9994 | 8.7328 | 11.2672} 45 
60 3 22 30| 8.7699 | 9.9993 | 8.7707 | 11.2204] 40 
65 3 39 23 | 8.8046 | 9.9991 | 8.8055 | 11.1945 | 35 
70 8 56 15 | 8.8368 | 9.9990 | 8.8378 | 11.1622} 30 
75 41308 | 8.8667 | 9.9988 | 8.8679 | 11.1322} 25 
80 4 30 00 | 8.8946 | 9.9987 | 8.8960 | 11.1040 | 20 
85 4 46 53 | 8.9209 | 9.9985 | 8.9224 | 11.0776 | 15 
90 5 03 45 | 8.9457 | 9.9983 | 8.9474 | 11.0526| 10 
95 5 20 38 | 8.9691 | 9.9981 | 8.9710 | 11.0290} 05 
100 5 37 30 | 8.9913 | 9.9979 | 8.9934 | 11.0066 | 1500 
05 5 54 23 | 9.0124 | 9.9977 0147 | 10.9853 | 95 
10 6 1115] 9.0326 | 9.9975 0351 | 10.9649 | 90 
15 6 28 08 | 9.0518 | 9.9972 | 9.0546 | 10.9455 | 85 
20 6 45 00 | 9.0702 | 9.9970 | 9.0732 | 10.9268 | 80 
25 7 01 53 | 9.0878 | 9.9967 | 9.0911 | 10.9089 | 75 
30 718 45 | 9.1048 | 9.9965 | 9.1083 | 10.8917 | 70 
35 785 38} 9.1211 | 9.9962 9.1249 | 10.8751 | 65 
40 7 52 80 | 9.1368 | 9.9959 | 9.1409 | 10.8591 | 60 
45 $8 09 23 | 9.1519 | 9.9956 | 9.1563 | 10.8437 | 55 
50 8 26 15 | 9.1665 | 9.9953 | 9.1713 | 10.8288} 50 
55 8 43 08 | 9.1807 | 9.9950 | 9.1857 | 10.8143 | 45 
60 9 00 00 | 9.1943 | 9.9946 | 9.1997 | 10.8003} 40 
65 9 16 53 | 9.2076 | 9.9943 | 9.2133 | 10.7867 | 35 
70 9 33 45 | 9.2204 | 9.9939 | 9.2265 | 10.7735 | 30 
75 9 50 38 | 9.2329 | 9.9936 | 9.2393 | 10.7607 | 25 
80 | 10 07 30] 9.2450 | 9.9932] 9.2518 | 10.7482 | 20 
85 | 10 24 23] 9.2568 | 9.9928 | 9.2640 | 10.7360| 15 
90 | 10 41 15] 9.2682 | 9.9924 | 9.2758 | 10.7242] 10 
95 | 105808] 9.2794 | 9.9920 | 9.2874 | 10.7126| 05 
200 | 1115 00| 9.2902 | 9.9916 | 9.2987 | 10.7013 | 1400 
Mils aS ie eee cos sin cot tan Angle 


* These tables give the logarithms increased by 10. Hence in each case 10 
should be subtracted. 
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sin cos 

33 9.7447 | 9.9199 
34 9.7479 | 9.9184 
34 9.7511 | 9.9170 
34 9.7542 | 9.9155 
34 9.7572 | 9.9140 
35 9.7603 | 9.9125 
35 9.7633 | 9.9110 
35 9.7663 | 9.9095 
36 9.7692 | 9.9080 
36 9.7721 | 9.9064 
36 9.7750 | 9.9048 
36 9.7779 | 9.9032 
37 9.7807 | 9.9016 
37 9.7835 | 9.9000 
37 9.7863 | 9.8984 
37 9.7890 | 9.8967 
38 9.7918 | 9.8950 
38 9.7945 | 9.8934 
38 9.7971 | 9.8917 
39 9.7998 | 9.8899 
39 9.8024 | 9.8882 

9.8864 

9.8847 

9.8829 


9.8125 | 9.8811 
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9.8340 | 9.8639 
9.8363 | 9.8619 
9.8386 | 9.8599 
9.8408 | 9.8579 
9.8430 9.8558 
9.8452 | 9.8537 
9.8473 | 9.8516 
9.8495 | 9.8495 
cos sin 


TABLE V.—RADIAN MEASURE, 0 TO 180°, RADIUS = 1 


cot 


10.1751 


10.1705 
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10.1613 
10.1568 
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10.1432 
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10.1298 
10.1254 
10.1209 
10.1165 
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10.0902 
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10.0815 
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10.0685 
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10.0384 
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10.0085 
10.0043 
10.0000 


tan 


Mils 


28 


SHSTSASASRSR SAsasRsesasasasasese 


35 


28 SS2Rk ALARA SVS 


softs G0000 19002 E8000! | j 


seeee eocoooo ooooso cooooo s5eé Bs 


Sn cacom MOMrwDE 22S RARNS BRARS SSSSS VSHSS SSSVSS VSSVS BSSSSE VSEB 
SS2R8 FBSER8 SS S333 LER2S2 RSSSS SLSRS =RASS 
3s =2s R322 25233 38a S333 
geses sa8c8 42868 22329 22882 SSiz2 Sikes sees zeus PEEEEE: 
22 RANKS BANRASHSSS BSHSS SSSSS SSSVS 
S3S3s3 Sssss 


33 
cata Hie g #iaee fense cases Siete 25 


HLS RSARA ee 


tee ot tt al eedenand 


O1716 24 | 59 
0.01745 33 | 60 


SSBB 2s 
rE og s=g9s 


Sieonee ==—a 


42600 77 
44346 10 


33874 12 
35619 48 
$9110 11 


3 
: 
2 
3 
; 


164 
165 


1'a15i4 24 
$3259 57 
90240 89 
91986 22 
07694 18 
2.09439 51 


1 
Fr 
1 
1 
1 
1 
2 


Ssssvs SEsSe Axeker=z eeKee gaan 2252S RaSLS RSRRSS 


46 


89011 79 


S8SS5 SSS2E ASBAS SRS Sass genes re pin S2255 


g53 383 SSng8 Ssea3 sees a sies2 22088 PEELE EEE 


Smame MOMOS SHUN ROLLS RANRA RALRR FHSS BSSSS SSVSF BSSSS BSVVFzRSoVS 


02974 43 
1.04719 76 


85521 13 


interpolation. 


TABLE VI.—SQUARE ROOTS AND SQUARES Roots are given directly, squares by inverse 


Interpolation 
for thousandths 
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371 1.375 
407 1.411 
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TABLE VII—NAPIERIAN OR NATURAL LOGARITHMS 1 TO 9.9 


1.0 0.0000 4.0 1.3863 7.0 1.9459 
fe .0953 4.1 4110 7.1 9601 
1,2 1823 4.2 4351 7.2 9741 
1.8 2624 4.3 4586 7.3 .9879 
1.4 3365 4.4 4816 7.4 2.0015 
1.5 0.4055 4.5 1.5041 7.5 2.0149 
1.6 4700 4.6 5261 7.6 .0282 
1.7 5306 4.7 5476 7:7 0412 
1.8 5878 4.8 5686 7.8 .0541 
1.9 6419 4.9 5892 7.9 .0669 
2.0 0.6932 5.0 1.6094 8.0 2.0794 
2.1 .TA19 5.1 6292 8.1 .0919 
2.2 7885 5.2 6487 8.2 1041 
2.3 8329 5.3 6677 8.3 1163 
2.4 8755 5.4 6864 8.4 1282 
2.5 0.9163 5.5 1.7048 8.5 2.1401 
2.6 9555 5.6 7228 8.6 1518 
2.7 .9933 5.7 7405 8.7 1633 
2.8 1.0296 5.8 .7579 8.8 1748 
2.9 .0647 5.9 .7750 8.9 1861 
3.0 1.0986 6.0 1.7917 9.0 2.1972 
3.1 1314 6.1 8083 9.1 2083 
3.2 1632 6.2 8246 9.2 2192 
3.3 1939 | 6.3 8406 9.3 2300 
3.4 2238 6.4 8563 9.4 2407 
3.5 1.2528 6.5 1.8718 9.5 2.2513 
3.6 2809 6.6 8871 9.6 .2618 
3.7 .3083 6.7 9021 9.7 2721 
3.8 3350 6.8 9169 9.8 2824 
3.9 .3610 6.9 9315 9.9 2925 


The above table shows the Napierian or natural logarithms for each tenth. 
Interpolation may be made for hundredths. For logarithms of numbers larger 
than 9.9 use the following: 


log, 560 = log, (5.6 + 10%) = log, 5.6 + 2 log, 10 
= 1,7228 + 2+ 2.3026 = 6.3280 


TABLE VIII.—LOGARITHMS OF CONSTANTS 


Number 


Circle = rie 


= x 71396,000” 
x= 3.14159 


0.31831 


9.20182 — 10 
0.99430 

9.00570 — 10 
0.24857 
9.75143 


0.15915 
9.86960 
0.10132 
1.77245 
0.56419 


1.46459 
0.68278 


0.16572 
9.83428 


= 1.41421 0.15052 
= 1.73205 0. 23856 
= 2.23606 0.34949 
= 2.44948 0.38908 
= 1.25992 0.10034 
= 1.44225 0.15904 
= 1.70997 0.23299 
= 1.81712 0.25938 


2.71828 
0.36788 


0.43429 
9.56571 


Liceclini i 1" = 57.2958° 1.75812 
= 3437.75’ 3.53627 
= 206,264.81” 5.31443 
1° = igo Tadian = 0.01745 radian | 8.24188 — 
1’ = 0.00029 radian 6.46373 — 10 | 
1” = 0.000005 radian 4.68557 — 10 


1 
OP,, 
3 


240°, 
. 7.78 in. 
. 36.67 ft. 
9. 


11. = 


13. 
17. 
19. 
21. 
23. 
Zo; 
(ee 
20. 
31. 
33. 
35. 


o 
7 


ANSWERS TO ODD-NUMBERED PROBLEMS 


Pages 14, 15, 16 


. (a) Point O; (6) OX, OX, OP,, OP», OP; OP, OX, OX, OX; (c) OP;, OP», 


OP3, OP3, OP 4, OP;, OP,, OP; 


. (a) 90°, 45°, 60°, 30°; (b) —240°, 270°, 135°, —210°; (c) —300°, —315°, 


150°; (d) —540°, 120°, 288°, 225° 


(a) 5§°, (6) 7.37°, (c) 39° 
is radian 

(a) 76.5 mils, (b) 347 mils 15. 7.7 radians 
125.7 ft./sec. 

22 in., approximately 

Radius = 68.76 in 

1.153 miles 

55. radians/sec, 73.3 ft./sec. 

533.3 mils, 800 mils, 1,066.6 mils 

(a) 1 ft., (b) 1 yd., (c) 2 ft., (d) 2 yd. 

AO yd. 

529.6 mils 

5,000 ft. 


37. 


39. 


41. 


11. 


17 


Pages 19, 20 


. Second 
. Fourth 
. Second 


-VI7, 29, 2 10, 2 V5, 0/26, V/13 
a 


2 
o/ 
-+ Vil 


. The ordinates form similar right triangles whose sides are proportional 


Pages 34, 35, 36 


(6) sin A = ~~, cosec A = — 4/2 


1 
cos A = —~ sec A = 4/2 
' V2 
tan A = —1 cot A = —1 


(c) sin A = ———— __ cosec A = 


+/170 oes el 


Ca 1, a 11) y’ 


4 4/126.25 
d As cosec A = ————— 
io a/126.25 4 
iil is: wage eo A wm 106.25 
4/126.25 10.5 
tan A = — ¥; cot A = — a2 
Y 
(—104,4) 


5. (a) 1, (b) 1, (c) © 
7. (a) Between 1 and » or between — 1 and — »%, (b) same as (a) 9. (a) First 
and third, (b) first and fourth, (c) first and second 11. (a) Third, (b) third, (c) 
third and fourth 13. (a) Minus, (b) plus, (c) minus, (d) plus, (e) minus, (f) plus, 
(g) plus 15. cos = — }, cosec = §, tan = — $, cot = — }, sec = — § 
17. No. The sine function cannot exceed 1 in value. 
19. (a) Minus, (b) plus, (c) _ plus, (d) plus 21. 


dn Aw eosee A = + V2 
29 2 
ee sec Aw + 29 
99 5 
tan A = —# 
dn VP SL gy 
Bec sec? — 1 
23. éeamiade sec = S€C 
—o— 1 
tan = ~V/sec? — l mee as | 
25. 4A 
27.—3 


29. (a) 1, (b) sin A, (c) 1, (d) tan A, (e) sin? A, (f) 1, (g) cos A, (h) sin A, (i) sin 
A 31. (a) cosec? A, (b) sec A, (c) tan A, (d) 1, (e) sin A, (f) 1 + cos A, (g) cot A — 
sect A 33. 1 + tan? A — (1 + cot? A) = tan* A — cot? A 35. 
cot? A -sin? A = cos? A; oe sin? A = cos? A 
sin? A | 


2 
37. tan? A - cos? A = sin? A; — “2 


-cos? A = sin? A 


cos) A 
39. tan? A - cos? A = sin? A; — -cos? A = sin? A 
cos? A 
41.cos A+ sec A = ————————=, = sec A: cos A 
‘ cos A-sec A 
43, SB A udaaccall 


“cos A sin A, 
cos ‘ 
45.cos A == -sin A 
1 + sin* A - sec? A = sec* A (multiplying both sides by sin? A) 
A7 sin? A - sect A = sec? A — 1 = tan’ A 


sin? A é 
cota ™ an A 


Pages 47, 48, 49 
.—sin30°=— 4 
—tan 40 ° = -0.8391 
.— cot 130 ° = -0.8391 


NIT We 


11. 


+ =sin 65=cos 25=sin 115 


ok 
d 


=sin 114= 4 =cos (—24°)=cos 24° 


13. 


4=sin 50= cos 40=— = —cos 140° 


15. 


+2 = cot 170= —cot 10=—tan 80° 


17. A = 180° _ (B + 
ae [= Sn = sin [90° - (F$° | = cos 2" 

19. B= 180° - (A + C); 2B + (A + C) = 360° — 2(A + C) + (A + C) = 360° = 
(A + C) sin B= sin (A + C); — sin [2B + (A+ C] = sin (A + C) 21. B = 180° -(A 
+ C), sin [180° — (A + C)] = sin (A + C) 23. A = 180° — (B + C); cos [180° — (B + 
C)] =— cos (B + C) 25. sec 72°8' = cosec 17°52’ 

27. cosec 65° 

29. sin 20° 

31. tan = 


C) 


43. A = 224° 

45. —cosecA 

47, 298° = 3 - 90° + 28° 
49.—cosecA 

51. sin 20° 

53. sec 4 


3 
55. 68° 
57. 52° 
59. 68° 
61. 54° 
63. 38° 
65. = 


6 
67. cot 27°8.5’ 
69. — sin 8°48'52” 
71. — cos 9°41'6" 
73. —sec 14°17'39" 
75. — sin 34° 
77. — cot 12° 
79. — sec 9° 
81. — cot 35° 
83. sin A (if A is acute) 85. sin A 
87.sinA 


Pages 56, 57 


2 
17, 3 — 
: Vi 
19. - we A A). ao 
2 

21. cos — = ee (™ — . Cos (Tt fe — sin (m — B) sin (#m — A) = (— cos B) 

(— cos A) — sinA~ sin B 
=cos A: cos B—sinA: sinB 

23. — 0.866 

25. — 1.1547 

27. — 0.866 

29.—0.5 

31. 0.866 

33. — 1.4142 

36. — 0.5774 

37. — 1.4142 

39.-—1 

41. 1.7321 

43.-1 

45.0.5 

47. 0.5774 


49.-1 
51. -— 6.473 sinA 
53. 1.4142 cot A: cosA 


7. Max. = 1; min =—-1 
a; 


13. 


15. Yes. At 45°, 225°, 405°. In general, at 45° + n - 180° where n is any 
integer including 0. 


Pages 90, 91, 92, 93, 94, 96, 96 
1. 0.9659 
3. 0 
5. 0.2588 
7. 0.2588 
9.sin A—2sinA- sin? B+2cosA-sinB~cos:B 
11. sin A- cos B: cos C+ cosA: sin B- cos C— cos A: cos B: sin C + sin 
A: sin B: sin C 
13. sin (— 2A) 
15. cosA 
17. — 0.866 
19. False, because sin 90° = sin (45° + 45°) = 1 
21. False (see above) 
23. False, because sin 90° = sin (60° + 30°) 25. True, because a function of an 


even multiple of 90° + an angle is the same as the function of the angle. 
27. (a) 1, (b) 1.366 
29. (a) 0.5, (b) 1.732 
31. (a) 1, (b) 1.4142 
33. (a) 0.5, (b) 1 
35. sin 285° = — 0.9659; cos 285° = 0.2588 
37. sin A 
39. (sin A - cos B + cos A- sin B)(sin A - cos B— cos A- sin B) = sin* A - cos* 
B-cos* A- sin* B = (1 — cos A) cos* B— cos* A (1 — cos? B) 
= cos* B — cos* A - cos* B— cos* A + cos* A - cos* B 
= cos* B—cos* A 
(cos A- cos B — sin A-sin B) — (cos A- cos B + sin A -sin B) 
41,(8i9 A-cos B — cos A-sin B) — (sin A: cos B + cos A-sin B) 
—2 sin A-sin B 


"Seed -anb- oe 
43. — 0.2679 
45. tan (A + B) = — 0.8187; tan (A — B) =— 10.4762 
A7. 3.7321 
3 tan A — tan? A + tan B — 8 tan? A-tan B 
45. tan (84 + B) = 1 —3 tan? A —3tanA-tan B+tan'A-tanB 
51. — 0.2679 


53. False, because tan 50° = tan (25° + 25°) 55. True, because 75° = 90° — 15° 

57. True, because 360 deg. is an even multiple of 90 deg. 

59. False when A is acute because the tangent of an angle in the third quadrant 
is positive. 

61. (a) 1.7321, (b) 1.1548 

63. (a) — 0.5774, (b) — 0.5774 

65. 


tan A +tan B 
i-ani mse 
tan A +tan B 
1+ (aap) ‘tan B 
_ tan A + tan B — tan B + tan A - tan? B 
1 —tan A-tanB 


1 —tan A-tanB 
1 — tan A-tan B +tan A-tan B +tan? B 
tan A — tan A-tan?B _ tan A(l + tan*B) _, A 
~ i + tan? B (i + tan? B) _ 


67. 


tan 45° + tan A 


tan45°—tanA 1+tanA 
1 — tan 45°-tan A 


vt ton as tan AL ten 


4 i tan 4 
1+tanA 
(1 + tan A)? + (1 — tan A)?* 
i 1 — tan? A ~ 
_1+2tan A +tan? A +1-—2tan A +tan’?A 
~ 1 —tan? A 


2+2tan*A _ 2(1 +sec?A—1) _ 2 sec? A 
l1—tan?A 1-—sec?A+1 2 — sec? A 


2 
“tata 


69. fox f 


Vly 11,7521 
2 sin A-cos A sin A 
3 Tiel k=. sod 
2 tan 15° 


. °. °, 21k° — 1; 
75. 2 sin 15° - cos 15 ; 2 cos 15 1; 1 — tan? 15° 


_ 2 tan 30° 
"1 — tan? 30° 
5A 
19: Wei aaa hg, OS 
. sin => * Cos -5-; 2 cos? = — 1; ———5 
i — tan’ = 


81.2 sin 223° - cos 224°; 2 cos? 224° — 1; oe 
2 sin (30° + A) «cos (30° + A); 2 cos? (30° + A) — 1; 
83. 2 tan (30° + A) 
T — tan? (80° + A) 


77.2 sin 30° - cos 80°; 2 cos? 30° —1 


sin 60° 
85. —— 
87. cos 10° 
89. — 0.7071 =— cos 45° 
91. 4 tan 225° 
93. tan A 
95. sin 2A = — 0.5163; cos 2A = 0.6327; tan 2A = — 1.2241 


2A is in the third quadrant. 
97. cos 5A = 16 cos’? A — 16 cos? A + 4 cos? A — 5 cos A 99. 
sin A , cosA - sin? A + cos? A _ 
cos A sinA sin A+cos A sin A -cos A 


2 2 
= 2sin A-cosA = in 2A ™ 2 cosec 2A 
2sin A-cos A +sin A _ 2sin A-cos A +sin A 
101 cos? A —sin?A+cosA+1  2cos?A+cosA 


sin A(2 cos A + 1) 


cos A(2 cos A 1) = 2A 


A A . A A | A 
in? —. 2 ss — a — — = gj : BI 

103, 4 sin 5 008? > 2 sin 5 COs 5 2 sin 5 COs 5 sin A-sin A 

= sin? A = 1 — cos* A 

cos 5 = cos (A +5) = 008 A - cos F — sin A -sin $ 

= (cost # — sint #) cos + — 2 sin F - cos 4 - sin 4 
105. = cost 4 — sint £ - cos 4 — 2 sint 4 - cos 4 

= cos* F ~ 3 sin? 2. cos $ = cost * — 3 (1 — cost 4) cos # 


A 2 2 
= 4 cos’ — — 3 cos = 
2 2 in 4 
a 2 | A ere 
107. tan >: sin A = q2sin 5 cos 5 =2 sin? > 
cos = 
2 
109. 
sin2A = + 5 os eT | = + 5 fal + cos £2 
1 —cos 4A 
tan 2A = + I + cos 4A 


sin 15° = Lt cos 15° = que 
- 4/1 = 008 80° 
tan 15° = Nix cos 30° 


, 1 — cos 2A. 1 + cos 2A. 
sin A = La 0082 008 A = Te ee 


111. 


113. RET y | 
1 — cos 2A 


tan A = 1 + cos 2A 


115. 


117. 


141. 


; cos 120° = 


Ee 


1 — cos 240° 
tan 120° = vie ¥ cos 240° 


ws (17 +4) = + EBA 


cos? A — sin? mo 


6 +4) ees 0,4 , {1+ sin A 
ta (15° + 2 Ving — (45° + 5) = 1 — sin ‘i 
sin? 4 oe Los A 

1 , A 
sin? 24 = ~— S98 44 
cote a 1 fee 34 
. } cosec 60° 
. sin? 15 ° 
. tan? 2A 
.-0.5 
~0.25 
. sin 2 A— 0.9701; cos 2 A = 0.2425; tan2 A=4 
-sin = = 0.8944 
2sinA —2sin A-cosA _ 2sin A(l — cos A) = tant 
‘Fein A+ Zein A- cos A ~ 2sin A(i +cos A) 

1 Bis. cos? A — sin? A 
poi: moe enc ose gue cael 
rang cos 5 eee 


cos? A — sin? A A- = A 


” Qeost a 2 ( — sin® 2)" 2 (a ~gin® ) 


we - hail A 1 — cos? A + sin? A sin? A 2 sin? A _ sin A-sin A 


a 
ee 4 La J 1 — sin? > 


> pada 2A 2A 
_(Bsing sin — + cos 5) z) 4 sin a * cos y 


A A 
- 2 24 
1 sin’ > cos* 5 


A 


= 4sin’ > 


sin 4 
9 2 
A ae A 
cos x 2 sin > cos* + 
143. aaa’ Van” SALONNNT GRAN’ eatin’ dikes ‘aatieeniae 
.,A A A 2 2 
sin? — cos — cos? A x sint 4 
2 2 yy 
1 + 
scat a 
2 


1 4 sn A -itsnad | _1+sinA_ 
cos A ' cos A cos A Vi < sin? A + sin? A 


sec A +tanA = 
145. 


ey eee 
1—sinA 
3A A A P ¢ if 
cos 5 = cos (A +5) = cos A- cos F —sin Asin 
= (cost $ — sint 7) cos $ — 2 sin F - cos «sin 
2 2 2 2 2 2 
= coe? 4 = sin? 2s con 2 = 2 ein? & «cos 
2 2 2 2 2 
A _ ee is <4. (- A A 
eee 3 sin* > - cos > cos? 5 8i1 cos? =) cos 
= 4 cos’ > — 3 cos > 


147, 2 sin 45° - cos 15° 
149. 2 cos (A + B) - cos (A— B) 151. 2 cos 90° - sin 30° = 0 
153. 2 sin 5A - cos 2A 
155, °° 60° + cos 30° = +/2 cos 15° 
cos 60° + cos 30° = 2 cos 45° - cos 15° = +/2 cos 15° 
157. sin 40° — sin 20° = 2 cos 30°: sin 10° = +/3 sin 10° 
159. sin (30° + A) + sin (30° — A) = 2 sin 30° - cos A= cos A 161. cos 70° — 
cos 10° =— a ae 40° - ae — Sa . 
cos cos cos - COS 
163. 0A —ain 7A" Deo 8A -ain a "4 
165. 
A+B . A-—-B 
sin A —sin B “ica: oh iB RnB 
snd +snB > A+B A-B™ am 
aa mai cos 5 


2 cos 


A+B A-B 
2 


2 sin 


sin A +sin B 
ania cos A +cosB 


a 


2 
3 don = TS eng > 
169. sin 75° - cos 15° = 3[sin (75° + 15°) + sin (75° — 15°)] = 0.7865 
171. 


cos 260° - cos 130° = }[cos (260° + 130°) + cos (260° — 130°)] 


= 0.1116 
173. sin Sr cos = — == 5 | sin (= + =) + si = — an) |- = 0.2939 


175. 
cos 4A -sin 5A = j[sin (5A + 4A) + sin (5A — 4A)] 
= 4(sin 9A + sin A) 
177.0 
179. 1.3874 


Pages 113, 114, 115, 

1. 0.2329 
3. — 2.3706 
5. — 0.1385 
7. 0.4890 

9. 0.1835 
11. 0.5209 
13. 3.1697 
15. 0.6531 
17. 40°1.4' 
19. 61°11.2' 
21, 29°15.3' 
yas a lal 
25. 58°20.7' 
27,02 Uso 
29. 14°1.3' 
31. 22°1' 30"; 157°58'30" 

22°1'30" +n - 360°; 157°58', 30" + n - 360° 

33. + 101°32' + n - 360° 
35. + 18°26’ + n - 360° 16134+n.360 
37. The angle whose secant is k, 39. The cosecant of an angle whose secant is 


41. —160°32’ +n - 360° 


43. A is an angle whose sine is =a! sin A = Bd 
Basic, +32°58’; principal, 32°58’ 


45. 


47 


ol. 
Bas 
Ove 
of. 
as 
. -90° 
. 180° 
» 45° 
. 0.882 

.—5.915 

-2k V1 — k? 

-A= 43°9’ +n: 120°; A=-16°51’ +n - 120° 
.£45° +n - 360°; F 135° +n - 360° 

. £64°20’ + n - 360° 

. 0.3846 

. 3.4286 


—_ i 


WON wr 
be fa th eh he 


. Basic, —48°35’and —131 °25’; principal, -48°35’ 
49. 


109°28’ 
26°34’ 
48°36" 


60° 
60° 
135° 


1—*r 


1% 


"1+r? 
.0 

45° 
to | 


Pages 142, 143, 144,145 
+30° + n - 360° 
+142°12’ + n- 360°; A = +68°48’ + n - 360° 
—72°25’ + n-360°; A = 107°35’ + n - 360°; 
139°47’ + n-360°; A = 40°13’ +n - 360° 
0° + n- 360°; A = 60° + 7n- 360°; A = 120° + n - 360° 
+35°16’ + n- 360°; A = +144°44’ +n - 360° 
+£14°29’ + n- 360°; A = +165°31’ + n - 360° 
0° + n - 360°; A = 30° +7 - 360°; A = 150° + n- 360° 


+90° + n- 360°; A = 0° +n-360°; A = 30° + n- 360°; 


15,4 = 
A = 150° + n- 360° 
17,4 = 41°48" +n » 360°; A = 138°12’ + n - 360°; 
"A = —78°13’ + n- 360°; A = —101°47’ + n - 360° 


19.A = 0° +n-360°; A = 180° +n - 360°; A = +60° +n - 360° 
21.A = 108°30’ + n - 360°; A = 7°30’ + n- 360° 

23. A = 129°16’ + n- 360°; A = —15°4’ +n - 360° 

25. A = 42°44’ +n - 360° 

27.A = 10° +n: 40° 

29.A = 10° +n - 40° 

31.A = 14°4’ +n - 360° 

33.2 = 65°24’ + n- 360° 

35.A = 19°25’ +n - 360° 

37.2 = 14°43’30” + n - 360° 

39. A = 13°13’ + n- 360° 

41.A = 5°33’ +n - 360° 

43. A = —36°29’ + n - 360° 

45 A = 90° + n+ 360°; A = +45° + n- 360°; A = +135° + n- 360°; 
“A =n-+180°; A = +30° +7- 360°; A = +150° + n - 360° 
47.D = +90° + n- 360°; D = +30° +n- 90° 

49.A = 0° +n- 360°; A = —45° + 7- 360°; A = 135° + n - 360° 


51. 
A = 30° + n- 360°; A = 150° +n- 360°; A = +30° + n- 120° 


53. ge A + 45° 4+ + 180° 
55.A —90° +n - 360° 


il 

57.A = +102°40’ +n - 360° 

59.A = +54°44’ + n- 360°; A = +125°16’ + n- 360° 
61.A = +109°28’ +n - 360° 

63.A = —45° +n - 360°; A = 135° + n+ 360° 


65. 
A = 75° +n - 360°; A = —105° +n- 360°; A = 15° + n- 360°; 
A = —165° + - 360° 


67. 

A = 0° +n-180°; A = —53°8’ + n- 360°; A = 126°52’ + n - 360° 
69. A = +30° + n- 360° 
71.A +60° + n - 360° 


73, 
A=-S an. 90°; A= in. 90° 


75. 
A = +76°43’ + n - 180° 
77.A = 0° +n- 360°; A = +60° + n- 180° 
79. 
A = —53°48’ + n - 360°; A = 126°12’ +n - 360°; 
A = 20°7' + n- 360°; A = —159°53’ + n - 360° 
81.4 = 0° +n- 360° 
83. A = +90° + n+ 360°; A = +120° +n - 360° 
85. A = —45° +n - 180° 
87.A = +68°32’ + n- 360°; A = +111°28’ + n- 360° 


89.A = +45° + n - 360° 

91 A = —41°49’ + n- 360°; A = —138°11’ + n - 360°; 
"A = —224° +n-180°; A = 673° +n - 180° 

93. A = +56°1l’ + n- 360°; A = +123°59’ + n - 360° 

95 A = —75°58’ + n- 360°; A = 104°2’ + n - 360°; 
“A = 63°26’ + n- 360°; A = —116°34’ + n- 360° 

97.A = +60° + n- 360°; A = 0° + n- 360° 


99. A = 90° + n- 360° 
101.A = 90° + n-180°; A = +60° + n- 180° 
103. 
A = 60° + n- 720° or 300° + n-720°; A = +180° + n- 720° 
105. A = +90° + n- 360° and A = +97°42’ + n- 360°; y = 2.97 
107.k = +12.04 
109. A = 52°53’ and —127°7'; k = +4.7 
111. A = 90° or —270°; m = + +/2 


m = +2.1147 
° ° V3 
m.= A = 30° or 150°; m = t-5-@ 

119. 4 - cos 3 

121.A = } tan 2y 

123. A = 3 sec”! 

125.1 

127. -29.882 

129. 
Let Tan 3 = A and Tan-!'} = B. Then A+B =5 


_ tanA+tanB _~ 38+% gL T 
whe) o ade Ts y eg 
131.A=0 


133. A = 0.2333 
135. A = +1.5811 
137.A=0 

139. A =0 

141. A = 0.3273 
143. a = 5.0332 


145.4 = +v 


7 =4,08 rad. 
xX 


149. 


155. 


Pages 170, 171, 172, 173, 174, 176 


1. x/8 

3.10, 000 

5. x4 

7x8 

9.36 
11. 512 
13. 3; log, 64 =3 
15. 5; logs gtx = 5 
17. log, 256 = 4 


-logas xte = — 3 

- logas 7 = 4 

-logz2s 9 = 4 

-logz 1 = 0 

-logs z = 3y 

-a=1 

. 64 = 1,296 

. 5° = 125 

.1, 4, 16, 64, 256, 4, a, 2 

.— 0, 1,2, 3, 4,5, —1, —2, —3, —4, —5 
125 

, 512 

af 

3 

4 

. 10 

4 

ea 

nd 

.4-342+1+0=4 

-logm 2 = logm n 

.m=m 
.3+(-4)+0=-1 
.-2-1.5=-3.5 


3 


.—10 

. 0.605382 

. 0.00605382 
. 0.000605382 
. 0.0605382 


05. 
97. 
99. 
101 
103 
105 


605,382,000 
605.382 
6.05382 

. 0.0605382 

. 0.00000605382 
. 0.8347 


107. —2.7248 


109. 
111. 
113. 
115. 
117. 
119. 
121. 
123. 
| Bae 
127, 
129. 
131. 
133. 
133. 
137. 
139. 
141. 
143. 
145. 
147. 
149. 
151. 
153. 
Loa: 
157. 


159. 


161. 
163. 


165 
167 


1.4297 

—1.3092 

—5.7622 

—5.6775 

7.697 

0.7017 

0.0001897 

0.05541 

19,530 

0.4524 

0.007078 

log (a? - b) = 2 log a + log b 
log 1,715 

log y = log 869.3 — log 174.7 

log sin A = log y — log x 

log z = log 182.7 — log 0.04769 — log 94.36 
log w = } log 38.43 

log 5.29 + log 6.38 — log 4.52 
loge m + log, n + log, tan A — logy y 
loge A + n loge (1 — p) 

loge k — bt - loge (1 — r) 


—42 
a’ - b+ 
c® 
3| ve T° (6 ek]? 
8 at - (a? + 1)i | 
xX =6and2 
. 0.90309 
. 1.07918 


169 
171 
173 
175 
177 


179. 
181. 
183. 
185. 
187. 
189. 
191. 
193. 
195: 
197. 
199. 
201. 
203. 
205. 
207. 
209. 
211. 
213. 
215: 
217, 
219. 
221, 
ooo: 
225; 


an) 


229. 
231. 
2a3. 
oooh 
237. 
230. 
241. 
243. 
245. 


. 0.17609 

. 4.19178 

. 1.49 

. 1.3868 

. -1.661 
0.921 
2.8612 
—2.8612 
—0.3682 
—3.3784 
—7,8572 
410.8912 
3,034.7677 
1.1987 

2.45 
47,730 
0.2162 
0.00010063 
0.04459 
0.3261 
0.04478 
830 

0.6265 
21,470,000 
0.001907 

x = 3.169 

X = 27.47 
x= 3.15 

x = 2.201 
.X= 1.4515 
xX = 1.193, y =-0.276 
xX = 119.17, y = -105.82 
xX=3,y=2 
9.9962 — 10 
9.9642 — 10 
0.3969 
8.7631 — 10 
9.7872 — 10 
28°28' 


247. 65°28' 
249. 70°9' 
21, 12°59’ 
203. 9°51" 
255. 18°38’ 


Pages 184, 186,186 


1. Yes 

3. Yes 

5. The context in which the number occurs. 

7.7 

9.4 

iL3 

3. 3. It indicates that the length is nearer to 28.4 in. than to either 8.3 or 28.5 


21. 69.244 

23. Seven-figure accuracy; seven significant figures and seven-figure 
accuracy. 

25. 654 

27. 9,702.5 

29. To the nearest degree 

31. To the nearest minute 

33. Seven significant figures 

35. AC = 1.82. Two significant figures can be found because the angle is given 
to the nearest degree. 

37. A = 62°0' with four-place tables 


Pages 219, 220, 221 


1. 1,938 
3. 11,310 
5. 790 
7. 0.1027 
9. 4.85 
11. 0.002045 
13. 61.2 
15. 54.6 


17. 5.84 

1995.1 

21, 0.671 

23. 0.0136 

25. 64, 289, 0.348, 0.00562, 19.2, 0.702, 4,670, 0.000000537, 0.363, 860, 154, 
0.0000672, 0.0000199 

27. 83.0 

20s 1.50 

a1, 2.57 

33. 35.2 

35. 40.4 

a7. 0.535 

O89. 2.215 

41. 63.6 

43. 1.18 

45. 0.00755 

47. 1,590,000 

49. 0.0000767 

51. 184.2 

oo. / 

59. 0.092 

57. 499 

Oe 1.525 

61. 2.69 

63. 26.86 

65. 90.9 

67. 7.04 

69. 2,290 


Pages 252, 253, 254, 255 


1. b = 333.2 ft.; area = 13,328 sq. ft. 
3. B = 58°8’; b = 93.3; c = 109.9 
5. A= 27°17'; a = 49.5; b = 96 
7. A— 53°34’; a= 1.8; b- 1.4 
9. A = 28°54’; B= 61°6'; b = 518.8 
11. A = 27°55’; B = 62°5’; c = 0.09887 
13. A = 47°42’; a = 6,917; b = 6,294 
15. B = 25°52’; a = 1,735.8; c = 1,929.1 
17.6 = 54.4; ¢ = 40,12; B = 63°53’; area = 1,052.2 


19. B = 116°57’; a = 2.286; c = 5.025 
21.A = 51°14’; c = 592.6; b = 726.7 
23.C = 41°29’; b = 0.6171; a = 1.1068 
25. A = 98°3’; a = 267.59; c = 247.94 
27. A = 47°3’; B = 16°33’; a = 12.029; area = 25.222 
29 A, = 71°13’; C; = 62°11’; c: = 319.8 
“As = 108°47’; Cy = 24°37’; co = 150.6 
B, = 83°53’; Cy = 41°26’; c, = 37.22 
B, = 96°7'; Cy = 29°12’; c2 = 27.44 
Ci = 48°34’; A, = 95°38’ ; a, = 87.60 
“C2 = 131°26’; Ar = 12°46’; a2 = 19.45 
35. B = 27°8'; C = 7°54’; c = 218.9 

37. A = 15°27’; B = 37°3’; a = 4.121 
39.C = 33°44’; B = 74°39’; b = 0.4767 
41.A = 13°37’; C = 12°8’; a = 6.08 

43. B = 131°39’; C = 20°7’; a = 5.265 
45. A = 11°50’; B = 23°36’; c = 758.2 
47. A = 67°23’; B = 46°39’; c = 434.2 
49.A = 57°; B = 95°30’; c = 16.67 

51. A = 21°24’; C = 41°42’; b = 16.74 
53. A = 96°40’; B = 52°52’; C = 30°28’ 
55. A = 106°30’; B = 36°22’; C = 37°8' 
57. A = 22°32'; B = 66°; C = 91°28’ 

59. A = 29°56’ 

61. A = 40°l’ 

63. (a) 33°41'30’; (b) 53°8’; (c) 26°34’; (d) 45° 
65. 11 in 

67.5 ft. 8 in. high 

69. 25.17; 77.48; area = 761.6 sq. ft. 

71. r = 7.94 ft 

73. 51 ft. 8} in. 

75. 0.775 acre 


31. 


Pages 270, 271, 272, 273 


1. 5,014 ft. 

3. 2,865 ft. 

5. 14 mils, approximately 

67.5 min. = approximate angle; 68.6 min. = exact angle; 1.6 per cent error 
in the approximate angle 9. (a) 10 mils, (b) 6% mils, (c) 5 mils, (d) 23 mils 


7 


11. 12.176 ft. error in the approximate’ distance 13. 
cos 89°16'12”" = 0.01274; tan 89°16'12” = 78.493; 


cot 89°16'12” = 0.01274 
15. 6.9602 — 10 


17. 8 min. 35.64 sec. 

19. 57.6 yd. 

21. 451,840 miles 

23. 200 yd. 

25. 75 yd. 

27. 21.6 miles 

29. 29.36 min. 

31. 45.5 mils, approximately 
33. (a) 10 mils, (b) 5 mils, (c) 34 mils, (d) 24 mils, (e) } mil 
35. sin 25' = 0.007273 

37. cot 3'30” = 982.12 

39. 2'4" 

41. 10'19" 

43. 760 yd. 

45. 2,330 miles 

47. 7.6 mils 

49. 8 yd. 

51. 8.3 mils 


Pages 298, 299, 300 
1. (a) 4x, (0) Br, (€) F 


3. (a) §, (b) 5, (c) 2, (d) 2.6 

5. 7 radians 

7. 150.8 ft. 

9. (a) y = 3 sin 2.0944t, vertical projection (b) y = 3 cos 2.0944t, horizontal 
projection 11. 20 cycles/sec. = frequency; 0.05 sec. = period 13. Frequency = 
0.1591; period = 6.2832 

15. Frequency = 0.6366; period = 1.5708 
17. Amplitude = 2.4; wave length = 67; phase angle = # radian 
Amplitude = §; phase angle = 0; 
‘angular speed of radius = } radian/sec. 
21. Amplitude = 6; phase angle = —60°; angular speed = 4x + = 


23. Multiply abscissas of standard sine graph by }. 
25. Multiply abscissas scale by ; or . 


Shift origin to (45°, 0) measured on this new abscissas scale. Multiply the 
y-scale units by 6. 
27. Here r = 0.375, @ = 2.5, and A = (2.5t — 1.1) = (@t — B) from which we get 


t= A + A the new time scale. Move the origin of the standard graph to the left 
w @ 


a distance represented by B radians on the standard graph scale. Divide the 
radian units of the standard graph by 2.5 to get the time units in seconds. The 


measure of 1 radian = the measure of a 0.4 sec. Multiply the y scale by 
0.375 to get the new y scale. 

29. Amplitude = 4; angle of lag = — at period = r. 

31. 


=4 sin (2A - 5) 


be 


35. Angular speed = w — 2 radians/sec.; amplitude = d = 1.5; phase angle = 
0° 

37. Angular speed = @ = 27 radians/sec; amplitude = d = 2.5; phase angle = 0° 

39. Angular speed = @ = (2 + 5) radians/sec.; amplitude = d = 5; phase 
angle = —30° 

41. Angular speed = (3 a x radians/sec.; amplitude = d = $; phase angle = 
Tr 
6 


43. FS radians 


45. dn radians 


3 
Pages 316 to 322 


11. 


13. 37 lb. friction force; 85 lb. pressure between body and ground 15. 782 Ib. 

17. R = 252 lb. A force making an angle of 48°8' with the 100-lb. force will 
keep the system in equilibrium. 

19. R = 304 lb. 

21. R= 35 |b. 

23. R = 141 |b.; A = 19°58’ with the 120-lb. force 25. (a) 103.92 lb. along 60 
deg. line; 60 lb. perpendicular to 60 deg. line (b) 115.91 lb. along 15-deg. line; 
31.06 lb. perpendicular to 15-deg. Line 

27.7, = 1,687 lb.; T2 = 2,311 lb.; 7's = 3,000 lb. 

29. 2,181 miles; A = 66°49’ with the horizontal 31. 265 m.p.h. with reference 
to ground; A = 83°2' with the horizontal 33. 68 Ib. friction, 218.3 lb. pressure 35. 
37.31 lb. friction, 135.7 lb. pressure 37. 958 lb. parallel and 2,948 Ib. 
perpendicular to the slope 39. 700 lb. assuming no friction on a smooth plane. 

520 lb. assuming coefficient of friction of 0.2. 
The slope may be reduced to zero. 
41. Yes. 9'2"” = shortest plank 


43. 


Latitude Departure 
AB 95.37 ft. N. 366.08 ft. E. 
BC 323.15 ft. 8. 103.12 ft. E. 
CD 372.5 ft. 8. 14.76 ft. W. 
DE 182.24 ft. N. 164.65 ft. W. 


45. R = 226.4 m.p.h., A = 6°20’ with the vertical 47. (a) x = 34,425 ft., y = 
9,938 ft.; (b) 49.7 sec; (c) 68,850 ft. 

49. 12.17 m.p.h.; A = 80°32’ with the shore line 51. 4.8 knots due south 

53. 19.57 m.p.h. at 5°52’ with E.-W. direction 55. 59°2' with the shore line; 
5.83 m.p.h. = actual speed; 1,200 ft. downstream 57. 54°19’, 83°5', 42°36’ 

59. 113.8 volts 


Pages 341 to 346 


1. 86.6 miles, 1°15'11” 
3. 267.5 ft. 
5. 460 ft. 
7.d= 552.19 ft. 
9. 118.24N. = latitude; 89.99E. = departure; 148.59 ft. = length; 37°16’N.E. 
= bearing 11. 4,865 sq. ft. 
13. 12.3 miles. 
15. 786 ft. 
17. 787 ft. 
19. 675 ft. 
21. 14.02 miles 
23. AB = 550.27 ft. 


Pages 367 to 370 


1. 192 m.p.h. = track; 11°30’ = angle of drift; 50°30’ = true course 3. 269 
m.p.h., N.35°17’E. 
5. 126 m.p.h., N.48°41'E. 
7.176 m.p.h., $.52°3’E. 
9. 53.93 miles = distance of C from A; 3.93 miles north of A; 53.79 miles 
east of A 
11. (a) 135 nautical miles, (b) 222 nautical miles 13. 118.9 nautical miles = 
departure 
15. Difference in latitude = 134.82 miles; departure = 65.76 miles 17. 118.9 
miles = departure; N.24°40'E. = course 19. 67°19'W. = new longitude; latitude = 
43°29! 


21. 24°43'S., 24°33'W. 

23. N.34°28’E. = course; 328 miles = distance; 68°22'W. = longitude 25. TC = 
4 miles; AB = 7* miles 27. N.31°53’E. = course; 212 miles = distance 29. 
36°40'N., 52°W. 

31. 70.8 miles = difference in latitude; 90.6 miles = departure 33. 204 miles = 
difference in latitude; 28.7 miles = departure 35. 9°58’ = difference in longitude 

37. 1,741 miles 

39. S.46°15’E. = course; 260 miles = distance 41. S.41°19’E. = course; 242 
miles = distance 


Pages 388, 389 


1. 34.64 ft. = length of chord; 41.89 ft. = length of arc; 245.68 sq. ft. = area 
of segment 3. 1,167.6 gal. 
5. Open = 26.74 ft.; closed = 26.92 ft.; difference = 0.18 ft. = 2 in. 
7. 36.3 ft. 
9.03 3.2 
11. 32°36.7' 
13. 0.2082" = xy”, approximately 
15. 18,720 lb 
17. 154,930 Ib 
19. P = 76,000 Ib.; Yp = 34.07 ft. below the free surface 21. P - 83,095 Ib.; yp 
= 49.765 ft. 
Py, = 271,920 lb. = total normal pressure, left face 
Pr = 56,400 lb. = total normal pressure, right face 
P = 215,520 = resultant pressure 
yp, = 20.43 ft. below water surface on left face 


Pages 437 to 443 


23. 


1.x=2.6,y=15 


3. X = 0.5, y = 0.87 


5. X = 6.47, y = 2.68 


9.x =-1, y=-1.73 


@4%) = * 


1.x =-3.14, y=-5.44 


(27,600°) Y’ 


13.x=1, y=-1.73 


15.x=0,y=4 


17. 


19. 


21. 


23. 


2a. 


27, 


20. 


r=cos 2A 


x 


31. 


=2tanA 


33. r2 sin A: cos A = 12 
35.r=tanA-secA37.r=4cosA 


39. x? -y* = 16 

41. 42% — 5y? — 3y = } 
43. x* — 12y = 36 
45.4-i 

47.1 — Jf5i 

49.— /7i 

51. = 9/11 ¢ 

53.1 4+27%3i 65. —i 
57.0 — Vf13i 

61. 


63. 


65. 


67. 


69. 


Z1, 


Fae 


7D 


Fis 


103. 


105. —1 —2i 
107. 18 + 4i 
109. -3 — 4i 
111. 21-2 
113.43 


115. 


117.—4 5 — 12 V3 
lis. == 
121, 2(V5 + V74) + v7) 


125, 1 
125, 3+ 21 
127. 3 +47 and 3 - 4i 


129. 4/2 (cos — 45° + i sin — 45°) 


131. +/2 (cos — 185° + isin — 135°) 

133. 5(cos 0° + 7 sin 0°) 

135. 1/30 (cos — 65°54’ + i sin — 65°54’) 

137. 2(cos 90° + 7 sin 90°) 

139. cos 90° + 7 sin 90° 

141. cos — 90° +i sin — 90° 

143. »/3 (cos 90° + isin 90°) 

145. 4(cos 154°20’ + 7 sin 154°20’) 

147. 4(cos 90° + 7 sin 90°) 

149. 4.15(cos — 139°8’ + 7 sin — 139°8’) 

151. 1/2 (cos 45° + i sin 45°) 

153. cos 135° + ¢ sin 135° and cos — 135° +i sin — 135° 

155. +/2 (cos 45° + i sin 45°) and +/2 (cos — 45° + isin — 45°) 
157 cos 30° + 7 sin 30° and cos — 30° + isin — 30° 

159 +/30 [cos (—114°6’ + m - 360°) + i sin (—114°6’ + m - 360°)] 
161 1/6 [cos (114°6’ + m - 360°) + isin (114°6’ + m - 360°)] 
163 +/10 [cos (108°26’ + m - 360°) + i sin (108°26’ + m - 360°)] 
165—-$+ 3 ~V/3i 

1671 +3 

169 § — § V/3i 

171 — 1/3 

173 —1.39 + 7.88: 

175 —10 1/2 — 10 V2i 

177 13.59 — 6.347 

179 —3.4 + 4.947 

181 2 4/3 + 2: 

183 


185. 


187. 


(3va+8i) +(-34+¥3,) = 2.10 + 2.37% 


(2,1+2.37%) 


195. —3i + 2 


197. (M3 3s) +54 (YP +4 i) = =V38+i 


199. 


201. 


207. 25.39 — Gi 


209. -2(1 + i) 


211. 12 + 167 

213. 41 + 38 
215.8 + 8 V/3i 
217.-1 


219. 19.78 + 60.871 
221. —0.184 — 0.3131 
cos 2A +isin 2A = (cos A +i sin A)? 
923. = cos? A — sin? A +2cosA-sinAi 
.. cos 2A = cos* A — sin? A 
and sin 2A =2cosA-sin A 
cos 3A + isin 3A = (cos A +7sin A)? 
225% = 4cos? A —3cos A +1(8 sin A — 4 sin‘ A) 
“. cos 3A = 4 cos? A — 3 cos A and sin 3A = 3sin A — 4sin' A 
227, 


G+%8i)’ = (cos 60° + i sin 60°)? = cos 120° + i sin 120° 


V3. 


1 
ee ia ie 
(G+%5i)'- (cos 60° + 7 sin 60°)? = cos 180° + 7 sin 180° 
= —] 
(§+%2:)' - (cos 60° + ¢ sin 60°)" = cos (n - 60°) 
+ isin (n - 60°) 


, 3 
5 — -5~) = (cos 150° +7 sin 150°)? = cos 450° + isin 150° = 7 


4 
-—_— oO = (cos 150° + 7 sin 150°)4 = cos 600° + 7 sin 600° 
V3. 


-g--7 
231. 972 +/2 (cos 225° + i sin 225°) = —972 — 972i 
933,11 = lia = 0.309 + 0.95117; z; = —0.809 + 0.5878; 

2, = —0,809 — 0.58787; z; = 0.309 — 0.95117 
235. —2i 
237. 21 = 1.85 + 0.57; z2 = —1.36 + 1.361; 73 = —0.5 — 1.857 
939 “ = 0.809 + 0.58781; z2 = —0.309 + 0.95117; 7; = —1; 
“24 = —0,309 — 0.95117; 2; = ine — 0.58787 
Al is = 3.99 + 0.2627; 22 = —0.262 + 3.997; 

“gs = —3.99 — 0.2627; 2, = 0.262 — 3.991 

243, 2 V2 [cos (45° + k - 360°) + 7 sin (45° + k - 360°)] 

2/2 [cos (—45° + k - 360°) + isin (—45° + k - 360°] 

2, = cos 18° + 7 sin 18°; z2 = cos 90° + 7 sin 90°; 
245. 23 = cos 162° +7 sin 162°; 2, = cos 234° + 7 sin 234°; 

zs = cos 306° + 7 sin 306° 

21 = cos 36° +7 sin 36°; z2 = cos 108° +7 sin 108°; 
247. 23 = cos 180° + 7 sin 180°; 2, = cos 252° + 7 sin 252°; 

Zs = cos 324° + 7 sin 324° 
249. x; = cos 60° + 7 sin 60°; z2 = cos 240° + 7 sin 240° 
251. 2; = cos 74° +7 sin 74°; 22 = cos 1874° +7 sin 187}° 


LA 
LA 
Al 


Pant A 


S 
Te’ 
“I 


261. 


263. 


265. 


267. cos 25° = 0.9063 
269. sin 45° = 0.7071 
271. sin 20° = 0.3420 
273. cos 120° = — ae 60° = -0.5 


sec? A = 


1 4 
ae (ey eee 
275. 2 


1+tent A =14[ 5 | = sagp em 
t(¢e*4 a e~*4) tA oa 2 oo e7hA 
1 -4 
amd ™ Ga up ~ a pe 
va 47? 
i2(etA 4 ¢-tA)?2 wail 
Lots 8 bt ae PTI 
cos 2A = cos A-cos A — sin A-sin A 
Ap enth gid iA gid iA gid — iA 


ll OOOTSe 8 OO rhe i OC "+ - ~-— WO 


279. 2 2 21 21 
tA —iA\ 2 tA — ,-~-tA\2 
= (>) _ (-3-) = eon! A ~ aint-A 
281 


(2 cos A)? = (e'A 4 ¢-iA)s 
me gtd 3. g8tA . gid + BAD. ga. erie 


cosec? A = 


ae a + 7A 


1 
cos’ A = 7 


. (eA 4 Bold 4 Bemid 4 emai) 
Lf (eA 4 enti (ff oh grt 
aa 
= 4(cos 3A + 3 cos A) 
aan i — —A) = “<< * 
sech? A = RTA A (Ss ey - aa 
285. 


a | 
1 — tanh? A -1-($55) 


- 4 
CaF sf A9* 


CPs? Fe? 
2 


287. 
cosh z- cosh y = 


efety) + ey—2) 4 elev) 4 e(ety) 
4 
thea. SB Dien A 
20 2 
eftty) — luz) — glamv) 4 —-(ety) 
4 
ev + =») 
2 


sinh z- sinh y = 


“. cosh z- cosh y — sinh z- sinh y = 


Now substitute (2 — y) for z in cosh x = £ te 


and get 


ev + e-(e-v) 


cosh (z — y) = 3 


289. 


e —¢€# vw&+e% 
2 2 


sinh z- cosh y = 


e(zty) — glu—#) + ¢(e-v) — —-(ety) 
4 
F & CF Cone 
cosh z- sinh y = see 
eztv) + ely-2) — ge-v) — (ety) 
4 


e(t—v) — ¢(y-2) 


sinh z+ cosh y — cosh z- sinh y = 2 


Now substitute (zx — y) for z in sinh z = : 3 <_ and get 
e(t-v) — —(u~*) 


2 


Pages 510, 511 
1, A’ = 155°; B' = 35°; c' = 70° 
3. B'= 5°; GC" - 95°; b' = 20° 
5. 90° 
7.cos A= tan b-: cotc 
9.cosc=cotA-cotB 
11. cos A =cosa:sinB 
13. sin b=sinc: sinB 
15. a, second quadrant; A, second quadrant; B, first quadrant 17. a, first 
quadrant; c, second quadrant; B, second quadrant 19. A, first quadrant; b, first 
quadrant; C, first quadrant 21. 


sinh (x — y) = 


sin b = cot A- tana; sin B = 


23. cos c = cos a- cos b; cot B = ——; co = 
tan b tan a 
sos A. 


25. tan 6 = Ts cot B = i sina = sin A- sin ¢ 


27. B = 06°57’: a= 34°57: c = 112°38’ 

99,41 = 35°34’; a, = 29°20’; c, = 12°39" 
Az = 144°26'; a2 = 150°40’; cp = 57°21! 

31. A = 35°43’; c = 54°13’; B = 67°12! 

33, 0: = 34°14"; Bi = 64°36"; c: = 38°31’ 
"by = 145°46’; By = 115°24’; cg = 141°29' 

35. b = 137°7’; A = 166°11'; C = 161°27’ 

37. ¢ = 83°12’; B = 139°57’; A = 57°27’ 


39. 
41. 
43. 
45. 


47 


1. 


c = 71°22’; B = 76°28’; C = 80°34’ 
A = 35°51’; B = 133°32’; C = 24°33’ 
@ = 122°21’; b = 46°40’; c = 96°44’ 
a = 48°15’; b = 133°51’; c = 144°12’ 


. A = 103°13’; B = 36°30’; c = 57°48’ 
49. 
51. 
ds 
aos 
57. 


b = 107°16’; c = 104°59’; A = 78°5’ 

c = 119°48’; b = 168°54’; A = 127°57’ 
C = 31°35’; B = 97°53’; b = 56°32° 

c = 6°57’; b = 25°22’; B = 77°35’ 

a = 40°17’; b = 45°90’; B = 85°54’ 


Pages 531, 532 
(a) 1.152 miles, (b) 2,073.5 miles, (c) 3,110.2 miles, (d) 4,147 miles, (e) 


6,220.4 miles 3. 56°20'N., 5°21.5'W. 


Oe 

7. 

a. 
42°N. 
11. 
13. 
15. 
17, 


E. = 148°59' 
31,750,000 square miles 
The shortest distance will be 3,200 miles along the parallel of latitude 


14°50'N., 42°14'W. 

4:32 PM. 

9:12 PM. 

14 hr. 55 min. 40 sec. = longest day 9 hr. 4 min. 20 sec. = shortest day 


INDEX 


A 


A-and B-scales, construction and characteristics of, 203, 204 
Abscissas, axis of, 17 
Accuracy, of angles, 182, 183 
of computed quantity, 178 
increasing, of slide-rule result, 218, 219 
limits of, of computed angles, 182, 183 
of measured quantity, 177 
indication of, 178 
obtained by use of a 10-in. slide rule, 190 
Addition and subtraction formula, for cotangent, 77, 78 
for tangent, 77 
Addition formula, for cosine, 73, 74 
for sine, 72, 73 
Addition formulas, for sine and cosine, examples, 83 
for tangent and cotangent, examples, 85, 86 
Aerial navigation, and sea navigation, 347 
example of, 347-349 
Alternating current and sine function, 296, 297 
Altitude circle, 525 
Altitude of star, 525 
Analytical trigonometry, meaning of, 1 
Angle, acute, denned, 38 
basic, denned, 101 
cofunction of, defined, 39 
defined, 2 
Angle, degree unit of, origin of, 4 
where not used, 5 
where used most, 4 
of depression, defined, 323 
example, 323, 324 
dihedral, defined, 444 
how designated, 444 
magnitude of, determined, 445 
parts of, 444 
plane angle of, 445 
how formed, 445 
and measure of, 445 
distance for, 19, 22 
dividing of, by constant, 13, 14 
of drift, 347, 348 
of elevation, defined, 323 
examples, 324-326 
functional elements of, 24 
functions of negative, in terms of positive, 37, 38 


example, 38 
functions of, 90°, 54 
of 180°, 54, 55 
of 270°, 55 
of zero degree, 53, 54 
general, defined, 101, 102 
examples, 102, 103 
greater than, 360°, 9 
half, functions of, 79 
how designated, 2 
how expressed in radians, 6, 7 
how to read, 9 
of lag, 281 
example, 281, 282 
mil unit of, where used, 5 
multiplying, by constant, 13 
natural unit of, 5 
Angle, negative, denned, 9 
obtuse, denned, 38 
of 1 deg., 3 
of 1 mil, 4 
of 1 min., 3 
of 1 radian, 4 
of 1 second, 3 
parts of, 2 
polyhedral, 446 
principal, denned, 105 
examples, 107—110 
how indicated, 106 
quadrant of, 18 
quadrantal, denned, 19 
radian measure of, 5 
examples, 7—9 
relation between arc, radius, and, in mils, 10 
solid, 446 
correspondence between sides and angles of spherical triangle, and face and dihedral angles of, 456 
sum of face angles of, 447 
spherical, denned, 451 
how measured, 452 
standard position of initial line of, 24 
determination of signs for, 24, 25 
terminal line of, defined, 2 
positions of, 101, 102 
thrice an, functions of, 86, 87 
trihedral, 446 
correspondence between sides and angles of a spherical triangle, and face and edge angles of, 456 
effect of radius of sphere on, 457 
sum of any two face angles of, 446 
twice an, functions of, 78 
between two curves, how determined, 451 
units of measurement of, 3 
usual symbols for, 2 


Angle, zero degree, defined, 53 
functions of a, 53, 54 
Angle A, functions of supplement of, in terms of A, 43 
Angle mirror, use of, 327, 328 
Angles, algebraic addition and subtraction of, 12 
applications of plane trigonometry involving small, 256-270 
basic, equal for what two inverse functions, 106 
complementary, denned, 38 
of elevation and depression by use of clinometer or hypsometer, 328 
formed by two intersecting great circles, 452 
near 90°, more accurate values of functions of, 266 
example, 267, 268 
near 0°, more accurate values of functions of, 265, 266 
examples, 267, 268, 270 
near 0° and 90°, logarithms of functions of, 268-270 
sum of, of spherical triangle, 461 
supplemental, rule for, 43 
supplementary, defined, 42 
Angular displacement, denned, 278 
Angular velocity, 11, 12, 277, 278 
relation of, to linear velocity, 278 
example, 279 
Antilogarithm, defined, 159 
how determined from table of logarithms, 160 
Applications, of plane trigonometry, 256-437 
of spherical trigonometry, 512-531 
Arc, length of, at any latitude, 358, 359 
example, 360 
length of, on earth, 512 
miles in 1 deg. of, on earth, 513 
of 1 deg., 3 
of 1 min., 3 
of 1 sec, 3 
Arc, relation between subtended, radius, and angle in mils, 10 
relation between, radius, and radian measure of central angle, 256, 257 
examples, 256-258 
Area, of oblique triangle given three sides, 245, 246 
relation between radius of circumscribed circle and, of triangle, 245 
relation between radius of inscribed circle and, of a triangle, 246 
of spherical triangle, how to find, 522, 523 
example, 523 
L’Huilier’s theorem for spherical excess, 522, 523 
Areas, of oblique triangles, 243, 244 
of right triangles, 242, 243 
Astronomical triangle, 527, 528 
and determination of local time and longitude at sea, 529 
and determination of time of sunset, 529, 530 
examples of solution of, 528, 529 
and latitude and longitude of well-known places, 531 
other problems on, 530, 531 
Axis, of abscissas, 17 
positive and negative portions of, 18 


standard position of angle on positive portion of, 24 
of circle on sphere, defined, 447 
of coordinates, 17 
four quadrants formed by, 17 
of ordinates, 17 
positive and negative portions of, 18 
Azimuth, of line, defined, 333 
of star, 526 
Azimuth difference, defined, 333 


B 


Basic angles, defined, 101 
equal for arc cosine and arc secant, 106 
Basic numbers, for logarithms to base 10, 150 
logarithms of all numbers from logarithms of, 150 
Bearing, off the bow, defined, 350 
object on the beam, 350 
example, 350 
of line, defined, 333 
system used by United States Army and Navy, 334 
when course corresponds to compass, 349 
Belt, length of open or uncrossed, 372, 373 
example, 373, 374 
length of a crossed, 373 
example, 374 
Biquadrantal spherical triangle, defined, 462 
Briggs, Henry, 149 
Briggsian or common system of logarithms, defined, 149 
why generally used in computations, 149 


C 


Celestial or astronomical triangle, 527, 528 
determination of local time and longitude at sea, 529 
determination of time of sunset, 529, 530 
example of solution of, 528, 529 
latitude and longitude of well-known places, 531 
other problems on, 530, 531 

Celestial equator, defined, 524 

Celestial poles, defined, 523 

Celestial sphere, and altitude, declination and hour angle of any star, 525 

Celestial sphere, and azimuth of star, 526 
defined, 523 
and horizon, 524 
and hour circles, 525 
and latitude of zenith of any point on earth, 525, 526 
and meridians, 525 
and nadir, 524 


and parallels of declination, 525 
and systems of reference for determining position of a star, 526-527 
and vertical or altitude circle, 525 
and zenith, 524 
Characteristic, of logarithm, defined, 151 
for logarithm of decimal number, 152 
negative, distinct from mantissa, 152 
rule for finding, of logarithm, 151 
Characteristics, expressing negative, 152, 153 
Circle, altitude, 525 
area of segment of, 371 
example, 371, 372 
axis of, on sphere, 447 
distance of point on sphere from, on sphere, 453 
to draw, upon surface of sphere about given point as pole, 449, 450 
great, 447 
to draw arc of, through two given points, 450 
pole of, that passes through two points, 450 
sailing, 513 
vertex of, 519 
characteristics of, 520 
computing, 520 
example of, 521 
value of, 520 
motion of particle on, 11, 12 
poles of, on sphere, 447, 448 
Circle, relation between pole of, and circle of which it is the pole, 448 
small, 447 
vertical, 525 
Circles, great, angle formed by two intersecting, 452 
propositions relating to, 448, 449 
points of intersection of three intersecting, 458, 459 
relation between, drawn through point and great circle drawn with point as pole, 453 
Circles, hour, 525 
Circular sector, area of, 11 
Cl-scale, construction of, 197, 198 
examples on use of, 198—200 
Clinometer, 328 
Closed survey, check on accuracy of measurements of, 335 
Closing line of survey, distance and bearing of, 335 
latitude, departure, length and bearing of, example, 335-337 
(See also Surveying) 
Cofunction of angle, defined, 39 
Cofunctions, relations between magnitudes of direct and, 56 
Cologarithm of number, defined, 158 
rule for, to base,—10, 159 
Cologarithms, how used, 159 
Common or Briggsian system of logarithms, denned, 149 
why generally used for computation, 149 
Common and natural logarithms, relationship between, 157 
Compass, magnetic, where used, 349 
Complex and compound oscillations, 297, 298 


Complex number, if a + bi = 0, a= 0, b = 0, 400, 401 
ifa+ bi=c+di,a=c, b=d, 401 
if (o + bi) (c + di) = 0, then at least one of the factors = 0, 401 
Complex number, basis for representing imaginary part of, on y axis, 398 
chief characteristics of nth roots of, 424 
defined, 396 
modulus and amplitude of, 403 
polar form of, 403 
examples, 404, 405 
general, 404 
powers of i shown graphically, 398, 399 
rand A in terms of a, and b, 402 
rand (cos A+ isin A) effect on unit vector representing a, 403, 404 
raising a, to a power, 416 
rectangular form of, examples, 406 
relation between solving equation and finding nth roots of, 424 
example, 424, 425 
representative point, amplitude and modulus, defined, 402 
representing geometrically, 399 
in solution of quadratic equation, 396, 397 
why called vector, 401, 402 
Complex numbers, addition, subtraction, multiplication, and division of, 399, 400 
addition of two, graphically, 406, 407 
conjugate, 397 
nature of sum and product of, 397 
and De Moivre’s theorem, 414-416 
division of, graphically, 410, 411 
forces and velocities represented by, 411, 412 
resultants of, 412, 413 
example, 412, 413 
multiplication of two, graphically, 397, 398 
roots of, 416—425 
rule for division of two, in polar form, 409, 410 
examples, 410 
Complex numbers, rule for multiplication of, in polar form, 407, 408 
examples, 408 
subtracting, 407 
Component of vector, defined, 302 
Composite sailing, when used, 521, 522 
Condition, equation of, defined, 70 
Coordinates, Cartesian, 17 
axes of, 17 
distance in, defined, 19 
points located in, 18 
positive and negative directions in, 18 
polar, defined, 390 
relation of, to rectangular coordinates, 391 
transforming equation in, into one of rectangular coordinates, and vice versa, 392 
when (1, A) are positive or negative, 391 
Cosecant curve, construction of, 66, 67 
how different from secant curve, 68 
period of, 68 


Cosecant function, defined, 23 
Cosine, addition formula for, 73 
examples, 83 
subtraction formula for, 75 
examples, 84 
Cosine curve, construction of, 59, 60 
how different from sine curve, 60, 61 
period of, 60 
Cosine function, defined, 22 


A in terms of A, 79 


cos 2A in terms of A, 78 
cos 4A in cosines of multiples of A, 433 
cos (A + B) in terms of functions of A and B, 73 
cos (A — B) in terms of functions of A and B, 75 
Cosine function, cos (A + B) expansion true for all values of A and B, 75, 76 
importance of these expansions, 76, 77 
cos Aj sin A, tan A, exponential value of, 431, 432 
cos B, sin B, tan B, in terms of B in radians, 427—430 
cos nA and sin nA in terms of cos A and sin A, 425-427 
Cosine graph, obtained from sine graph, 290 
relation to uniform circular motion, 280, 281 
Cosines, law of, 227 
proved, 227, 228 
sum formulas for, 80, 81 
Cosines, spherical law of, applied to solution of spherical triangle, 466, 467 
for angles, 467, 468 
for sides, fundamental equations, 464 
proved for one side >90° and <180°, 466 
proved for two sides >90° and < 180°, 465, 466 
proved for two sides <90°, 464, 465 
Cotangent, addition formulas for tangent and, examples, 85, 86 
addition and subtraction formula for, 77, 78 
Cotangent curve, construction of, 62, 63 
how different from tangent curve, 64 
period of, 64 
Cotangent function, denned, 23 


— in terms of A, 79 


cot 2A in terms of A, 78 
cot (A + B) in terms of A and B, 77, 78 
Course of plane or ship, denned, 349 
how usually given, 350, 351 
Course of plane or ship, when it corresponds to compass bearing, 349 
Courses, how United States Navy-designates, 351 
example, 351, 352 
reciprocal, defined, 351 
Coversed sine, 27, 28 
C-scale of slide rule, advantage of labeling numbers instead of logarithms on, 192 
construction of, 192-194 
Cube root and cube on slide rule, directly, 207 
rules for locating decimal point for, 208 


Curve, area of road widening around, 340, 341 
periodic, denned, 274 (see Periodic functions) polar equation of, defined, 391, 392 
staking out road widening around 338-340 

Curves, angle between two, determined by, 451 


D 


Damped oscillations, 298 
Dead reckoning, defined, 352 
Decimal point, for CI-scale, 202, 203 
(See also Slide rule) 
location of, in simple calculation by slide rule, 197 
for number of factors, 201, 202 
principle in locating, for slide rule, 200 
rule for, using C-and D-scales for division, 201 
rule for, using C-and D-scales for multiplication, 200, 201 
for square, 206 
for square root, 205 
Declination, parallels of, 525 
of star, 525 
Degree, angle of 1, 3 
radian value of, 7 
Degree unit of angle, 3 
originated by, 4 
where not used, 5 
Degrees to radians, conversion of, 8 
examples, 8, 9 
Delambre’s analogies or Gauss’s equations, 502 
example using, 506—509 
how obtained, 502-506 
when used, 506 
De Moivre, Abraham, 414 
De Moivre’s theorem, 414, 415 
application of, to complex numbers, 415, 416 
finding roots by, 416-425 
raising complex number to power by, 416 
and series value of sin B, cos B, tan B, in terms of B in radians, 427-429 
use of, in finding sin nA and cos nA, in terms of sin A and cos A, 425-427 
value of, in computing functions of angles, 429, 430 
when n is any rational number, 415 
Departure, calculation of, using magnetic bearings, 335 
defined, 334 
value of 1 min. of arc on circle at any latitude, 358, 359 
examples, 359, 360 
Departure between two meridians, denned, 358 
Depression, angle of, defined, 323 
example, 323, 324 
Dihedral angle, defined, 444 
how designated, 444 
magnitude of, determined, 445 
parts of, 444 


plane angle of, defined, 445 
how formed, 445 
measure of, 445 
relation of spherical angle to, 451 
Direct trigonometric function, relation of graph of, to graph of inverse function, 112, 113 
Direct trigonometric functions, defined, 22 
Distance, for angle, defined, 19, 22 
height of building by use of angle mirror, 327 
height of inaccessible object, 324—326 
of horizon from point above earth, 323, 324 
of line in survey, 329-331 
between two inaccessible points across river, 328, 329 
width of river, 327 
by use of angle mirror, 327, 328 
Division, procedure for, by slide rule, 196, 197 
D-scale of slide rule, advantage of labeling numbers instead of logarithms on, 192 
construction of, 192-194 


E 


Earth, horizon of any point on, 524 
length of arc on, 512 
miles in 1 deg. of arc on, 513 
as sphere, 512 
Elevation, angle of, defined, 323 
Epsilon, 148 
Equation, Mollweide’s, derived, 229, 230 
check of solution of triangle by, 330, 331 
polar, of curve, 391, 392 
in polar coordinates transformed into rectangular coordinates, 392 
in rectangular coordinates transformed into polar coordinates, 392 
relation between solving, and finding nth roots of complex number, 424 
example, 424, 425 
trigonometric, of condition, defined, 70 
Equation, trigonometric, difference between, and algebraic equation, 116 
as an identity, 70 
how solved, in general, 116 
simple, defined, 116 
Equations, trigonometric, graphical method of solving, 138 
examples, 138-141 
involving inverse functions, how solved, 134 
examples, 134-137 
simple, how extraneous solution is introduced, 118 
examples of, 117-123 
simultaneous, examples, 132-134 
special forms, examples, 123-132 
Equator, celestial, defined, 524 
of earth, defined, 355 
how divided, 356 
Equatorial diameter of earth differs from polar diameter, 355 
Equilibrium, law for resolved parts of system of forces in, 311, 312 


value of resultant of concurrent forces in, 413, 414 
Excess, spherical, L’Huilier’s theorem for calculating, 522, 523 
of spherical triangle, 461 
Exponential equations solved by slide rule, 217, 218 
Exponential values of sin A, cos A, tan A, 431, 432 
Exponents, definitions of, 146 
essential laws of, 146, 147 


F 


Figures, significant, defined, 176 
rules for, 176, 177 
Final index of slide rule, defined, 190 
Fix, making a, 353 
cross-bearings method of, 353 
with one landmark, 353, 354 
two-point-bearing method of, 354, 355 
Force, importance of perpendicular components of, 311 
resolved parts of, 311 
Forces, law for resolved parts of system of, in equilibrium, 311, 312 
represented by complex numbers, 411, 412 
example of, 412, 413 
resultant of, 412 
value of resultant of concurrent, in equilibrium, 413, 414 
resolved, examples, 312—316 
resultant of, 309-314 
Frequency, of periodic function, expression for, 282, 283 
in sine-function time graph, variation with velocity, 283, 284 
Function, cosecant, construction of, 66, 67 
how different from secant function, 68 
period of, 68 
cosine, construction of, 59, 60 
how different from sine function, 60, 61 
period of, 60 
cotangent, construction of, 62, 63 
how different from tangent function, 64 
period of, 64 
defined, 21 
inverse, defined, 103, 104 
difference between, and direct function, 105 
examples, 104, 105 
general value of, 106 
number of angles that satisfy, 105 
principal angle of, 105 
examples involving, 107-110 
how indicated, 106 
periodic, 274 
amplitude and amplitude factor of, 276, 277 
desired period of, 276, 277 
examples, 275 
Function, periodic, period of, defined, 274, 275 


periodicity factor of, defined, 276 

secant, construction of, 64—66 

period of, 66 
sine, construction of, 58, 59 

period of, 59 
tangent, construction of, 61, 62 

period of, 62 

Functions, fundamental trigonometric, 22, 23 


algebraic signs of, examples, 28, 29 


defined, 22 

direct, 22 

examples involving, 33, 34 

expressing all, in terms of cosine, 31 

expressing all, in terms of tangent, 32, 33 

how remembered, 22 

independent of functional elements, 26 

limits of, 55, 56 

of negative angle in terms of equal positive angle, 37, 38 
example, 38 

quadrants in which, are positive, 25 

range of values and signs of, 27 

reciprocal, 23 

relation between magnitudes of direct, and cofunctions, 56 
relations of squares of, 31 

values of remaining, when one function is given, 29, 30 
variation in values of, 68, 69 

of 0° angle, 53, 54 

of 30° and 60°, 50 

of 45°, 51 

of 90°, 54 

of 180°, 54, 55 

of 270°, 55 


of — in terms of A, 79 


of 2A in terms of A, 78 
Functions, of (90° — A) related to functions of A, 39, 40 

example, 41 

of (90° + A), rule for, 41 
example, 42 

of (180° + A) related to functions of A, 43, 44 
rule for, 44 

of even multiple of 90° + A, rule for, 44 

of odd multiple of 90° + A, rule for, 44 
examples, 45, 46 

of integral multiple of 90° + 30°, 60° or 45°, 51 
examples, 51, 52 

hyperbolic, defined, 434 
expressions used to compute, 436, 437 
important relations between, 434, 435 


relations between, and trigonometric functions, 436 
natural, tables of, 548-553 
characteristics of tables of, 97 
use of tables of, 97 
examples, 98-100 
trigonometric, of angles > 90°, expressed as functions of acute angle, 47 
inverse, equations involving, examples, 134’137 
examples of, 107-112 
other, sometimes used, 27 
Fundamental elements of angle, 21 
Fundamental identities, examples, 81, 82 
grouped, 71, 72 
need for, 72 
Fundamental scale of slide rule, defined, 190 


G 


Gauss’s equations or Delambre’s analogies, 502 
example using, 508-509 
Gauss’s equations or Delambre’s analogies, how obtained, 502—506 
when used, 506 
General angle, defined, 101, 102 
examples, 102, 103 
Geodetic survey, procedure in running, 332 
Geodetic surveying, different from plane surveying, 331 
Geometry, different from trigonometry, 1 
Graph, cosine, relation of, to uniform circular motion, 280, 281 
sine, introduction of time element in, 277 
conversion of standard, 289-296 
relation of, to uniform circular motion, 279-281 
Graphical method of solving trigonometric equation, 138 
examples, 138-141 
Great-circle sailing, 513 (see Navigation) 
Great-circle track, vertex of, 519 
characteristics of, 520 
computing the, 520 
example of position of, 521 
value of position of, 520 
Greenwich, meridian through, 355 


H 


Half angle, functions of, 79 
examples, 87-89 
Harmonic motion, simple, denned, 287 
elements of, 287, 288 
examples of, 288, 289 
represented by sine curve, 288 
Haversine, defined, 27 


Heading in aerial navigation, defined, 347 
Helix, angle of, 375 
examples, 375 
defined, 374 
lead of, denned, 374, 375 
Horizon of any point on earth, 524 
Hour circles, 525 
Hydraulics, components of total pressure in any direction, 379, 380 
direction and point of application of total normal pressure, 382, 383 
examples, 383-388 
resultant thrust on any bend, 380, 381 
total pressure on immersed plane surface, 381, 382 
total pressure on 90-deg. bend, 380 
uniform intensity of fluid pressure, 378, 379 
Hyperbolic functions, defined, 434 
expressions used to compute, 436, 437 
important relations between, 434, 435 
relations between, and trigonometric functions, 436 
Hypsometer, 328 


I 


Identities, fundamental, grouped, 71, 72 
need for, 72 
Identity, trigonometric equation as an, 70 
Imaginaries, unit of, 393 
Imaginary number, comparison with real number, 394 
defined, 393 
i, defined, 393 
powers of i, 393, 394 
powers of i shown graphically, 398, 399 
square root of negative number as, 394, 395 
standard imaginary form of, 395 
Imaginary numbers, algebraic operations on, 395, 396 
value of, in trigonometry, 394 
Inaccessible object, height of, 324-326 
Initial index of slide rule, defined, 190 
Initial line of angle in standard position, 24 
Interpolation, linear, 97, 98 
examples, 98-100 
Inverse trigonometric function, defined, 103, 104 
examples, 104, 105 
examples involving principal angle of, 107-110 
difference between direct and, 105 
number of angles to satisfy, 105 
principal angle of, 105 
how indicated, 106 
quadrant when, is negative, 106, 107 
quadrant when, is positive, 106 
relation of graph of, to graph of direct function, 112, 113 
Inverse trigonometric functions, basic angles equal for two, 106 


equations involving, 134-137 
how solved, in general, 134 
examples of, 107-112 


K 


K-scale of slide rule, construction and characteristics, 206, 207 
use of, in finding cube and cube root, 207, 208 


L 


Lag, angle of, 281 
example, 281, 282 
Latitude, calculation of, using magnetic bearings, 335 
defined, 334 
difference of, between two points, defined, 358 
locating a position on earth by longitude and, 356 
Latitude, and longitude of well-known places, 531 
parallels of, defined, 355, 356 
Law of cosines, defined, 227 
proved, 227, 228 
use of, in the solution of triangle, 236, 237 
Law of cosines, spherical, applied to solution of spherical triangle, 466, 467 
for angles, 467, 468 
for sides, fundamental equations, 464 
when one side is >90° and < 180°, 466 
when two sides are <90°, 464, 465 
when two sides are >90° and <180°, 465, 466 
Law of sines, 226, 244, 245 
proved, 227 
Law of sines, spherical, 468 
shown true for any spherical triangle, 468, 469 
Law of tangents, derived, 233, 234 
example of use for case III of plane triangle, 234-236 
L’Huilier’s theorem for spherical excess of triangle, 522, 523 
Light, index of refraction of, 376, 377 
path of ray of, in air, 376 
reflected, law for, 375, 376 
refracted, 376 
examples of, 377 
Limit, variable approaching, defined, 52, 53 
Limits of numerical values of fundamental trigonometric functions, 55, 56 
Linear velocity, relation of angular velocity to, 278 
example, 279 
Logarithm, and antilogarithm found on slide rule, 211 
of base itself in any system, 158 
characteristic of, defined, 151 
rule for, 151 
Logarithm, of decimal number, characteristic for, 152 


defined, 147 
expressing negative characteristic of, 152, 153 
mantissa of, denned, 150, 151 
negative characteristic distinct from mantissa of, 152 
of number, negative, 151 
of number to any base from log of number to known base, 156, 157 
of number raised to power, 154, 155 
of product of several factors, rule for, 153, 154 
of quotient of two numbers, 154 
of root of a number, 155 
examples, 156 
of unity to any base, 158 
of zero in any system whose base is >1, 158 


Logarithmic form of equation b* = N, 148 
Log Log Duplex Decitrig slide rule, 189 
Log Log Duplex Trig slide rule, 189 
Logarithms, accuracy of computation using, 170 
of all numbers obtained from logarithms of basic numbers, 150 
basic numbers for, to base 10, 150 
Briggsian or common system of, denned, 149 
why generally used for computation, 149 
developed from, 146 
of functions of angles near 0° and 90°, 268-270 
how obtained from table, 160 
Napierian or natural system of, defined, 148 
of negative numbers, 153 
of numbers, examples of use of, 160-167 
Logarithms, origin of, 146 
partial table of, with 2 as base, 148 
possible bases for system of, 148 
relationship between natural and common, 157 
in solving simultaneous equations, 167 
of trigonometric functions, examples, 167—169 
Longitude, difference of, between two places, 358 
L-scale of slide rule, 190 
how constructed, 190, 191 
meaning of addition of two mantissas on, 191 
use of, 191 
Lune, angle of, 462 
denned, 462 
Lunes, when equal, 463 


M 


Magnetic bearings, calculation of latitude and departure using, 335 
Magnetic compass, where used, 349 

Magnetic north, distinction between true and, 333 

Mannheim slide rule, 187 

Mantissa, denned, 150, 151 

Measure, circular, 5 


Measuring a quantity, denned, 6 
Meridian, defined, 332 
and zero meridian, 355 
Meridians, celestial, 525 
Middle-latitude sailing, 364, 365 
examples of, 365-367 
rule for, 365 
Mil, angle of 1, defined, 4 
degree equivalent of, 10 
relation of, to a radian, 10 
error in rounding off, 10 
Mils, relation between arc, radius, and angle in, 10 
relation between diameter of target, range, and angle in, 259, 260 
examples, 259, 260 
Minute, angle of 1, denned, 3 
Mollweide’s equation, check on solution of oblique triangle by use of, 230, 231 
derived, 229, 230 
Multiplication by slide rule, procedure for, 194-196 


N 


Nadir, of any point on earth, 524 
Napier, 148 
Napierian or natural system of logarithms, 148 
Napier’s analogies for Cases III and IV of spherical triangles, 487, 488 
how atrived at, 488-491 
Napier’s rules for right spherical triangles, 470, 471 
Natural functions, characteristics of tables of, 97 
use of tables of, 97 
examples, 98-100 
Natural logarithms, relation between common and, 157 
Navigation, aerial, differs from sea, 347, 348 
bearing off the bow in, defined, 350 
composite sailing, 521, 522 
course of plane or ship, 349 
and compass bearing, 349 
dead reckoning, 352 
departure between two meridians, denned, 358 
difference of latitude between two points, denned, 358 
difference of longitude between two places, 358 
great-circle sailing, 513 
heading, track, air speed, ground speed, angle of drift, denned, 347, 348 
example, 348, 349 
how course is usually given, 350, 351 
Navigation, how United States Navy designates courses, 351 
example, 351, 352 
latitude and longitude of well-known places, 531 
length of arc at any latitude, 358, 359 
example, 360 
locating position on surface of earth, 356 
“making a fix,” denned, 353 


cross-bearings method of, 353 
with one landmark, 353, 354 
two-point bearing method of, 354, 355 
middle-latitude sailing, defined, 364, 365 
examples of, 365-367 
rule for, 365 
object on the beam, 350 
example, 350 
parallel sailing, defined, 363 
difference in longitude in, 363 
examples of, 364 
path of ship sailing constant course, 519 
plane sailing, defined, 361 
examples, 362, 363 
relationship between course, distance, change of latitude, and departure in, 361 
projecting terrestrial sphere upon plane of meridian, 357 
reciprocal courses, defined, 351 
rhumb line, defined, 360-361 
terrestrial computations, 514 
examples of, 515-519 
terrestrial triangle, defined, 513, 514 
traverse sailing, denned, 367 
unit of length used in, 357 
vertex of great-circle track, characteristics of, 520 
defined, 519 
computing position of, 520 
example, 521 
Navigation, vertex of great-circle track, other positions found from, 520 
value of position of, 520 
Negative characteristic for logarithm, 152, 153 
Negative numbers and real logarithms, 153 
Ninety degrees, more accurate values of functions of angles near, 266 
examples, 267, 268 
more accurate values of logarithms of functions of angles near, 268—270 
North, distinction between true and magnetic, 333 
Number, complex, if a + hi = 0, a =0, h = 0, 400, 401 
ifa+hi=c+di,a=c,h-—d, 401 
if (a + hi) (c + di) = 0, then at least one factor = 0, 401 
basis for representing imaginary part of, on y axis, 398 
called vector, 401, 402 
chief characteristics of nth roots of, 424 
defined, 396 
in solution of quadratic equation, 396, 397 
modulus and amplitude of, 403 
polar form of, 403 
examples, 404, 405 
general, 404 
powers of i shown graphically, 398, 399 
raising, to power, 416 
rectangular form of, examples, 406 
relation between solving equation and finding nth roots of, 424 
example, 424, 425 


representative point, amplitude, and modulus, denned, 402 
rand A in terms of a and 6, 402 
Number, complex, r and (cos A + i sin A) effect on unit vector representing, 403, 404 
representing, geometrically, 399 
exact or approximate, 177 
when exact, 177 
i, denned, 393 
powers of, 393, 394 
imaginary, denned, 394 
existence of, 394 
square root of negative number as 394, 395 
standard form of, 395 
logarithm of, to any base from logarithm of number to known base, 156, 157 
denned, 147 
negative, 151 
raised to power, 154, 155 
real, denned, 392 
rounding off of, 178-180 
Numbers, complex, addition, subtraction, multiplication, and division of, 399, 400 
addition of two, graphically, 406, 407 
conjugate, 397 
nature of sum and product of, 397 
and De Moivre’s theorem, 414-416 
division of, graphically, 410, 411 
forces and velocities represented by, 411, 412 
resultants of, 412, 413 
example, 412, 413 
multiplication of two, graphically, 409 
representing, geometrically, 397, 398 
roots of, 416—425 
rule for division of two, in polar form, 409, 410 
examples, 410 
rule for multiplication of, in polar form, 407, 408 
examples, 408 
Numbers, complex, subtracting, 407 
imaginary, operations on, 395, 396 
and real, as special cases of complex numbers, 397 
unit of, 393 
value of, 394 
rounding off, examples, 180-182 


O 


Oblique spherical triangles, Case I, check on solution in, 483 

example in, 483, 484 
limitation of law of cosines for, 481 
suitable equations for, 481-483 

Case II, example in, 486, 487 
procedure in, 484—486 

Case III, example in, 491-493 

Case IV, example in, 493-495 


Napier’s analogies for, and Case III, 487, 488 
how arrived at, 488-491 
Cases V and VI, ambiguity and law of sines in, 495 
Delambre’s analogies or Gauss’s equations in, 502 
example using, 506-509 
how obtained, 502—506 
when used, 506 
how to solve, 495 
example in Case VI, 500-502 
examples in Case V, 497-500 
removing ambiguity in, 495-497 
possible solution of, by inspection, 509, 510 
solved by means of right triangles, 480, 481 
Cases JI, II, III, IV, V, and VI, described, 481 
Oblique triangle, area of, given three sides, 245, 246 
relation between, and radius of circumscribed circle, 245 
relation between, and radius of inscribed circle, 246 
Case I, example of, 229 
Oblique triangle, Case I, procedure for, 228, 229 
Case II, conditions for no solution, 233 
conditions for one solution, 233 
conditions for two solutions, 232 
example, 231, 232 
procedure for, 231 
Case III, law of tangents for, 234—236 
derived, 233, 234 
procedure for, 234 
Case IV, procedure for, using law of cosines, 237 


cos — formulas for, 238, 239 
A 
sin — formulas for, 237, 238 
comparison of, with cos A formulas, 239 


tan f formulas for, 239-240 


advantage of, 240 
auxiliary quantity r in, 240 
example using, 240, 241 
Cases I, II, III, and IV for solution of an, described, 228 
conditions for, solution of any, 226 
law of cosines for solution of, 236, 237 
Mollweides equation in checking solution of, 230, 231 
Oblique triangles, areas of, 243, 244 
solved by means of right triangles, examples, 224—226 
Ordinates, axis of, 17 
Oscillations, complex and compound, 297, 298 
damped, 298 


P 


Parallax of point due to line segment, defined, 260, 261 
examples of, 261—263 
Parallel sailing, defined, 363 
difference in longitude in, 363 
examples of, 364 
Parallelogram law for vectors, 304 
Periodic curve, defined, 274 
Periodic function, amplitude and amplitude factor in, 276, 277 
amplitude, wave length, and phase angle of, examples, 285-287 
defined, 274 
expression for frequency of, 282, 283 
expression for period of, 283 
frequency factor of, 284 
period of, defined, 274, 275 
desired, 276 
examples, 275 
periodicity factor, defined, 276 
periods of, example,. 284 
result of change in constants r, n and B, 284 
variation of frequency with velocity, 283, 284 
Periodic oscillations, complex and compound, 297, 298 
Periodic phenomenon, functions representing, 279 
representing any, 279 
Perpendicular, meaning of, for angle, 22 
Plane through line perpendicular to another plane, 445 
Plane sailing, defined, 361 (see Navigation) 
examples, 362, 363 
relationship between course, distance, change of latitude, and departure in, 361 
Plane section of sphere, 447 
Planes, two intersecting, each perpendicular to third plane, 446 
Polar coordinates, defined, 390 
relation of, to rectangular coordinates, 391 
when r and A are positive or negative, 391 
Polar diameter of earth, difference of, from equatorial diameter, 355 
Polar equation of curve, defined, 391, 392 
transforming, to rectangular equation, and vice versa, 392 
Polar triangle of spherical triangle, defined, 459 
Polar triangles, mutually equiangular, 461 
mutually equilateral, 461 
supplementary relations of sides and angles of, 460 
Pole of circle on sphere, 447, 448 
relation between, and circle of which it is pole, 448 
Poles, celestial, defined, 523 
Polygon, spherical, defined, 453 
diagonal of, 453 
elements of, 453 
Polygons, spherical, mutually equiangular, 459 
mutually equilateral, 459 
when equal, 454 
when symmetrical, 454, 455 
Polyhedral angle and parts, defined, 446 
Polyphase Duplex Decitrig slide rule, 189 (see Slide rule) Polyphase Duplex Trig slide rule, 188 


Polyphase slide rule, 188 
Power, raising complex number to, 416 
Principal angle, defined, 105 
inverse functions involving, 107-110 
how indicated, 106 
quadrant of, when inverse function is negative, 106, 107 
when inverse function is positive, 106 
Product formulas, 82 
examples, 89, 90 


Q 
Quadrant of angle, determination of, 18 
Quadrantal angle, defined, 19 
Quadrantal spherical triangle, defined, 462 how to solve, 479 
Quadrants formed by axes of coordinates, 17 


R 


Radian, angle of 1, 4 
chief characteristic of, 6 
degree value of, 7 
relation to mil, 10 
why referred to as natural unit of angle, 5 
Radian measure, use in finding area of circular sector, 11 
use in motion of particle on circle, 11, 12 
Radians, angle expressed in, 6 
examples, 7 
conversion of, to degrees, 8 
examples, 8 
Radius, relation between arc, radian measure of angle, and, 256-258 
examples, 256-258 
Range, error in computing approximate, 265 
relation between mils subtended, diameter of target, and, 259, 260 
examples, 259, 260 
Range finder, 261 
Reciprocal courses, defined, 351 
Reciprocal trigonometric functions, defined, 23 
Reckoning, dead, defined, 352 (see Navigation) Reflected light, law for, 375, 376 
Refracted light, 376 
examples of, 377 
Refraction, index of, 376, 377 
Resolved forces, examples, 312—316 
Resolved parts, of force, 311 
of system of forces in equilibrium, law for, 311, 312 
Resultant, of any number of coplanar vectors, algebraically, 306, 307 
example, 307-309 
of more than two vectors, graphically, 305 
of two vectors, 304 
examples, 305, 306, 309-311 
vector, number of sets of components for, 311 
Rhumb line, defined, 360-361 


Right spherical triangle, examples of solution of, 475-479 
procedure for solution of, 473 
removing ambiguity in solution of, 474, 475 
sign of resulting function in solution of, 473, 474 
Right spherical triangles, special formulas, 469 
derived from law of cosines, 471-473 
Napier’s rules for writing, 470, 471 
used in solution of oblique triangles, 480, 481 
Right triangles, areas of, 242, 243 
conditions for solution of, 222 
examples of solution of, 222-224 
procedure for solution of, 222 
used to solve oblique triangles, examples, 224—226 
River, to find distance between two inaccessible points across, 328, 329 
to find the width of, 327 
by angle mirror, 327, 328 
Road up steep hill, to find direction of, 337, 338 
Road widening, area of, around curve, 340-341 
staking out, around curve, 338-340 
Roots, chief characteristics of nth, of complex number, 424 
finding, of complex number, 416—425 
relation between solving equation and finding nth, of complex number, 424 
Rounding off, of number, 178-180 
of numbers, examples, 180-182 
Railroad curve, degree of, 258, 259 
radius of, 258, 259 


S 


Sailing, composite, when used, 521, 522 (see Navigation) great circle, 513 
middle latitude, defined, 364, 365 
examples of, 365-367 
rule for, 365 
parallel, defined, 363 
difference in longitude in, 363 
examples of, 364 
plane, defined, 361 
examples of, 362, 363 
relationship between course, distance, change of latitude, and departure in, 361 
traverse, defined, 367 
Scalar, defined, 301 
Sea navigation differs from aerial navigation, 347 (see Navigation) Secant curve, construction of, 64—66 
how different from cosecant curve, 68 
period of, 66 
Secant function, defined, 23 
Second, angle of 1, 3 


Series, sin” A as, of sines or cosines of multiples of A, 432-434 
trigonometric, 425-434 
value of sin B, cos B, tan B in terms of B in radians, 427—429 
importance of, in computing the functions of angles, 429, 430 


Shadow of distance for angle, defined, 22 
Significant figures, defined, 176 
rules for, 176, 177 
Signs, used to indicate opposites algebraically, 9 
Simple harmonic motion, defined, 287 
elements of, 287, 288 
examples of, 288, 289 
represented by sine curve, 288 
Simultaneous equations solved by logarithms, 167 
Simultaneous trigonometric equations, examples, 132—134 
Sine, addition formula for, 73 
example, 83 
subtraction formula for, 74, 75 
example, 84 
and tangent of small angle, 263—265 
sin (A + B) in terms of functions of A and B, 72, 73 
sin (A — B) in terms of functions of A and B, 74, 75 
sin (A + B) expansions, good for all values of A and B, 75, 76 
importance of, 76, 77 
sin 2A in terms of A, 78 
sin -a in terms of A, 79 
sin nA and cos nA in terms of sin A and cos A, 425-427 
sin B, cos B, tan B in terms of B in radians, 427-430 
sin A, cos A, tan A, exponential values of, 431, 432 


sin” A as series of sines or cosines of multiples of A, 432-434 
Sine curve, construction of, 58, 59 
how different from cosine curve, 60, 61 
period of, 59 
Sine function, and alternating current, 216, 217 
defined, 22 
Sine function, time graph, variation of frequency with velocity, 283, 284 
Sine graph, introduction of time element in, 277 
relation to uniform circular motion, 279, 280 
standard, conversion of, 289-296 
Sines, law of, denned, 226 
more complete form of, 244, 245 
proved, 227 
spherical law of, 468 
shown true for any spherical triangle, 468, 469 
sum formulas for, 79, 80 
example, 90 
Slide rule, A-and B-scales, construction and characteristics of, 203, 204 
accuracy obtained by use of 10-in., 190 
C-and D-scales, construction of, 192-194 
Cl-scale, construction of, 197, 198 
use of, examples, 198-200 
cube root and cube directly on, 207 
decimal point, for Cl-scale, 202, 203 
for cube root and cube, 208 
for division, 201 
for multiplication with C-and D-scales, 200 
for number of factors, 201, 202 


for simple calculations, 197 
for square, 206 
for square root, 205 
defined, 187 
division, procedure for, 196, 197 
effective ways of operating, 189 
exponential equations, example of solution of, 217, 218 
final index, denned, 190 
fundamental scale, defined, 190 
increasing accuracy of result of, 218, 219 
initial index, defined, 190 
Slide rule, K-scale, construction and characteristics of, 206, 207 
use in finding cube and cube root, 207, 208 
logarithms and antilogarithms found on, 211 
Log Log Duplex Decitrig, 189 
Log Log Duplex Trig, 189 
L-scale of, 190 
how constructed, 190, 191 
use of, 191 
Mannheim, 187 
multiplication, procedure for, 194—196 
number of factors, general rules for, 211, 212 
examples involving, 212-216 
opposite positions on scales of, 194 
parts of, 187 
Polyphase, 188 
Polyphase Duplex Decitrig, 189 
Polyphase Duplex Trig, 188 
scale of equal parts on, 190 
solution of triangles by means of, 247-252 
square found directly on, 205 
square root found directly on, 204 
S-scale, construction and characteristics, 208, 209 
examples on use of, 209 
tertiary positions on, reading of, 193, 194 
T-scale, construction and characteristics, 210 
examples on use of, 210, 211 
Slide rules, prevailing types of straight, 187-190 
Small angles, applications of plane trigonometry involving, 256-270 
equivalents useful in dealing with, 266, 267 
Solid angle, sum of face angles of, 447 
Sphere, angular distance between two points on, 449 
axis of circle on, 447 
Sphere, celestial, defined, 523 
distance of point on surface of, from circle traced on sphere, 453 
drawing arc of great circle through two given points on, 450 
drawing circle upon surface of, about given point as pole, 449, 450 
plane section of, 447 
when great circle, 447 
when small circle, 447 
poles of circle on, 447, 448 
relation between pole of circle on, and circle of which it is pole, 448 


relation between great circles through point on, and great circle drawn with the given point as pole, 453 
shape of boundary of plane section of, 447 
shortest distance between two points on, 449 
shortest line between two points on, 463 
three great circles on, points of intersection of, 458, 459 
when line or plane is tangent to, 450, 451 
when a point is a pole of a great circle on a, 450 
Spherical angle, defined, 451 
how measured, 452 
relation of, to dihedral angle, 451 
Spherical excess of spherical triangle, 461 
L’Huilier’s theorem for calculating, 522, 523 
Spherical law of cosines, applied to solution of spherical triangle, 466, 467 
for angles, 467, 468 
for sides, fundamental equations, 464 
when one side is >90° and <180°, 466 
Spherical law of cosines, when two sides are <90°, 464, 465 
when two sides are >90° and <180°, 465, 466 
Spherical polygon, defined, 453 
diagonal of, 453 
elements of, 453 
Spherical polygons, equal, 454 
mutually equiangular, 459 
mutually equilateral, 459 
symmetrical, 454, 455 
Spherical triangle, area of, how to find, 522, 523 
example, 523 
biquadrantal, triquadrantal, and quadrantal, defined, 462 
birectangular, 462 
conditions for, 457 
correspondence between angles of, and edge and face angles of trihedral angle, 456 
effect of radius of sphere, 457 
defined, 454 
magnitudes of sides of, 454 
notation for angles and sides of, 454 
polar triangle of, defined, 459 
quadrantal, how to solve, 479 
relation of one side to opposite angle in, 463 
relation of, to solid angle, 457 
right, examples of solution of, 475-479 
procedure for solution of, 473 
removing ambiguity in solution of, 474, 475 
sign of resulting function in solution of, 473, 474 
solved by law of cosines, 466, 467 
spherical excess of, 461 
L’Huilier’s theorem for calculating, 522, 523 
sum of angles of, 461 
trirectangular, 462 
units for sides of, 457 
why each side is restricted to < 180° in, 463 
Spherical triangles, oblique, Cases I, II, III, IV, V and VI, described, 481 (see Cblique spherical triangles) 
polar, to each other, 460 


mutually equiangular, 461 
mutually equilateral, 461 
supplementary relations of sides and angles, 460 
possible solution of, inspection, 609, 510 
propositions relating to, 457, 458 
right, special formulas, 469 
derived from law of cosines, 471-473 
Napier’s rules for writing, 470, 471 
used in solution of oblique triangles, 480, 481 
two, in which three angles are respectively equal, 456 
when equal, 455 
when symmetrical, 455, 456 
Spherical trigonometry, defined, 444 
fundamental theorem of, 464 
Spiral, angle of, defined, 375 
examples, 375 
defined, 374 
lead of, defined, 374, 375 
Subtraction formulas for cosine, 75 
examples, 84 
Sum formulas for cosines, 80, 81 
Supplement of A, functions of, in terms of A, 43 
Supplemental angles, rule for, 43 
Supplementary angles, denned, 42 
Surveying, azimuth of line, defined, 333 
azimuth difference, defined, 334 
bearing, method used by United States Army and Navy in stating, 334 
bearing of line, defined, 333 
calculation of latitude and departure, using magnetic bearings, 335 
Surveying, closing line, determination of distance and bearing of, 335 
latitude, departure, length, and bearing of, 335-337 
describing position of point in, 333, 334 
direction of road up steep hill, 337, 338 
distinction between true and magnetic north, 333 
geodetic, difference between, and plane surveying, 331 
procedure in, 332 
latitude, departure, and distance, denned, 334 
meridian, defined, 332 
and zero meridian, 355 
road widening around curve, area of, 340, 341 
staking out, 338-340 
traverse, running, defined, 331 
two types of, 331, 332 
triangulation, defined, 329 
example, 329, 330 


T 


Tables, determination of, for use in solution of problem, 184 
Tangent, addition and subtraction formulas for cotangent and, 77, 78 
examples using, 85, 86 


and sine of small angle, 263-265 
to sphere, 450, 451 
Tangent curve, construction of, 61, 62 
how different from cotangent curve, 64 
period of, 62 
Tangent function, defined, 22, 23 
tan Ay exponential value of, 431, 432 
tan B in terms of £ in radians, 429 
tan -K in terms of A, 79 
tan 2A in terms of A, 78 
tan (A + B) in terms of functions of A and B, 77 
Tangents, law of, derived, 233, 234 
Terminal line of angle, defined, 2 number of positions of, 100, 101 
Terrestrial computations, assumptions in, 514 
examples of, 515-519 
vertices of great-circle track, defined, 519 
Terrestrial sphere projected upon plane of meridian, 357 
Thrice an angle, functions of, 86, 87 
Track in aerial navigation, 347, 348 
example, 348, 349 
Traverse, running, defined, 331 
two types of, 331, 332 
Traverse sailing, defined, 367 
Triangle, celestial or astronomical, 527, 528 
example of solution of, 528, 529 
latitude and longitude of well-known places, 531 
local time and longitude at sea, 529 
other problems on, 530, 531 
time of sunset, 529, 530 
oblique (see Oblique triangle) 
spherical (see Spherical triangle) 
terrestrial, defined, 513, 514 
Triangles, oblique (see Oblique triangles) 
right (see Right triangles) right spherical (see Right spherical triangles) solution of, by means of slide 
rule, 247—252 
spherical (see Spherical triangles) 
Triangulation, defined, 329 
Trigonometric equation, difference between, and algebraic equation, 116 
how solved, in general, 116 
simple, defined, 116 
Trigonometric equations, graphical method of solution, 138 
examples, 138-141 
Trigonometric equations, involving inverse functions, examples, 134-137 
simple, examples, 117-123 
how extraneous solution enters, 118 
simultaneous, examples, 132-134 
special forms, examples, 123-132 
Trigonometric functions, accuracy in solutions of triangles using tables of, 170 
logarithms o’f, examples, 167-169 
Trigonometric series, 425—434 
Trigonometry, analytical, defined, 1 
content of, 1 


how different from geometry, 1 
importance of, 1 
meaning of word, 1 
spherical, defined, 444 
fundamental theorem of, 464 
Trihedral angle, correspondence between face and edge angles of, and angles of spherical triangle, 456 
effect of radius of sphere on, 457 
defined, 446 
sum of any two face angles of, 446 
T-scale, construction and characteristics of, 210 
examples on use of, 210, 211 
Twice an angle, functions of, 78 


U 


Unit of angle, degree, 4 
use of, 4, 5 
mil, 5 
use of, 5 
radian, 5 
Units of angles, 3 


V 


Variable approaching limit, defined, 52, 53 
Vector, component of, defined, 302 
Vector, components, length, and angle of, 302 
defined, 301 
how indicated, 304, 305 
importance of perpendicular components of, 311 
resolved parts of, defined, 311 
resultant, number of sets of components of, 311 
Vectors, difference of two, 303, 304 
examples of, 301, 302 
parallelogram law for, 304 
resolved, examples, 312-316 
resultant of any number of coplanar, algebraically, 306, 307 
example, 307-309 
resultant of more than two, graphically, 305 
resultant of two, 304 
examples, 305, 306, 309-311 
sum of two, algebraically and graphically, 302, 303 
Velocities represented by complex numbers, 411, 412 
Velocity, angular, 11, 12, 277, 278 
examples of linear and, 279 
relation of linear to, 278 
complex number representing resultant, example, 413 
variation of frequency with, in sine-function time graph, 283, 284 
Versed sine, 27 


Vertex, of angle, 2 
Vertex, of great circle, characteristics of, 520 
example of position of, 521 
how computed, 520 
value of, 520 
Vertical circle through star, 525 
Vertices of great-circle track, defined, 519 
Vibrations, damped, 298 


X 


x axis, denned, 17 
negative portion of, 18 
positive portion of, 18 
standard position of angle on, 24 


Y 


y axis, defined, 17 
negative portion of, 18 
positive portion of, 18 


Z 


Zenith, defined, 524 
latitude of, of any point on earth, 525, 526 
Zero degree angle, defined, 53 
functions of, 53, 54 
Zero degrees, logarithms of functions of angle near, 268-270 
more accurate values of functions of angle near, 265, 266 
examples, 267, 268, 270 
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